








ELEMENTS

or

'PROJECTIVE GEOIRETRY "
-t
. CREMONIL |



"NESRY TROWDE, X A.
TURLISHIR 10 '{IIH l'Nl\'](\' I?'\' l)lﬂ“‘,(lxlokli
LONDON, EDINBURGH, NEW YORK, TORONTYC
MELBOURNE XaD BUMBAY



ELEMENTS OF
PROJECTIVE
GEOMETRY"

BY

LUIGT CREMONA

LL.D. EDIN,, I'OR. MEMB, R. 8. LOND., ILON. I''RR.Sg l"!)lN.
HON. MEM®B, CAMB. PHIL, SOC,
PPROI ESSOR Q1 MATHEMATICS IN THE UNIVERSQY 0% ROME

TRANSATER BY

CIHTARLES LEUDESDORI, M.A.

FELLOD O PEMBRORL COLLLGE, Q)7 01D

THIRD EDITION

OXFORD
AT THE CLARENDON PRESS
1913






AUTHOR;S PREFACE TO THE
FIRST EDITION *

Amplissima ct putcherrima seientia figurarum. At quam est inopte sortita
nomen Geometriae ! —Nicop. FriscaLiNus, Dialog. 1.

{’erspu;.iiya,e methodus, qui nec inter inventas nec inter inventu possibiles ullae
compendididr esse videtur . . . —B. Pascar, Lit. ad AcAd. Parig., 1654,

« @ . . . .
. Da veniam seriptis, quorum non gloria nobis
- o Causa, sed utilitas oﬂiciumque fuit.—OvIn, cxelpnt., iii. 9. 35
[ ]

T book is udt inteaded for, those whose hizl mission it
is to advanoe the progress &f sciewce ; they wouldfind in it
Rothing new’, "neither as reggrds *principles, por as *scgar(ls
methods The proposmons are all old ; in fact nzt » fow of
them owe their orlgm to mabhenmhmanq of the most remote
antiquity. They miy be tmced back toelucLID (285 p.c.);
to Aror.LoN1Us of Porga (247 B. c. ) W to l’APPUs of Alexandria
{4th centigy after Christ) ; to DesARGuUES of Lyons (1593-
1662) ; 10 PASCAL (1623-1662) 5 to De LA INri (1840,1718) ;
to Newron (1642-1727); to MAcLAURIN (1698-1746) ; to
J. H. LAMBERT (1728-1777), &c. The theories and methods
which make of these propositions a homogencous and har-
monious whole it*%s usual ¢o call modern, becausc they have
been discovered or perfected by mathematicians of an age
nearer to ours, such as CArRNoOT, BRIANCHON, P’ONCELET,
MéB1US, STEINER, CHASLES, ”AUDT &ce; whose wotks were
pubhshe(f in the sarlier half of the ninetecnth cntury.

Various names have been given to this sybject of which we
are about to develop the fundamental principles, T prefer
not to adopt that of Higher Geometm‘ (Géomélrie supérieurg,
hoherg Geometrie), because that to which the title ¢ higher ’ at
one time seemed appropnb,te, may to-day*have become very

* With the comcnt of the Aythor, only siwh part of the preface to the original
Italian edition (1872) is 'Aqro reprgdBfed as may be of interest to the English
reader. . _—
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elementary ; nor that of Modern Geomelry (neuere §eomebrie),
which in like manner’expresses a merely relative #lea ; and
is moreover open to the objection that although the methods
may "be regarded as modern, yet the mattel is to a great,.
extent old. Nor does the title Geometry of posmon (Geometrie
des Lage) as used by STAUDT * seem to me a suitable one,
since it excludes the consideration of the metrical properties
of figures. I have chosen the name of Projective Geometry t,
as expressing the true nature of the methods, which are based
.essentially on central projection or perspectlve Awd ofse
reason which has' determined this choice is that the great .
PoncELEr, the chief creator of the modern methods, ga,ve-to_
his unmorta,l‘liook the title of T'rasté des propriétés projectwes
des fi gures (1 22) . “ o

Tn developing the 'sub]ect 'l hage not followed exclusively

any one Yuthor, but have, borrowed from all, s/hat seemed

« useful for my furpose, that nainely of writing a book which
Hould b:‘ﬂioroughly elementary, and accessible even' to
those whose knowledge does not extenir beyond the mere
cleménts of ordinary gcometry. I might, after the manner of
StApDT, have taken for granted no previous notions at all ;
but in that case my work would have become too cxtenslve,
and wolld no longer have been suitable for students who
have read the usual clements of mathengatics. Yet the whole
of what such students have probably read, is not, nccessary
in order to understand my book ; it is sufficient that’they
should know the chicf propositions relating to the circle and
to similar triangles.

It isg 1 think, desir. able that theoretical instruction in
geometry should have the help afforded 11! by the*practical
constructing and drawing of hgurcs I havé accordingly laid
more stress on déscriplive prop(,mes than on metrwal ones ;

* Equivalent to the Dcscnptrc (leometr,/ of CayLEy (Sixth memoir on
quantics, Phil. Trass., 1859 ; p. 969. The name Géomélrie de position as used
by CarNot correspondseto an idea quite diffgrent from that which I wisméd to
express in the title of my book. I leave out ¢f consideration other names, such
as Qéométrie segmentaire and Organische Geomcme, as rcfemﬁg to ideas which
are too limited, in my opinion. ¢

t See KuerN, Ucber die sogenunnie Nieha. lmkhd.%e Geometrie (thtmg&r
Naakishten, Aug. 3¢ 1871).
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[ ]
and-havegfollowed rather the methods of the Geomeirie der
Lage of é’l‘AUDT than those of the G¥oméirie supérieure of
CHASLES *. It, has not however been my wish entirely to
exclude metrical properties, for to do this would have been
detrimental to other practical objects of teaching . I have
thereforesintroduced into the book the important notiongof
the anharmonic ratio, which has enabled me, with the help
of the few above-mentioned propositions of the ordinary
geometry,, to e.sta,blish' casily the most useful metrical
propexyjes, which are either consequences of the projective_

. properties, or are closely related to them.s
J have made use of central projection in order to establish
“the idea of infinitely distant elements; andy following the
example of STEINER and of StauDT, I have placed the'law of
duality quite at the beginnjng of the book, 4s Being a logical
Jact which s grises immef{iate]y: and naturally €rom the
possibility of constructing space by taking wither tfe point
or4he plane as clement. TRe enunciations and proofs whicn
correspond to onexgnother by virtuc of this law have often
been placed in parallel columss ; occasfOually howewer this
arrangement has been departed from, in order to give to
*students the opportunity of practising themselvesin dedt.lcing
from a theorem its correlative. RrYE remarks, with justice,
in the preface to his book, that Geometry affords nothing so
stirring to a beginner, nothing so likely to stimulate him to
original work, as he principle of duality ; and for this reason
it is very important to mike him acquainted with it as soon
as possible,and to accustom him to employ it with confidence.
The masterly treatises of PONCELET, STEINER, (JHASLES,
and STAVDT ¢ are thosoe to which I mus? acknoxxledge myself

anost indebted ;*hot only because all who devote themselves
L[]

. [}

* Cf. REYE, Geomelrie der Lage {Hannover, 1866 ; 2nd cdition, 1877), p. xi of
the preface. .

t Cf. Zuon, Die hihere Geometrie in ihadr 4ofendung agf Kegelschnitle @d
Fliz¥8n zweiter Ordnung (Stuttgart, 1857), preface.

1 PoNCELET, T'raité des propriétés projectives des figurcs (Paris, 1822). STEINER,
Systematische Eftwickelung der A%hiingigkcit geometrischer Gestalten von einander,
dc. (Berlin, 1832). Cuasty®, Traité de*Géoméirie supérieure (Paris, 1852);
Traitéddes sections coniofies (Paris, 1&!65). StauDT, Geomelrie der Lage (Niirn-
begg, 1847). ¢
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to Geometry commence with the study of these \Irsorks,- but
also because I have taken from them, besides the‘substance
of the methods, the proofs of many theprems and the
solutions of many problems. But along with these I have
had occasion also to consult the works® of APOLLONIUS,
Psppus, DEsarRGUES, DE 1A Hire, NEWTON, MACLAURIN,
LamserT, CARNOT, BRIANCHON, M6BIUS, BELLAVITIS, &C. ;
and the later ones of ZEcH, GASKIN, WITZSCHEL, TOWNSEND,
REYE, PouDpRrA, FIEDLER, &c.

In order not to increase the difficulties, a.lready VY com-
"siderable, of my undertaking, I have relieved myself' from the
responsibility of quoting in all cascs the sourdes from which
I have drawn,or the original discoverers of the various pro-*
positidns or theories. I trust then that I; may be cxcused
if somctlmes Lhe source quotpd 1s‘.not the original one *, or if
occasionadly the reference’is found to be waning entlrely

. In giving refcrences, my desire has been chleﬂy to’ calk the
‘Attention of-the student to the riames of the great«geometors
and the titles of fheir works, which haye become classicdl.
The association witi certain great theorems of the illustrious
names of Kucenip, APOLLONIUS, PAPPUSy DESARGUES, PAScAL,
NEwToN, ('ARNOT, &c., will not be without advantage in’
assisting the mind to retain the results themselves, and in
exciting that scientific curiosity which so often contributes to
the enlargement of our knowledge.

Another object which 1 have had in vu,gv in giving refer-
ences is to correct the first impreséions of those to whom the
name Projective Geometry has a suspicious air of novelty.
Such persons [ desire to convince that the subjects are to
a great e\:tent of verferahle antiquity, matyred,in the minds
of the gleatcst thinkers, and now reduced-to that form of,
extreme simplicity which GERGOSNE considered as the mark
of perfection in a scientific theory . In my analysis I shall

€ ‘.
* In quoting an dathor 1 have alniost always cited such of his treatisesag are
of considerable extent artl gencrally known, altHough his discoveries may have
heen originally announced clsewhere.  For exi.mple, the rescarghes of CHASLES
in the theory of conics date from a period in most cases anterior fo the year 1830;
those of STAuUDT began in 1831 ; &c. [

1 ¢ On ne peut se flatter d’avou' le derunier mot d’un&hcome, tant qu on“ne

. L} ’
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follow the order in which the various subjects are arranged
in the book.

The conception of elements lying at an infinite distance is
due to DEsaraUES; who, in 1639, explicitly considered
parallel straight®lines as meeting in an infinitely distant
point *, and parallel planes as passing through the same
straight line at an infinite distance f.

The same idea was thrown into full light and made
generally known by PoNCELET, who, starting from the postu-
Igtes ryﬁ the Buclidian Geometry, arrived at the conelusxon
that thes points in space which lie at an infinite distance

" must be regarded as all lying in the same plane }.

Desaraues § and NEWTON || considered the asymptotes
of the hyperbolasas tangents whose points of conta,ct He at an
infinite distance.

The nameyhomology is due to I’!)N(‘FLM‘ Homoiogy, with
referénce to plane figures, = found in some of thé carlier,
treatises en perspectiye, fof example in LAMBERT Y| or per-
Haps even in DESARGUES **, who enunciated and proved the
theorem concerning triangles and quadfilaterals in perspec-
tive or homology. Fhis theorems; for.the particular case of

*two tnangles (Art. 17), is however really of muck older ‘date,
a8 it is substantially identical with a celebrated porism of
Evcrip (Art. 114), which has been handed down to us by
Parrus t1. HomoI.ogxcal figures in space were first studied
by PONCELET :tf

The law of duality, & an independent principle, was

peut pas Pexpliquer en peu de paroles & un passant dans la rue (cf CHASLES,
Apergu historique, p. 115). .

* @uvr® de Dlr.u&ours, réunies et analystes par M. Pougga (Paris, 1864),
Jome i. Brouillon-mwojet d’une atteinte aux événements des rencontres d’un cone
avec un plan (1639), pp. 104, 105, 2% .

1 Loe. cit., pp. 105, 106.

t Traité des propriétés projectives deaﬁgufes (l’a.ns, 1822), Arts. 96, 580.

§ Loc. cit., p. 210,

|! Bhilosophiae naturalis Qmmpm mathe?nwtwa (1683), lib, i. prop. 27,
scholium,

9 Freie Perspeciive, 2nd edition (Zurich, 1774),

** Loc. cit., pp 413-416. ,
~ 1t {‘xasus, Les trois {ivhes de'm'smu &’ Euclide, &:c. (Paris, 1860), p. 102

It Loc- cit., pp- 369 Sqq.

A3
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enunciated by GERGONNE *; as a consequence of the theory
of reciprocal polars (nder the name principe de réciprocité
polaire) it is due to PONCELET t. .

The geometric forms (range of points, flgt pencll) are found,
the names excepted, in DESARGUES and the later geometers.
ST=INER | has defined them in a more explicit manner than
any previous writer.

The complete quadrilateral was considered by Carvor§;
the idea was extended by STEINER || to polygops of any
pumber of sides and to figures in space. o X

Harmonic, section was known to geometers of the most
remote antiquity ; the fundamental properties’of it are to be
found for example in AroLLoNIUS §. DE LA HIRE ** gave
the construgtion of the fourth clement of a karmonic system
by means pf the harmonic property of the quadrilateral, 1. e.

by help of the ruler only. * v
o Fronm 1832 the construction of pro;ectlve forms was taaght
by STEINER 1. . . .

The complete theory of the anharmonic ratios is due fo
Mosivs 1}, but bétore himr Evcnip, Parpus §§, Desar-
GUES || ||, and Brianciox 4 had demronstrated the funda-
mental proposition of Art. 63. DErsARGUES *** was the’
author of the theory of involution, of which a few particular
cases were already known to the Greek gecometers 111.

The generation of conics by means of two prOJectlve forms
was set forth, about 1832, by STuiNER and by CHASLES ;
it is based on two fundamecntal theorems (Arts. 149, 150)
from which the whole theory of these important curves can
be deduged. The same method of generation includes the

* Annales de “lathémahquea, Yol. xvi. (Montpellier, 1926), . 209

t Ibid., vol. viii. (Montpellier, 1818), p. 201.

t Systematische Entwykelung, pp. xiii, 8v. Collected Works, vol. i. p. 237

§ De la corrélation des figures de Géomélrie SP&!‘IS, 1801), p. 122.

|| Loc. cit., pp. 72, 235 ; §§ 19, 55.

¢ Conicorum lib. j. 34, 36, 37, 38‘;~

** Sectiones conicae (Parisiis, f685), i. 20. 1t Loc. cit., p. 9l. am

1} Der barycentrische Batcul (Lupng, 1827}, chap v.

§§ Mathematicae Collectiones, vii. 129. ¢ Il Loeacit., p. 425.

9 Mémoire sur les lignes du secon ordre (Pn.rw, 1817), p. 7

*** Loc. cit,, pp. 119, 147,171,176, ‘e “

1t PAI'I'US, Mathematu‘ac C'ollemanea, lib. vn props 37 -56, 127, 128, 130-133
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organic description of NEwToxn * and various theorems of
MACLAURIN. :

But the projectivity of the pencils formed by joining two
fixed points ort a cqmc to a variable point on the same had
already been proved, in other words, by APoLLONIUS .

When only sixteen years old (in 1640) PascaL discovered
his celebrated theorem of the mystic hexagram }, and in 1806
BriaNcHON deduced the correlative theorem (Art. 153) by
means of the theory of pole and polar.
¥ Thayroperties 'of the quadrilateral formed by four tangents,

~to a confc and of the quadrangle formed by thgir points of
contact are to be found in the Latin appendix (De linea-
rum geomelricarum proprietatibus generalibus ttactatus) to the
Algebre of MACIMURIN, a posthumous work (Longdon,  1748).
He deduced from these propérties methods for,the con-
_structlon of &,conic by points or By tangents in seyeral cases
where five elements (points’ or tangents) ase glven This ,
problem m its full generalily, was solved at a later date by
BriancHON.

The idea of considering two.projectiv® ranges of points on
the same conic was explicitly set forth by Brrravrris §.

To CamNoT || we owe a celebrated theorem (Axt. 385) con-
cerning the segments which a conic determines on the sides of
a triangle. Of this theorem aldo certain particular cases were
known long before

In the Freie P,prspectwe of LAMBERT we meet with elegant
constructions for the solution of several problems of the first
and second degrees by means of the ruler, assuming however
that certain elements are given ; but the possibility gf solving
all prob]ems'of ﬂle second aegree by nieanb of jhe ruler and

* Loc. cit., lib. i. lcmma, xxi. .

t Conricorum lib. iii. 54, 55, 56. * I owe this remark to Prof. ZEuTHEN (1885).

1 Letter of LEIBNITZ fo M. PERIER in the Furres de B. Pascal (Bossur’s
edition, vol. v. p. 459). ¢

§ Saggio di geometria derwata (Nuow Sa.ggl 6ell’ Accademm di Padova, vol.iv.
1838), p. 270, note.

|| Qéométrie dg position (Pam,'1803), Art. 379.

9 Arorrontug, Conicorum,lib. iii. 16-23. DESARGUES, loc. cit., p. 202. D

&A HgE, loc. cit., bookev. frops, B,12. NEwTON, Enumeratio linearum tertis
ordmu (Opticks, LonQon, 1704), p 142,
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a fixed circle was made clear by PoNcELET; afterwards .
STEINER, in a most valtiable little book, showed the manner of
practically carrying this out (Arts. 238 sqq.)..

The theory of pole and polar was already cohtained, under
various names, in the works already quoted of DESARGUES *
and DE vA HIrE }; it was perfected by MONGE %, BRIAN-
cHON §, and PonceLkT. The last-mentioned geometer
derived from it the theory of pola.r reciprocation, which is
essentially the same thing as the law of duahty,,, called by
him the * principe de réciprocité polaire ’. O %

The princjpal properties of conjugate diameters ‘were ex-
pounded by AroLLONIUS in books ii and vii 6f his work en
the Conics. .°* .

Andlastly, the fundamental thcorems conwrmng fociareto
be found jn book iii of APOL'LONIJIS, in book vii of Pappus,
and in book viii of Dx L4 Higk. .°

~ Thost who desire to acquire & more extendcd and de‘tmled
knowledge of the g;rogres-e of Gdometry from its beginnirgs
until the year 1830 (which is sufficient for what is contained
in this book) have oifly to readethat classical work, the Apercu
Listorique of CHasLEs, * .

* Loc. cit., pp. 164, 186, 190 sqq.

% Luc. cit., i. 21-28 ; ii. 23-30.

I Géométrie descriptive (Parit, 1795), Art. 40.

§ Journal de I Ecole Polytechnique, cahier i, (Paris, 1806).



AUTHOR’S PREFACE TO THE
. ‘ENGLISH EDITION

In April last year, when I was in Edinburgh on the
occasion of the gelebration of the tercentcnary festival of
tNe Ubivearsity there, Professor SYLVESTER did me the honour

.of saying‘that in his opinion a translation of my ook on the
Elements of Projective Geometry might be useful to students
at the English Universitiesas an introduction %o the ,m.odcrn
geometrical metlfods. The same favourable judgement was
shown to me by other mat}mmaliqians, especially in Oxford,
which place I .visited in the following month of Miy at the
inyithtion of Professor SYL\;ESTER. There Professor PRicE
prdposed tb me that I should assist in an English translation
of my book, to be carricd out by MI;.. C. LEUDESDORF,
Fellow of Pembroke College, &nd to be published By the
("larendon Press. 1 dccepted the proposal with pleasure,
- ° - . .
and for this reason. In my opinion the Englich éxcel in the
art of writing text-books for mathematical teachihg; as
regards the clear expasition of theories and the abundance of
excellent ¢xamples, carefully selected, very few books exist
in other countries which cgn compete with those of SaLmoN
and many other distinguished English authors that could be
named. I felt it thercfore to be a grcat honour that my
book should be considered by such competent judgessworthy
to be introduted Into their colleges.’ .2
* Unless I am mistaken, the preference given to my Elements
over the many treatises ort modern geométry published on
the Continent is to be attributed_to the circumstance that
in it I have striven, to the best of my abilitysto imitate thd
English models. My ittention was not tv produce a book
of high theores which shéuld be of interest to the advanced
mathematician, but tq eonggruct*an elementary text-book of
niodedt dimensioqs: Intelliible to a student whose knowledge
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nced not mtcnd further than the first books of Euchd

I aimed therefore at simplicity and clearness of exposition ;

and I was carcful to supply an abundance qf examples of a

kind suitable to encourage the beginner, to make him seize

the spirit of the methods, and to rendefr him capable of
employing them.

My book has, I think, done some service in Italy by helping
to spread a knowledge of pr0]ect1ve geometry ; and I am
encouraged to belicve that it has not been unproductlve of

_ results even elsewhere, since I have had the honour  gf fieciig
it translated into French and into German. ‘

If the present edition be compared with the preceding ones, '
it will be seen: that the book has been considerably erlarged
and amended. All the 1mprovementq which are to be found
in the French and the Germang editions have been incor-
porated 3 a new Chapter, on Foci, has been,added ; and
every (‘hapteg has received modifications, additions, and
elucidations, due in part to mysclf, and in part to thc
translator.

In eonclusion, I*'bcg leave to express my thanks to the
ommcnt mathematician, the Savilian Professor of Geometry,
who advised this translation; to the Delegates of the
Clarendon Press, who undertook ity publication ; and to
Mr. Leudesdorf, who has executed it with scrupulous fidelity.

. CREMONA.
Rome, May 1885. :
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ELEM-ENTS OF PROJECTIVE GEOMETRY

CHAPTER 1

DEFINITIONS

f1. By p figure is meant any assemblage of points, straight
lines, and p]aneq the straight lines and planes are all to be
considercd as ‘cxtending to infinity, without regard to the
limitedl portions of space which aro enclosed'by them. By
the woyd triangle, for examplc, is to be understood a System
consisting of three points apd three straight lines connecting
these points two and two ; a tetmk”dron is a system eomlstmg
of fout plancs and the four points in which these planes inter-
segt three and three, §ac ¢

In order to secure uniformity of notation, we’shall always denote
points by the capital letters 4, B, (/, ... , strsight lines by the small
lettersa,b,c,..., planes by the Greek letters a, By, Moreover,
AR will denote that part of the straight lind j joining A'and B which
"is comprised between the points 4 and B; Aa will denote the plane
which passes through the point 4 and the stralght line a; aa the
point common to the straight line a and the plane a ; af the straight
line formed by the intersection of the planes o, 8; ABC the plane of
the three points 4 B, C'; afy the point common to the three planes

a,B,7y;0BC the pomt comumon to the plane o and the straight line
B(C'; A.By the planc passing‘through the point 4 and the straight
line ﬂ ;_a.Bc the straight line common to the plane a and the plane
Be; A fc the straight line joining the point 4 to the point e, &c.
The notation a. BC = A’ we shall use to express that the poing common
to the plang a gnd the straight line BC qoincldes with {6 point 4" ;
u= ABC will express that the stralght line » eontains t]])\e pomts
A,B,C,&. °

2. To project from o ﬁxed pomt 8 (the centre of projection) a
figure (ABCD ..., abed ...) composed,of pomts and straighg
lines, is to construct the straight lines or Yprojecting rayk
S4,8B,80,8D, a.nd the planes (Projecting planes)
Sa, Sb Sc 1S’d . Wo thus obtain a new figure composed
of st;‘alght li'nes md- dlgnes which all pass through the

centre S.
.151{ ) B
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8. To cut by a fixed plane o (transversal plane) a figure
{aBy?, ... abed ...) made up of planes and straight lines, is to
construct the straight lines or traces ca , a3, oy , ... and the
points or traces oa, ob, oc,.... By thls moans . we obtain
a new figure composed of stralght lines afid points lying in
the plane o.

4. To project from a fixed 3tnght line s (the ams) a figure
ABCD.. composed of points, is to construct the planes s4 ,
sB,sC, ... The figure thus obtained is composed of planes
whlch all pass through the axis s.

5. To cut by a fixed strmght line s (a transversal)' a ﬁgure
aBy$ ... composed of planes, is to construct the points sa, 83,
8y, « . In this way a new figure is obtained, compgsedf of
pointg all lying on the fixed transversal s.

6. If a figure i¥ composed of straight lines'a, b, ¢, ... which
all pass through a fixed point of centre S, it can be projected
from a straight line or axis s passing through 8" the result is
a figure composed of plancs sa b, sc, ....

7. If a figure is composed of straight lines @ ,6, ¢, .. all
lying in a fixed plaie, it may be cut by a strmght line (trans-
versal) s lying in the same piane ; the figurc which results is
formed by the points sa , b, sc, ... *.

.

* The opcrations of projecting and cutting (projection and seclion) arc the two
fundamental oncs of Projective Geometry.



CHAPTER 11

CENTRAL PROJECTION ; FIGURES IN PERSPECTIVE

8. CoNsIDER'a plane figure made up of points 4, B, C, ...
a‘pd s.t,ra‘ig}{t lines’AB, AC, ..., BC, .... Project these from
a centre & not lying in the plane (o) of the figure, and cut the

‘rays SA, 8B ;8C, ... and the planes SAB, 8406 , s SBC,
.- by transversal plane ¢’ (Fig. 1). The trfoes on the plane
o’ of the projecfing rays and
planes® will form a sccond ,
figure, a picture of the fifst.
When, we carry out the two
operations by which this
second figlire is derived from
the first, we arc said o project
from a centre (or vertex) S a )
given figure o upon a plane of R
projection o’. The new figure
o/ is called the perspective
image or the central pgojection of the original one. Of course,
if the second figure be projected back fromn the centre S upon
the plane ', the Jfirst figure will be formed again ; i.e. the
first figure is the projection of the second from the centre §
upon the picture-plane «. The two figures ¢ and o are said
to be in perspective position, or simply in perspective,,

9. If 4;, B, (', ... are the traces of'the rayy#SA, SB,
JC, ... on the glane o/, we may say thi#ft to the points
4, B, C,.. of the first figure correspond®he points 4’, B,
C’, ... of the second, with the condition that two correspond-
ing points always lie on a straight line passing through &
If the point A describe ja straight line a in the plane 4, the
ray SA will describe a plane Sa; and “therefore 4’ will
describe a straight line a’, the,interscction of the planes
Sa and o’. The straight lres a and @', in which the planes
o and o’ are cut hy any the same projecting plane, may thus

sgs °
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be called corresponding lines. It follows from this that
to the straight line§ AB, AC,..., BC,... correspond the
straight lines 4’B’, 4’C’, ..., B'C", ... and that to all straight
lines which pass through a given point 4 of the plane o corre-
spond straight lines which pass through Yhe corresponding
point A’ of the plane o, .

10. If the point A describe a curve in the plane o, the
corresponding point 4’ will describe another curve in the
plane «’, which may be said to corfespond tS the first curve.
Tangents to the two curves at correspdnding’ poings ayo
clearly corresponding straight lines; and againy the two
curves are cut by corresponding straight lines in correspond-
ing points. Fwo corresponding curves are thercfore,of the
samerdegree *. . .

11. The two figures may gqually+well be generated by the
simultaneous motion of a«pair of corresponding straight lines
a,a’. Ifaravolve about & fixed point 4, then o’ will plways
pass through the corresponding point A’. ’

Similarly, if a cnvelop a curve, then o’ will énvelop “the
corresponding curye. The lines ¢ and a’, in corresponding

positions, touch the two curves at

. “le corresponding points ; and again,
s __/l ,  to the tangents to the first curve

: ,‘\ / from a point A4 correspond the

/ “.;‘:§\\ ! tangents to, the sccond from the

/" ‘\;‘\‘\\‘\ ! corresponding point A’. Two

. L)
NN corresl}ondmg e¢urves are there-
) LG ’
r. et —% fore of the same class t.
WA Y 12. Consider two straight lines

. \‘\\‘ / a and &’ which correspond to one
N. \Y/*° . anotherin the figures o .o’ (Fig. 2).
Vg Every ray drawn through S in

)“ theil ,plane mects them in two

Fig. 2_’«! points, say 4 and A4’, which cor-

\ . respond to oneanother. If theray
change its position and revolve round 8, the points 4 and 4’

* Tho degree of a curve is the greatest number of points in which it can be cut
bg' any arbitrary plane. In the cago of a plane curve, it is thb greatost number
of points in which it can be cut by any etraight’line in the plano.

+ Tho class of a planc curve is the gredtett numhyr of tangents whick cas be
drawn to it from any arbitrary point in the plane.
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change their positions simultaneously ; when the ray is about
to become parallel to a, the point A’ approaches I’ (the point
where a’ is cut by the straight line drawn through S parallel
to a) and the point 4 moves away mdeﬁmtely In order that
the property that to one point of a’ corresponds one point
of « may hold universally, we say that the line @ has a pointat
infinity I, with which the point 4 coincides when 4’ coincides
with I’, viz. when the ray, turning about S, becomes parallel
to a. The straight lino @ has only one point at infinity, it
bfmg assuimed that we can draw through S only one ray
parallel ‘Oar

The point I’y the i image of the point at infinity I, is called
theé vgnishing point of a’. °e

Similarly, the straight line a’ has a pomt J’ at infinity,
which &orresponds to the pomt J where ¢"1s cut by the ray
drawn throuﬁh S parallel t8a’.

Twg parallel straight lines havesthe same pojnt at infinity.

All straight lines which are,parallel to a given straight line
must be cohsidered as having a common paint of intersection

at infinity.
Two straight lines lying in the same planc always intersect
in o point (finite or infinitely distant). ° .

13. If now the straight line a takes all possible positions in
the plane o, the corresponding straight linc «’ will alvays be
determined by the ingersection of the plancs o’ and Sa. As
a moves, the ray SI traces out a pla,nc = parallel to o and the
pomt I’ describessthe straight line na’, which we may denote
by 4’. This straight line 4’ is then such that to any point
lying on it corresponds a point at infinity in the planc o,
which point belongs also to the plane .

We assuyme thas the locus of these pofnts at 1nﬁﬂlty in the
Rlane o is a straight line 7 because it may,He considered as
the interscction of the plang8 = and «. B&t this locus must
correspond to the straight linc 4’ in the plane ¢’ ; thus the
law that to every straight line in the plane ¢ corresponds
a straight line in the plgne o holds without c\:ceptlon \

The plane ¢ has only one straight line al infinity, because
through the®point S only one planc parallel to ¢ can bo

. » . . - [

* This is one of thefundamental hypotheses of the Euclidian Geometry.
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L4
drawn. The straight line ¢/, the image of the straight line
at inﬁnity, is called the vanishing line of o’. It is parallel
to oo’.

In the same way, the plane o has a stralght line at infinity
which corresponds to the intersection of thé plane ¢ with the
plane 7’ drawn through 8 parallel to o’.

Two parallel planes have the same stra,lght line at infinity
in common. All planes parallel to a given plane must be
considered as passing through a fixed si,ra.lght line at
infinity.

If a stralght line is parallel to a plane, the stralgh’b line at
infinity in the plane passes through the point at mﬁmty on
the line. If twd straight lines are parallel, they meet in the
same point the straight line at infinity in their plane.

Two planes always cut one another in a stralght liné (finite
or infinitely distant). » !

A stra,lght ljne and a plane (not containing the ling) glways
intersect in a point (finite or infinitely distant).

Three planes which do not contain the same straight Itne
have always a common point (finite or infinitely distant).

14. Tueorem. If two plane figures ABC ..., A’B'C’ ...,
(Fig. 1) lying in different planes o and o', are in perspeclive,
i.e. if the rays AA’, BB’, CC', ... meet in a point’S, then the
corresponding straight lines AB and A’B’, AC and A’C’,...,
BC and B'C’, ... will cut one another jn points lying on the
same straight line, viz. the intersection of the planes of the
two jigures

It is to be shown that if M is a pomt lying on the
straight line o¢’, and if a straight line a, lying in the pla,nc o
passes through M then the corrcspondmg straight line a’ will
also pass & rough M. But this i evidentlysthe gase, since the
two straight lints a and o’ arc the mterbeetlons of the same
projecting planec ‘with the two: p)ancs s and o’, and conse-
quently the three straight lines oo’, @, and a’ meet in a point,
¥iz. that common to,the three planes The straight line
oo’ is the locus of the points which correspond to themgelves
in the two figures.

The va,mshmg line ¢’ in the planc o’ is parallel to the
straight line o0’ since 7’ and the aqxréapondmg‘bt.ralght Jdine 3,
which lies entlrcly at an infinite distance in the pla.ne o,
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must intersect one another on oo’. Simila;ly, the vanishing
line 5 of the plane o is parallel to o’ o

If each of the figures is a triangle, the theorem reads as
follows :—~

If two triangles ABC and A’B'C", lying respectively in the
planes o gnd ¢/, are such that the straight lines 44’, BB’, GL"
meet in a point S, then the three pairs of corrcsponding
sides, BC and B’'C’, CA and C'A’, AB and A’B’, intersect in
points lying ot the straight line oo’.

P 15, ConVersely, if to the points A, B, C,.., and to the
strazgkt dines AB, AC, ..., BC, .. of a plame figure o« corre-
- spond severally tlw pomts A’, B’, C”, . . and the Ytraight lines
A'B' A'C, .., B'(", .. of another plane figyre o’ *, in such
a way that the corresponding lines ABand A'B’,"AC ang A'C’,

, BE€ and B'C, ... meet in pomts lying on the line of inter-
sectwn (o0”’), of the planes o*and o, then the two jtgures are in
perspective. * .

For if § be the poing which is common to the three
planes AB . A'B’, AC . A’C’, BC . B'C!, the threc edges
AA’, BB, CC’ of the trihedral angle formed by the same
planes will mect in 8. Similarly, the thfee planes AB . A'B’,
AD.A’D', BD . B'D’' mect in a pomt which is common to the

"edges AA , BB, DI7, and this point is again S, sincc the two
straight lines 44’, BB’ suffice to determine it. Therefore all
the straight lines 44’, BB’, €C’, DD’ ... pass through the
same point S ; that is, the two given figures are in perspee-
tive, and N is thelr centre of projection.

If cach of the figures i? a triangle, we have the theorem :
If two triangles ABC and A’B’(C’, lying respectively in the
planes ¢ and ¢/, are such that the sides BC and B'CY, C4
and C"4’; AB ard A’B’ intersect gne another ty&‘and two
in points lymg oy the straight linc oo”, thclythc straight lines
‘A4’, BB, CC’ meet in a point S.

16. TuEoREM. If two triangles A,B,C, and A,B,C,, lying
in the same plane, are such that the strazght lines A, Ay, BBy,
C,C, meet in the same point O, Mhen the three® points of mle)'-
section of the sides B, CZ) dnd B,C,, C,4, ard C,A,, A\B, and
AyB, lie on @ stmzyht lme (Fig. 3.)

b @ . P
* The planes ¢ a‘ndfr’ are to be regarded as distinet from each other.
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Through the point O which is common to the straight
lines 4,4,, B,B,, C,€,, draw any straight line outside the
plane &, and in this straight line take two points §; and S,.
Project the triangle 4,B,C, from 8, and the triangle A,B,C,
from 8,. The points 4,, 4,, 0, 8,, 8, lie int the same plane ;
therefore 8,4, and 8,4, mcet one another (in 4 guppose) ;
similarly 8,B; and 8,B, (in B suppose) and 8,C; and 8,0,
Thus the triangle ABC is in perspective

both with 4,B,C, and with 4,B,Cyt The straight lines BC,
B,C,, B,C, intersect in pairs and thcrefore meet in one a
* the same point Ay*. Similarly C4, € 4,, and A,C,'meet in

(in C suppose).

« Tig. 3.

a point By, and AB, BA4,, -
and 4,B, in a point C,.
‘The three points A4, B,,
Cy. lie on the straight
qine which is common to
the planes ¢ and ABC.
.The theorem is theréfore
proved. ' :
17. Conversely, If two
triangles  4,B,C, and
A,B,0,, lying in the same
plane, are such that the
sides B,C, and ByC,, Cid,
and CyA4,, A,B, and 4,B,

cul one another in pairs in three collinear points Ay, By, C,,
then the straight lines A A,, BB, C,C,, johich ‘join corre-
sponding angular points, will pass through one and the same
point 0. (Fig. 3.)

Through the straight line 4,B,C, draw another plane,
and proj¥s¢, from an-arbitrary centre Sy, the triangle 4, 8,0,
If ABC be the projection, the straight
lines BC, B,C, wil' cut onc another in the point A4,, through
which B,C, will also pass ; similarly AC will pass through B,
and AB through Cy. The straight lincs 44,, BB,, CC, intcr-
sect in pairs, Without howbver all three lying in the same

] .

upon this plane

* BC is the intersection of the plancs 8,B,C, and 8,B,C,, which do not coin-

cido; so that the straight lines BC, B.C,,

and 2,0, do not a]l three lio in one

planc. 'The three planes BC . B,C,, BC . KL, andl B, . B,C, (or o) inkoreest

in the same point 4,.
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plane ; they will therefore all meet inone point S;. The
straight lines 8,8, and 4,4, lie in the same plane, since 8,4,
and 8,4, intersect in A ; therefore 8,8, meets the three
straight lines 44 4,, B,B,, C,Cy, i.e. A, 4,, B|B,, C,C, all meet
in one point 0, vi%, that which is common to the plane « and
the straight line §,8, *. ¢

* PONCELET, Propriclés projectives des figures (Paris, 1822), Art. 168. Tho

theorems of Arts. 11 and 12 are due to DEsArGUES (Buvres, ed. Poudra, vol. i.
p. 413). . .
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CHAPTER III'

HOMOLOGY

18. CoNSIDER a plane ¢ and anether plane o', in which
latter lies any given figure made up of peints and straight
lines. Take two points 8, and 8, lying outside ke givén
planes, and* project from each of them as centre fhe given.
figure o’ on to the planc ¢. In this way two.new figures
(r, and o, say) will be formed, which lie in the plane 7, and
which are the projections of one ang the safhe figure ¢’ upon’
one and the same plane +, bu’ from different centres of
projectiofy. Let two points 4, and 4,, or two'straight lines
a, and a,, in the figures o, and o, be said to correspond fo-each
other when they are the images of one and the same point
A’ or of oné and the same straight line a’ of the figure o”.
We have thus two figures ¢, and o, lying in the same plane o,
and so rclated that to the points 4,, By, €y, ... and the lines
A,B,, A\Cy, ..., B,C,, ..., of the one correspond the points:
Ay, By, C,, ..., and the lines 4,B,, A,C,, ..., ByC,, ..., of the
other. Since any two corresponding straight lines of ¢’ and o
intersect in a point lying on the straight line oo’, and again
any two corresponding straight lines of ¢’ #nd o, intersect in
a point lying on the same straight line oo’, it follows that
threc corresponding straight lines of a, o,, and oy meet in one
and the same point, which is determined as the intersection
of the sta-ight line of o with the straight line so’. That is
to say, two corresponding straight lines of the figures o, and
o, always interseds on a fixed straight line, the trace of v’ on ¢&.
If moreover 4, and 4, are a pair of corresponding points of o,
and oy, the rays 8,4, 8,4, have a point 4’ in common, and
therefore lic in' the same pléne : consequently 4,4, and 8,8,
interseet in a poiit 0. Thus we arrive at the property that
cvery straight line, such as 4,4,, which connects a pair of
corresponding points of the figuges »y.and 7y, passes through
a fixed point O, which is the intersection of 8,8, and"o.
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From this we conclude that two figures o, and o, which
are the projections of one and the same figure on one and
the same plane, but from different centres of projection,
possess all theeproperties of figures in perspective (Art. 8)
although they lie’in the same plane. To the points and the
straight lines of the first correspond, each to cach, the poirsts
and the straight lines of the second figure ; two correspond-
ing points always lie on a ray passing through a fixed point
O; and two Corresponding straight lines always intcrsect
op a ﬁxgd stralght line s. Such figures are said to be homo-
logical, of in homology ; O is termed the centre of homology,
and s the axis of homology *. They may also be said to be
in'"plane perspectwe ; O bemg called the cendre of perspective,
and s the axis of perspective. .

19. THEOREM. In thesplane o.are given two figures o, and oy
which are sugh that to the points 4, , B, , C, , ... and to the
straight ¥nes 4,B, , A,C,, ..., B\C,, ... of the one cbrrespond
each to each, the points A, , -'32 y Co ... and the straight lines
A,B,, 4,0, , ..., ByC;y, ... of the other.  If the points of inter-
section of correspondmg stnght lmes lie on a fixed straight line,
then the straight lines which join oorrespondmg points wzll all
pass through a fized point O.

Let A, and A,, B, and B,, C; and C, be thre(, pairs
of correspondmg points ; they form two trmngles *4,B,C,
and A,B,C, whose corresponding sides B,C, and B,C, , 01A L
and Cyd, , A,B, and A4,B, intersect in threc collinear points.
By the theorem®f Art. 37 the rays 4,4,, BB, , C,C, will
therefore meet in the same point O ; but two rays 4,4, and
B, B, suffice to determine this point ; in whatever way then
the third pair of points C, , C; may be chosen, the ray C,C,
will always pass through O. .
« The ﬁgures oy, oy are therefore in hom?é)gy, () being the
centre, and s the axis, of homology

Corollary.—1It follows that if two figures lying cither in the same
or in different planes are in pelspcutlve, and if the plane of one
of the figures be made to*twrn round the axiseof perspective, then
correspondmg straight lines 4,4,, B,B,, &c., will always be con-
current ; ¢.e. the two ﬁgures will sremain always in perspective.

* Pononr,m, Propriétés projectives, Arts. 297 scqq.
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The centre of perspectwe will of course change its position ; it will
be seen further on (Art. 22) that it describes a certain circle.

20. THEOREM. Ifto the straight lines a, b, ¢, ... and to the
points ab, ac, ... , bc, ..., of a figure correspond severally the
straight lines a’, V', ¢/, ... and the points a’b’, a’c, ..., b'c, ..
of another coplanar figure, so that the pairs of corresponding
points ab and a’'b’, ac and a'c’, bec and b’¢, ... are collinear
with a _ﬁa:ed point O ; then the corresponding straight lines
aanda’,band V', ¢ and ¢, &c., will mtersect wmn points which
lieona stnght line. .

Let a and a’, b and b’, ¢ and ¢’ be three pairs. «of corre-
sponding straight llnes ; since by hypothesis the straight
lines which joi-w the corresponding vertices of the triangles
abe, a’b’c¢’ all meet in a point O, iv follows (Art. 16) that the
corresponding sides a and a/, b and ', ¢ and ¢ intersect in
three points lying on a strcight line. But two points aa’, b,
suffice to determine this straight line ; it remains thercfore
the same if instead of ¢ and ¢’ any other two corresponding
rays are congiderad. Two corresponding straight lines there-
forc always intersect on a fixed straight line, which we may
call s; thus the given figures arc in homology, O being the
centre, and s the axis, of homology.

21. Consider two homological figures ¢, and o, lying in
the plane o ; let O be their centre, s their axis of homology.
Through the point O and outside the plane « draw any
straight linc, and on this take a point §,, from which as
centre project the figure «; upon a pew plane o’ drawn in any
way through s. In this manner we construct in the plane o’
a figure A’B’C’ ... which is in perspective with the given onc
oy =4,B.C, .... If we consider two points 4’ and 4, of the
figures ¢’ dad o4, which are derived from dne and. the same
point 4, of ¢}, as;corresponding to each other, then to every
point or straight line of ¢’ corresponds a single point or
straight line of oy, and vice versa ; and every pair of corre-
sponding straight lines, such as A’B’ and 4,B,, intersect on
a fixed strzught line oo’ or s. Congequently (Art. 15) the
figures o’ and 02 are in perspective, and the rays A'A,,
B’B,, ... all pass through a fixed point 8,. Moreover every
ray A’A, meets the straight line-Q9,, since the points 4’,.4,
lie on the sides §8,4;, 04, of the triangle 04,8,. The rays
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2
A’A,, B'B,, ... do not all lie in the same plane, because the
points A4,, B,, ... lie arbitrarily in the plane «; the point S,
therefore lies on the straight line 08,.

From this we conclude that two homological figures may
be regarded, in an infinite number of ways, as the projections,
from twoe distinct points, of one and the same figure ; tAis
figure lying in a plane passing through the axis of homology,
and the two points being collinear with the centre of homology.

22. Consider two figures in perspective, lying in the planes
@ o’ regpectively’ (or two figures in plane perspective in the
same plafie «) ; let O (Fig. 4) be the centre and s the axis of
perspective, and let 5 and
# be the vanishing lines of
the two figures.. If J and*
I’ are Points lying on these
vanishing lings, the points
J’ and Iswhich correspond
to each of them respec-
tively in the other figure
will be at infinity on the ) .
rays OJ, OI’ respectively. Further, the two corresponding
straight lines 1J, I'J’ must meet in some point on s ; there
are consequently an infinite number of parallelograms having
one vertex at O, the opposite one on s, and the other two
vertices on j and 4’ respectively.

Now, supposing the two figures to keep their positions in
their plancs unaitered, lgt the plane o be made to turn
round oo’ or 8. Every pair of corresponding straight lines
must always meet on s; consequently the two figures will
always remain in perspective (Arts. 15, 19), and the point O
will describesomé curve in space. » S
. In order to defermine this curve, consid r any one of the
above-mentioned parallelograms OJSI'. {6 romains always
a parallelogram, and the length of I'S is invariable ; there-
fore also OJ is of constant length. The locys of the centre
of perspective O is tharefore a circle whose centre lies on
the vanishing line j and whose plane is perpendicular to this
line and thedefore to the axis of \perspective s *.

2]

- . L |
* Mosrvs, Barycepirische Calcul (Leipzig, 1827), § 230 (note, p. 326).
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28. (1) Given the centre O and the axis s of homology, and two
corresponding points A and A’ (collinear with O) ; io construct the
figure homological with a given figure.

Take a second point B of the given figure (Fig. 5). To obtain
the corresponding point B’, we notice that the ray BB“ must pass
through O and that the straight lines AB, 4'B’ which correspond to
ovne another must intersect on s ; thus B’ will be the point where OB
meets the straight line joining 4’ to the intersection of AB with s*,
In the same way we can construct any number of pairs of correspond-
ing points ; in grder to draw the
straight line ' which corresponds
to a given stiaight line », we haye
only to find the poins B’ whih
corresponds to a point Blying on
the line 7, and to join the points
B’ and rs, B

‘In order tq find the point I’
(the ranishing point) which corre-
) swonds to the infinitely distant

' Fig. 5. point  on a giverpstraight line (a

- ray OI, for example, d?awn from

0), we repeat the construction just given for the point B'; ¢.e. we join

another point A of the first figure to the point at infinity I on OI

(that is, we draw AI parallel to OI), and then join 4’ to the point

where AI meets s, ahd produee the joining line to cut OI in I'.
Then I’ is the required poins.

Al points analogous to I’ (i.e. those which correspond to the points
at infinity in the given figure) fall on a
straight line 4, parallel to s; ¢’ is the
vanishing line of the second figure. If, in

the preceding construction, we interchange
the points A4 and A'}, we shall obtain a
point J (a vonishing point) lying on the

o / vanishing line j of the first figure.
, (2) Suppose that instead of two corre-
b &' sponding points 4,4’ there are given (Fig. 6)
. i b two corresponding strgight lines a , a'.

o
s

These will of course interscct on s; and
cvery ray passing through O will cut them
in two cortesponding points 4, A’. In order
to obtain the straight line ' which corre-
sponds to any straight line b in the first figure, we have only to join

Fig. 6.

* This construction shows that if B lics upon, 8, then B’ will coincide with B ;
i. e. that overy point 8 s is its own correspondent.

T Otherwise : Draw through A’ any straiyght line J’4’, then through 4 and
the intersection of J’A” with s dravea straight line J4, and through O draw 0J’
parallel to A°J°.  Then the intersectioif of.0J’ and J 4 is the vanishing point J,

and a straight linc j drawn through J paraflel to sds the vanishing lifd ¢ the
first figure. i - .
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the point bs to the point of intersection of o' with the ray passing
through O and ab*.

(3) The data of the problem may also be the cenire O, the axts s, and
the vanishing line j of the first figure (Fig. 7).
In this cas®, if 4 straight line a of the first

figure cuts j in J and s in P, the point J' f 7,
correspondjng to J will be collinear with J and - / )
O and at an mﬁmte distance from 0. And as A7
the straight line &' corresponding to ¢ must « vZa

parallel drawn through P to' OJ. \
To ﬁnd the point A4’ corresponding to a

given poiny e A, we must draw the straight line ; .

@' which corresponds to a straight line a drawn )

athitrarily through 4 ; the intersection of o’ Fig. 7.

with G4 is the rcquu‘ed point 4’. '

4 Assuming a knowledge-of the constructions Just given, let
again (Oebe the centre, s the a\ns, of homology, and j the vanishing
line of the first figure.

In the first fqure let a circle C’ be guwen (Figs. 8, 9, 10;; to this
circle wilk correspond in the second figure a curve "’ which we can
construct by determining, according to the method above, the pomts
and straight’lines which correspond to the points and tangents of C.

Two corresponding points will always be collincar with 0 and two
corresponding chords (i.e. straight lines MN, 2{’N’, where M and M,
N and N’, are two pairs of correspondins pomts) wrll always mterscct
on s; as a particular case two corresponding tangents m and m’
(¢.e. tangents at corresponding points M and M’) will mect in a point
lying on s.

It follows clearly from this that tle curve ' possesses, in common
with the circle, the two following properties :

(1) Every, strmght line in its plane either cuts it in two points, or
is a tangent to it, oz has no point in common with it.

(2) Through any point in the plane can be drawn either two
tangents to the curve, or only one (if the point is on the curve),
or none.

Since two homological figures can be considered as arisir, from the
superposition «f two figures in perspective lying in dz_ﬂm'nt planes
(Art. 22), the curve C' is simply the plane sectior - of an oblique cone
on a circular base; 1.e. the cone vhich is formed by the straight lines
which run from any point in space to all points of acircle.

For this reason the curve ¢’ is called a conic seclion or simply
a conic; thus the curve which g homological with a circle s
a congc.

The points on the straight line j correspond to the points at
infinity in the second ﬁgure Now the circle ¢ may cut j in two

pass both through J’ and through P, it is the \/\ // ’
v J

*wklollows from this that 1f a passes through 0, then a’ will coincide with a ;
i. ¢. overy straight line passing through 0 Lon'esponds to itself.
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points J;, J, (Fig. 8), or it may touch j in a single point J (Fig. 9),
or it may have no point in common with j (Fig. 10).

In the first case (Fig. 8) the curve C' will have two points J,', J', at
an infinite distance, situated in the direction of the straight lines OJ,,
0J,. To the two straight lines which touch, the dircle m J, and J,

e-~--\J_

N

Fig. 9.

will correspond*two straight fines (parallel respectively to OJ, and
0J,) which must Le considered as tangents to the curve C” at its
points at infinity J,', J,', These two tangents, whose points of
contact lie at infinity, are called asymptotes of the‘curve C'; the
curve itself is called a hyperbola.” « ; .

In the second case (Fig. 9) the curve ¢’ B;a.s.a single poin?.r at
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"28)
- infinity ; this must be regarded as the point of contact of the straight

line at infinity 5, which is the tangent to (' corresponding to the
tangent j at the point J of the circle, This curve C is called a

parabola.

Fig. 11
« ° .
(Fig. 10) }he. curve has no poin} at infinity ; it is

In the same yay it may be shown that if in the first figure a conic
orresponding curve (" in the second figure will be
. .

In the third case
called an ellipse.

C is given, the c
a coniesalso. - .
(5). The centre of komology is a point which corresponds to itself,

- 1514 o
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. .
and every ray which passes through it corresponds to itself. If then
a curve (' pass through O, the corresponding curve ¢’ will also pass
through O, and the two curves will have a common tangent at this
point. Fig. 11 shows the case where one of the curyes is taken to be
a circle, and the axis of homology s and the péing 4 corresponding to
the point A’ of the circle are supposed to be given.

‘Similarly, every point on the axis of homology corresponds to
itself. If then a curve belonging to the first figure touch s at a
certain point, the corresponding curve in the second figure will touch
s at the same point. In Fig. 12 is shown a circle which is to be
transformed homologically by means of its tangents ; moreover it is
supposed that the axis of homology touches the circle, that the cenfyre

Tig. 12.

of hom¢'rgy is any given point, and that the straight line a of
the second figure is given which corresponds tu the targent ¢’ of the
circle. \
(6). Two particular cases may he noticed : o
(1) The axis of homology s may lie altogether at infinity ; then
two corresponding straight lines are always parallel, or, what amounts
‘ to the same thing, two corre~ponding angles are always equal. In
this case the two figures are said to be similar and similarly.placed,
or homothetic*, and the point O is called the centre of similitude.
Let My, M, and M,, M, be two"pairs of corresponding points
O

* Homothetic figurcs may he rvgar(‘lcd‘aﬂ scc'tions%ef a pyfami(.l or a cqn~ made
by parallel plancs ; s, the line of interscction of the two planes, lies at an infinite
distance. This is the casc in Art. 8 if o and ¢’ are pafallel planes.
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of two homothetic figures, so that A,31,’, MyM,’ meet in O, while
M,M,, M,'M’, are parallel. By similar triangles

OMI : OMI,"—"“OMa H Olllz':Mlﬂ'I’ H Ml’Mz',
so that thegatio OM : OM' is constant for all pairs of corresponding
points M and M’'. This constant ratio is called the ratio of similitude
of the two figures. )

The tan8ents at two corresponding points A1, M’ must meet on the
axis of homology s, %.e. they are parallel to one another. 1f then the
tangent at M pass through O, it must coincide with the tangent at
M’. It follows that if the two figures are such that common tangents
can be drawn to tham, cvery common tangent passes through a centre
op similimde.

Take two points C, €' collinear with O and such that

. 0C : 0C’'=0M : OM' =ratio of similitude.

Then if CM, C'M’ be joined, they will cvidently‘lw parallel, and
CM : CM’ = ratio of similitude! Therefore if M lic on a circle,centre
¢ and radius p, M’ will lic en another circle whose centre is ¢ and
whose radius p’ is such that p : ($= ratig of similitude. In two homo-
thetic figures then to a circle always corresponds a civeles” Further,
if CC' be again divided at 0, so that *
0'C:0'C'=0C: 0C"="p : p’ = ratio of similitude,
it is clear that O’ will be a second centre of sintilitude for the two
circles. It can be proved in a similar manncg that any two central
conics (see Chap, XXI) which arc homothetic, and for which a point
O is the centre of similitude, have a second centre of similitude O’ ;
and that 0, ' are collinear with the centres €, ¢’ of tIt two conics,
and divide the segment CC’ internally and externally in the ratio of
similitude, If the conics have real common tangents, O and O will
be the points of intersectin of these taken in pairs— the two external
tangents together, and the two internal tangents together.

(2) The pdint O, §n the other hand, may lie at an infinitc distance ;
then the straight lines which%join pairs of corresponding points are
parallel to a fixed direction. In this case the figures have becn termed
homological by affinity*, the straight line s being termed the axis of
affinityt. To a point at infinity corresponds in this case g, point at
infinity, and the str~ight line 4t infinity corfesponds t- itself. It
follows from this that to an ellipse corresponds an #lipse, to a hyper-
bola a hyperbola, fo a parabola a parabola, tofa parallelogram a
parallelogram. '

* EvLER, Introductio ... ii. cap. 18 ; Mosius, Baryc. Calcul, § 144 ct seqq. o
t If two figures aro so related, they mag be regarded a8 planoc sections of y

a prism, or of a cylinder. This ig thg case in Art. 8 if the centro S of projection
is infinitely distant. The projection is then called paraflel projection. In the
particular case where the paralleln SA, SB, SC, ... are perpendicular to the

plane of projectioh it is calied orthogonal projection.

c2



CHAPTER IV

HOMOLOGICAL FIGURES IN SPACE

24. Suprosk a figure to be given which is made up of points,
planes, and straight lines lying in any manner in space ; the relief-
perspective™® of this is constructed in the following manner, A pokat
O in space is taken as cenire of perspective or homology ;'.a plane of
homology « is taken, every point of which is to be its own image ;
and in addition f~ these is taken a point 4’ which is to be the image
of a point 4 of the given figure, so that 44’ passes through 0. Let
now L be any other point ; in order to obtain its/mage B’, the plane
0A4B is drawn, and we then proceed ii this plane as if we had to
construct two homological fgures, "waking O as the centre and the
intersection of the planes OAB and = as the axis of homology, and
A, A’ as two corresponding points. The point B’ will be the inter-
scction of OB with the straight line passing through 4’ and the point
where the straight line AB cuts the plane = (Art. 23, Fig. 4). Let
C be a third point ; its image (' will be the point of intersection of
OC with A’D or with B'E (in «), where D and E are the points in
which the plane = is met by AC, BC respectively.

This metkod will yield, for every point of the given figure, the
corresponding point of the image, and two corresponding points will
always liec on a straight line passing through O. Every plane «
passing through O cuts the twd solid figuyes (the given one and its
1image) in two homological figures, for which O is the centre, and the
straight line o the axis, of homology. It follows from: this that to
every straight line of the given figure correspords a straight line in
the image, and that two corresponding straight lines lie always
in a plane passing through O and meet cach other in a point lying
on the plane 7.

Furthel’s, to everyplane a, belonging to the given figure, and not
passing through <, will correspond a plane o’ in the‘nifage. For to
the straight lines },b, ¢, ... of the plane a correspond severally the
straight linesa’, b’, ¢, ...; and to tue pointsab, ac,..., bc,... the points
a't,d’c,...,b'¢,.... In other words, the straight lines o', &', ¢/, ...

.are such that they intersect in pairs, but do not all meet in the same
point ; they lie‘therefore in tlfe same plane o’ }. Two corresponding

* This problem may present itsclf in the construction of bas-reliefs and of
theatre decorations (PONCELET, Prop. prof. 584 ; PoUDRA, Perspective-relief,
Paris, 1860).

t Since ¢ cuts both &’ and b’ without pesging throygh the point a'd’, t}x_@refore
¢’ has two points in common with the pm a’t’, and consequently lies cnivirely
in the plane a’¥’. And similarly for the other straight kmes.
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planes a, o’ intersect on the plane « ; for all the points and all the

straight lines of this last plane correspond to themselves, and there-

fore the straight line o'z coincides with the straight line axr.

The two planeg a, o’ evidently contain two figures in perspective
(like the plAnes o, o’ of Arts. 12 and 14).

25. In every plane o passing through O lies a vanishing line ¢',
which is the image of the point at infinity in the same plane. The
vanishing lines of the planes oy, oy have a common point, which is
the image of the point at infinity on the line oyop. The vanishing
lines of all the planes o are therefore such as to cut each other in
pairs ; and as they do not pass all through the same point (since the
planes through O db not pass all through the same straight line),
they mus{ tie in one and the same planc ¢'.

This plane ¢', which may be called the vanishing plahe, is parallel
to the plane x, since all the vanishing lines of the planes «+ are
parallel to the same plane =. The vanishing plane.¢’ is thus the
locus of the straight lines whi¢h correspond to the straight lines at
infinity in all the planes of space, and is consequently also the locus
of the points which correspond® to the, points at infinity in all the
straight lines of space : for the line at infinity in any pladle « is the
same think as the linc at infinity in the plane through O parallel to
a ; 80 also the point at infinity 8n any straight line « coincides with
the point at“infinity on the straight line drawndthrough O parallel
to a.

26, The infinitely distant points of all spate are then such that
their images are the points of one and the same plane ¢’ (the vanishing
plane). It is therefore natural to consider all the infinitely distant
points in space as lying in one and the same planc ¢ (the plane at
infinity) of which the plane ¢’ is the image *. .

The idea of the plane af infinity betmg granted, the point at infinity
on any straight line @ is simply the point a¢, and the straight line at
infinity in ang plane « is the straight linc a¢. Two straight lines are
parallel if they intefsect in a%oint of the plane ¢ ; two planes are
parallel if their line of intersection lics in the plane ¢, &c.

* PoNcELET, Prop. proj. 580.



CHAPTER V

GEOMETRIC TFTORMS

27. A range or row of points is a figure 4, B, C, ... com-
posed of points lying on a straight line (which is called the
base of the range) ; such is, for example, the ﬁgurc resultmg
from the operations of Art. 5 or Art. 7.

An axial pencil is a figure a, g3, y, ... composed of planes
all passing thrsugh the same straight line (the axis of the
pencil) ; suci is the figure resulting from the operations of
Art. 4 or Art. 6. ‘ '

A flat pencil is a figure a, ;5 ¢, ... composed of straight
lines lying all in the same plane and radiating from 4 given
point (the centre or vertex of the pencil) ; such would be the
figure obtained by applying the operation of Art. 2 o a range,
or that of Art. 3 to an axial peneil.

A sheaf (sheaf of planes, sneaf of lines) is a figure made up
of planes or straight lincs, all of which pass through a given
point (the ‘centre of the sheaf) ; like that which fesults from
the operation of Art. 2.

A plane figure (plane of points, plane of lines) is a figure
which consists of points or straight lines all of which lic
in the same plane ; such is the figure resulting from the
operation of Art. 3.

28. The first three figures can be derived one from the
other by a projection or a section *.

From“a range 4,B,C,.."s derived an _axial pencil
s (A,B,C,." (‘ by pr()jcctmg the rang, from an axis s
(Art. 4) ; and a’flat pencil O {4, B, C, ...) by projecting it
from a centre O (Art. 2). From an a.x1al pencil a, B,y, ..

.is derived a range s (a, ...) by cutting the pencll by

a transversal lmc s (Art. 5')‘ and a flat pencil s (2, 8,y, ...)

* The scries of plancs s4, sB, sC, ...; <f rays 04,0B,00, ...; of points
sa, aB ay, , and of strmght lines ,7a, af, av, ...will be denot.bdb a(A B

.)0(4, o) a(u B, -y, ,), aud %(«' B,-y, )mspoctlve To denote
the series of pomts 4, the symbols 4, B,,C, ...and 4 C . %vill be
used indifferently.
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by cutting it by a transversal plane « (Ar%. 3). From a flat
pencila, b, c, ...isderived arange o (¢, 0, ¢, ...) by cutting
it by a transversal plane o (Art. 3); and an axial pencil O
(a,b,¢, ) byprojecting it from a centre O (Art. 2).

29. In a similar manner the last two figures of Art. 27 can
be derived one from the other by help of onc of the operatidns
of Art. 2 or Art. 3; in fact, if we project from a centre O
a plane of points orlines we obtain a sheaf of lines or planes ;
and reciprocally, if we cut a sheaf of lincs or planes by
g transversal plarre we obtain a plane of points or lines. Two
plane ﬁ'gnrcs in perspective (Art. 12) are two scctions of the
same sheaf. | : )

30. The elements or constituents of the rangx ave the points ;
those of the axigl pencil, the planes ; those of ihe flat pencil,
the straight lines or rays. ' -

In the plane figure eithet the goints or the straight lines
may be regarded as the clements. TIf the ppints are con-
sidercd as the clements, the straight lines of the figure are
the baseseof so many ranges; if, on thg other hand, the
straight lines or rays arc considered as the clements, the
points of the figure are {he cenires of s6 many flat pencils.

The plane of points (¢.e. the plane figure in which the
elements are points) contains therefore an infihite number
of ranges*, and the plane of lines (i.e. the plane figure in
which the elements gre lines 1) contains an infinite number
of flat pencils.

In the sheaf cifher the planes, or the strai ght lines or rays,
may be regarded as the elements. If we take the planes as
elements, the rays of the sheaf arc the axes of so many
axial pencils ; if, on the other hand, the rays are considered
as the elements, the planes of thg shenf are so fhany flat
pencils. S ’

" The sheaf contains therefrre an inﬁnitg number of axial
pencils or an infinite number of flat pencils, according as its
planes or its straight lines arc regarded as its elements.

31. Space may also be considdred as a geometrical figure,
whose elements are either‘points or planes®

.

* One of these ranges has all its points at an infinite distance ; each of the
others has only one point at infinity. - .

taiBho straight line ateinfinity Beélongs to an infinite number of flat pencils,
each of which has its gentre at infinity, and consequently all its rays parallel.
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Taking the points as elements, the straight lines of space
are the bases of so many ranges, and the planes of space so
many planes of points. If, on the other hand, the planes are
considered as elements, the straight lings of‘space are the
axes of so many axial pencils, and points‘of space are the
cehitres of so many sheaves of planes. ‘

Space contains therefore an infinite number of planes of
points* or an infinite number of shecaves of planes{, accord-
ing as we take the point or the plane as the elément in order
to construct it.

82. The first three figures, viz. the range, the axial penc1l
and the flaf pencil, which possess the property that each
can be derived fzom the other by help of one of the operations
of Arts. 2, 3, !.., arc included together under one name, and
are termed the one-dimensional geomefric pmme— orms.

The fourth and fifth figures, ‘viz. the sheaf of planes or
lines and the, planc of points or lines, which may in like
manner be derived one from thp other by means of one of
the operations of Arts. 2, 3, ..., and which moreover posscss
the property of including in themselves an infinite number
of one-dimensional prime-forins, are likewise classed together
under one title, as the two:dimensional geometric prime-forms.

Lastly, space, which includes in itself an infinite number
of two-dimensional prime-forms, is considered as constituting
the three-dimensional geometric prime-form.

There are accordingly six geometric prime-forms ; three
of one dimension, two of two dimensions, and ohe of three
dimensions .

Note.—~With reference to the use of the word dimension in the
preceding Article, it is clear, from what has been said in Art. 28,
that we are ]usuﬁcd ih comldermg the range, the flaf pencil, and
the axial pencil, #3 of the same dimensions, sinc> to every point in
the first corresponds one ray in the second and one plane in the
third. The number of elements i in each of these forms is infinite,
but it is the same in all three.

«_ Similarly we conclude from Art. 29 that we are justified in con-
sidering the plane figure as of the same dimensions with the sheaf.

But the plane of points (lines) contains (Art. 30) an infinite number

* One of them lies entirely at infinity.

t.Among theso, there are an infinite,;number which have thon' centre at an
infinite distance, and whose rays are consequvntly parallel. €l

1 Stavpr, Geometric der Lnge (Niirnberg, 1847), Arts. 26, 28.
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of ranges (flat pencils) ; and each of these ranges (flat pencils) itself
contains an infinite number of points (rays). Thus the plane figure
contains a number of points (lines) which is an infinity of the second
order compared with the infinity of points in a range, or of rays in
a flat penciP; and musk therefore be considered as of two dimensions
if the range and flat' pencil are taken to be of one dimension.

So too the sheaf of planes (or lines) contains (Art. 30) an infinide
number of axial pencils (or of flat pencils), and each of these itself
contains an infinite number of planes (or of rays). Therefore also
the sheaf of planes or lines must be of double the dimensions of the
axial pencil or the flat pencil.

;Again, space, considered as made up of points, contains an infinite
number of planes of points, and considered as made up of planes, it
contains an infinite number of sheaves of planes. Space thus contains
an infinite numbér of forms of two dimensions, which latter, again,
contain each an infinite number of forms of one dimension. Space
must accordingly be regarded ds of three dlmcnsmns

We may put the matter thus : :

Forms of one dimension are tliose which contain a simple infinity
(o) of elements ; "

Fornes of two dimensions are those which contain a‘double infinity
(02) of elements ;

Forms of three dimensions ate those which contain a triple infinity
(03) of clements.
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CHAPTER VI*

THE PRINCIPLE OF DUALITY *

33. GEOMETRY (speaking generally) studics the generation
and the properties of figures lying (1) in ‘space of three
dimensions, (2) in a plane, (3) in a sheaf. * In each gase, any
figure considered is simply an aqsomblage of clements ; or,
what amounts to the same thing, it is the aggregate of the
elements w1th avhich a moving or variable element coincides
in its SUC(‘CbblVG positions. The moving element which
generates the figures may ke, i in the first case, the foint or
the plane ; in the secondrcase the point or the,straight line ;
in the third -casc the plane or the straight line. There are
therefore always two correlalive or reciprocal methods by
which ﬁguree may be generated and their properties deduced,
and it is in this that geometric Duality consists. By this
duality is meant the co-exisfence of figures (and consequently
of their properties also) in pairs; two such co-exmtlng
(correlative or reciprocal) figures havmg the same genesis
and ofily differing from one another in the nature of the
generating element. .

In the Geometry of space the range and the axial pencil,
the plane of points and the sheaf ef planesfthe plane of lines
and the sheaf of lines, are correlative forms. The flat pencil
is a form which is correlative to itself.

In the Geometry of the plane the range and the flat pencil
are correlative fors. —

In the Geomery of the sheaf the axial pencil and the flat
pencil are correlative forms. °

The Geometry of the planc and the Geometry of the sheaf,
considered in three-dimensjonal space, are correlative to each
other.

34. The followmg are examples of correlative propositions

in the Geometry of space., Two correlative prbposmons are
te .-
* StaupT, Geom. der Lage, Art.. 66,
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deduced one from the other by interchanéing the elements

point and plane.

1. Two points 4, B determine
a straight dine (Viz. the straight
line AB which passes through the
given points) which contains an
infinite number of other points.

2. Astraight line a and a point
B (not lying on the line) deter-
mine a plane, viz. the plane aB
which connects the line with the
point. ¢

3. Thrée points 4, B, C which
are not collinear determine a
plane, viz. the plane 4ABC which
passes through the three points.

4. Two straight lines which
cut one another lie in the same
plane..

5. Given four points 4, B, C,
D if the straight lines 4B, CD
meet, the four points will lic in
a plane, and consequently the
straight lines BC' and AD, CA
and BD will also meet two and
two. '

6. Given any number of straight
lines; if cach meets all the others,
while the lines do not‘all pass
through a point, then they must
lic all in the same plane (and
constitute a plane of lines)*,

1. Two planes a, B determine a
straight line (viz. the straight line
af3, the intersection of the given
planes), through which pass rn
infinite number of other planes.

2. A straight line @ and a plane
B (not passing through the line)
determine a point, viz. the point
af where the line cuts the plane.

3. Three planes a, B,y which
do not pass through the same line
determine a point, viz. the point
afBy where the three planes meet
each other.

* 4. Two straight lines which lie
in the same planc intersect in a
point. .

5. Given four planes «, f3,y,8;
if the straight lines a8,y meet,
the four planes will meet in
g point, and consequently the
straight lines By and a8, ya and
(38, will also meet two and two.

6. Given anynumber of, straight
lines ; if each meets all the others,
while the lines do not all lie in
the same plane, then they must
pass all through the same point
(and constitute a sheaf of lines)f.

7. The following problem admits of two correlative solutions:
‘ Given a planc o and a point 4 in it, to draw through 4 3 straight
line lying ine'de plarie a which shall cut . given stgaight line r which
does not lie in o and does not pass through 4.” »

Join 4 to the point ra. -

8. Problem. Through a given
point A4 to draw a straight line

* See note to"Art. 20.

Construct the line of inter-
section of the plane « with the
plane rA.

*8. Problem. ‘In a given plahe‘
a, to draw astraight line to cut

t For let a, b, ¢,... be the straiglp,linds;'ns ab, ac, be are three planes distinct
fron™ch other, the comfron point must be the intersection of the straight lines

ab,ec, ... .
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to cut each of two given straight
lines b and ¢ (which do not lie in
the same plane and do not pass
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each of two given straight lines b
and ¢ (which do not meet and do
not lie in the plane a).

through 4). .

Solution. Construct the line  Solution. Join the point ab to
of intersection of the planes 4b, the point ac. '
Ae. .

85. In the Geometry of Space, the figure correlative to a triangle
(system of three points) is a trihedral angle (system of three planes) ;
the vertex, the faces, and the edges of the latter are correlative to
the plane, the vertices, and the sides respectively of the triangle ;
thus the theorem correlative to that of Arts. 15 and 17 vg?ll be the
following :

If two trihedral angles o' B’ 5, a” B” y" are such that the edges ' y'
and 8" v", ¥ o/ and 4" ", a’ B’ and o" B" lie in three planes agy By, 7o
which pass through the same straight iine, then the,straight lines a'a”,
BB, y'y" will lie in the same plane. .

The proof is the same as that of sirts. 15 and 17, if the elements
point and plane are interchanged. If, for example, the two trihedral
angles have different vertices 8’, S” (Art. 15), then the potats: where
the pairs of edges intersect are the vertices of a triangle whose sides
are a’a”, B'B8”, y'y"; these latter straight lines lic therefore in the
same plane (that of the triangle).

So also the proof for the case,where the two trihedral angles have
the same vertex S will be correlative to that for the analogous case
of two triangles A’B'C" and A”B"C” which lie in the same plane
(Art. 17). The theorem may also be established by préjecting from
a point .S the figure corresponding to the theorem of Art. 16.

The proof of the theorem correlative to that of Arts. 14 and 16 is
left as an exercise for the student. It may be enunciated as follows :

If two trihedral angles o’ B'y', o"B"y" are such that the straight lines
a'a”, B'B", v'y" lie in the same plane, then the pavrs of edges B'y’ and
By, y'a' and y"a", o'B' and o"B" determine three planes which pass
all through the same straight line.

36. In the Geometry of the plane, two correlative propo-
sitions are dedyced ‘one from the other by intesakanging the
words point and {ine, as in the following examples:

1. Two points 4, B determine "

a straight line, viz. the line 4B.
" 9. Four points4, B, C D (Fig.
13), no three of which are col-
linear, form a figure called a
complete  adrangle *. The foar_

«1., Two straight lines a , b de-
termine a point, viz. the point
ab.

2. Four straight lines a,b,c,d
(Fg.*14), no three of which are
concurrent, form a figure called a
complete quadrilateral *. The four

* The complete quadrangle has also beeh talled a $3trastigm, and the cofMplete
quadrilateral a fetragram. TowNSEND, Modern Geomelrg', ch. vii.
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points are called the vertices, and
the six straight lines joining them
in pairs are called the sides of
the quadra.‘ngle. .

Two sides which do not meet
in a vertey are termed opposite ;
there are accordingly three pairs
of opposite sides, BC and AD,
CA and BD, AB and CD. The

Fig. 15.

points E, F,( in which the oppo-
site sides intersect in pairs are
termed the diagonal points ; and
the triangle EFG is termed the
diagonal triangle of the complete
quadrangle. The complete quad-
rangle includes three simple
quadrangles, viz. ACBD, ABCD,
and ABDC (Fig. 15). -
3. And so, in general :
A complete polygon (complete
n-gon, or n-povnt*) is a system

* Or polystigm ; TowxsgND, loc. cit.

THE PRINCIPLE OF DUALITY

29’

straight lines are called the sides
of the quadrilateral, and the six
points in which the sides cut one
another two and two are called
the vertices.

Two yertices which do not lie
on the same side are termed
opposite ; there are accordingly
three pairs of opposite vertices,
be and ad, ca and bd, ab and cd.

Fig. 16.
The straight lines ¢, f, g which
join pairs of opposite vertices are
called the diagonals; and the
triangle efy is tormed the diagonal

* triangle of the complete quadri-

lateral. The complete quadri-
lateral includes three simple
quudrilaterals, viz. acbd, adch,
and acdb (Fig,16). )

A complete multilateral (or
n-side t) is a system of n straight

t Or polygram.
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of n points or vertices, with the
n(n—1) straight lines or sides
which join them two and two.
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lin_cs or stdes, with the jn(n—1)
points or vertices in which they
intersect one another two and
two.

4. The theorems of Arts. 16 and 17 are ‘correllative éach to the

ofher. pu

5. TreorEM. If two complete
quadrangles ABCD, A'B'C’'D’
are such that five pairs of sides
AB and A'B', BC and B'C’, CA
and C'A’, AD and A’D', BD and
B'D’' cut one another in five
points lying on a straight line s,

Taeorem. If two complete
quadrilaterals abed, a'b’'c’d’ are
such that five pairs of vertices
ab and a't’, be"and b'c’, ca and
¢d', ad and do'd’, bd and b'd’
lie upon five straight lines which
meet in a point S, then the re-

Fig. 17.

then the remaining pair CD and
¢'D’ will also intersect onc an-
other on s (Fig. 17).

Since the triangles ABC,
A'B'C" are by hynothesis in
perspective  (Arts. 17, 18),
the straight lings AA’, BB,

CC’ will meet in one point.

S. So too the triangles ABD,
A'B'D arein perspective ; there-
fore DD’ also will pass throvgh
S, the point common to A4’
and BB'. It follows that the
triangles BCD, B'C'D’ are also in
perspective : therefore CD anc
C’D’ meet in a point on the
straight line s, which is deter-

Fig. 18.

msining pail—u ed and ¢'d’ will also
lic on a straight line through S

(Fig. 18).
Since the triangles (tri-
laterals) abe, a'b’'¢’ are by

hypothesis in pesspective (Art.
18), the points aa’, bb’, cc’ will
lic on one straight line s. So
too the triangles abd, a’b'd’ are in
perspective ; therefore the point
dd’ lies on the straight line s
whigh passes through the points
aa’, Vb'. It follows that the
tribngles (trilaterals) bed, b'c'd’
are also in perspective ; therefore
éd and c'a’ lie on a straighs line
through the point S, which is
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mined by the point of intersec-
tion of BC and B'C’ and by that
of BD and B'D'*.
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determined by the straight lines
(be) (b'c¢’) and (bd) (b'd")*.

37. In the Geoletry of space the following are correlative :

A complete n-gon (in a plane).

v
*A complete multslateral of n
sides, or n-side (in a planc)e

.

@

A complete n-flat (in a sheaf) ;
i.¢. a figure made up of n planés
(or faces) which all pass through
the same point (or wertex), to-
gether with the in(n—1) edges
in which these planes intersect
two and two.

A complete n-edge (in a sheaf);
i.e. a figure made up of » straight
lines radiating from a common
point (or vertex), together with
the 4n(n—1) planes (or faces)
which pass through these straight
lineg taken in pairs.

Thus the foll.owing theorems are correlative, in thg Ge‘ometry of
space, Yo the two theorems aboye (Art. 36, No. 5), which latter are
themselves cprrelative to each other in the Geometry of the plane.

If two complete four-flats in a
sheaf (be their vertices coincident
or not) ufBys, o’'8'y'8' are such
that five pairs of corresponding
edges lie in"five plancs which
pass all through the same straight
line s, then the sixth pair of corre-
sponding edges will lic atso in a
plane passing through s.

L)

If two complete four-edgesin a
sheaf (be their vertices coincident
or not) abed, a'b’c'd’ are such that
five pairs of corresponding faces
cut one another in five straight
lines which lie all in one plane o,
then the line of intersection of
the sixth pair of corresponding
faces will lie also in the plane o.

e
The proofs of these theorems are left as an cxercise to the student.

They only differ fromn those of the theorems No. 5, Art. 36 in the
substitution for each other of the elements point and planc; and
just as theorems 5, Art. 36 follow from those of Arts. 15 and 16, so
the theorems epuncizted above Yollow frgm thbse of Art. 35. When
the two four-flats have the same vertex O, the theSrem on the left-
hand side may alsé be established by projecting from the point O
(Art. 2) the figure corresponding to the right-hand theorem of No. 5,
Art, 36. And in this case we may by the same method deduce the
theorem on the right-hand side above from, that on the left-hand of
No. 5, Art. 36 '

88. In the Geometry of the sheaf, two corrclétive theorems are
derived one from the other by interchanging the elements plane and

* These two theorems hgld good eqmally when the two quadrangles or quadri-
laterals lie in different plastes; in fact, the proofs are the same as the above,
word for word. b
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straight line. Just as the Geometry of the sheaf is correlative to
that of the plane, with regard to three-dimensional space, so one
of the Geometries is derived from the other by the interchange of
the elements point and plane. The Geometry of the sheaf may also
be derived from that of the plane by theoperation of projection
from a centre (Art. 2).

* From the Geometry of the sheaf may be derived that of spherical
figures, by cutting the sheaf by a sphere passing through the centre
of the sheaf.



‘CHAPTER VII

PROJECTIVE GEOMETRIC FORMS

89. BY means of projection from a centre we obtain from
a range a flat pencll from a flat pencil an axial pencil, from
a planc of points or lines a sheaf of lincs or planes. Con-
versely, by the opcmtlon of section by a transversal planc
we obtain frome a flat péncil a range, from an axial pencil
a flat peneil, from a sheaf a plane figure. The two operations,
projection from e point and section by a tra,nsversa,l plane,
may acCordingly be regarded as complementary to eath other ;
and we may sgy that if one geometﬂc form has beer, derived
from another by means of one of these operat#ons, we can
conversely, by means of the complementary opcration, derive
the second®form from the first. And swmilarly for the
operations : projection from an axis and section by a trans-
versal line.

Suppose now that by means of a serics of opergtions, each
of which is‘cither a projection or a section, a form f, has
been derived from a given form f;, then another férm f,
from f,, and so on, until by n — 1 such operations the form f,
has been arrived at. Converscly, we may return from f, to f;
by means of ancther scries of n — 1 operations which arc
complementary respectively to the last, last but one, last
but two, &c. of the operations by which we have passed from
fito f.. The series of opera.tlons which leads from f; to f,,
and the series which leads "from fy to f;, ay be called
complementary, and the operations of the onc series arc
complementary respectively,to thosc of the other, taken
in the reverse order.

In the above the geometric forms are supposed to lie in
space (Art. 31). If we confine ourselves to planc Geometry;,
the complementary operations reduce to projeciion from
a centre and Section by a transversal line. In the Geometry
of the sheaf, section by a pleme and projection from an axis

are complementary operations.
1614 n
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40. Two geometric prime forms of the same dimensions
are said to be projectively related, or simply projective, when
one can be derived from the other by any finite number of
projections and sections (Arts. 2, 8, ... 7). ¢
. For example, let a range u be given; project it from a
centre O, thus obtaining a flat pencil ; project this flat pencil
from another centre 0’, by which means an axial pencil with
00’ as axis is produced ; cut this axial pencil by a straight
line u,, thus obtaining a range of points lying on u, ; project
this range from an axis, and cut the resulting axial peneil by
a plane, by which means a flat pencil is produced, and so on ;
then any two of the one-dimensional geometric forms which
have been obtained in this manner are projective acoording
to dcfinition.

When we say that a form 4, B, !, D, ... is projective with
another form 4, B’, ', D', ... we mcan that, by help of the
same series uf operations, each of which is either a prajection
or a section, A’ is derived from 4 , B’ from B, ¢’ from C, &c.
The elements 4 and 4’, B and B, C and (', ... are termed
corresponding elements*.

For example, a plane figure is said to be projective with
another planc figure, when from the points 4,8, C, ... and
from the straight lines AB, AC ..., BC, ... of the onc are
derived the points 4’, B, (’, ... and the straight lines 4’ B,
A’ C,...B (', .. of the other, by mans of a finite number
of projections and scctions. .

In two projective planc figures, to a range in the one
corresponds in the other a range which is projective with
the first range ; and to a flat pencil in the one figure corre-
sponds in the other a flat pencil which is projective with the
first pencil. S e

41. From what has been said above it is easy to see
that two geometric forms which are each projective with
a third are projective with one another. For if we first go
through the cperations which lead from the first form to the
third, and then go through those which lead from the third

* Two projective forms are termed homographic when the elements of which
they are constituted are of the sa.ne kind ; 5. e. when the elements of both are
points, or lincs, or planes. It will be secn later on (Art. 87) that this definition
(Af tlu;)x;;:hgm,phy is equivalent to that given by CnaSLES (Qéomélrie supérieure,

rt. 99). .
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to the second, we shall have passed from the first form to tho
second.

42. Geometric forms in perspective.

The following formys are said to be in perspective :

a
bl

Ay ¢

- Fig. 19." Tig. 20.

T'wo ranges (Fg. 19), if they are scctions of the same flat
pencil (Art. 12). .

Two flat pencils (Fig. 20), if they project, from different
centres, one and the same range ; or if they ard scctions of
the same axial pencil. ¢

[Note—If we project a range u.= ABC... from two different centres
0 and O’ not lying in the same plane with #, we obtain two flat
pencils in perspective. These pencils, again, may be regarded as
sections of the same axial pencil made by the transversal planes’Ou,
Ou' ; the axial pencil namely which is composed of the planes 00’4,
00’B,00'C, ... , and which has for axis the straight line OO« This
is the general case of two flat pencils in*perspective; they have not tho
same centre and they lic 1n different planes ; at the same time, they
project the same range and are sections of the same axial pencil.
There are two exceptional cases : (1). If we project the row » from
two centres O and O’ lying in the same plane with u, then the two
resulting flat pencils lie in the same plane and are consequently no
longer sections of an axial pencil ; (2). If an axial pencil is cut by
two transversal planes which pass through a common point O on the
axis, we obtaiu*two flat pencils which haVe the same centre O, and
which consequently-no longer project the same range.]

Two axial pencils, if the'y project, from two different
centres, the same flat pencil. .

A range and a flat pencil, a range and an axial penci}, or
a flat pencil and an axial pencil, if the first is*a section of the
second. . ¢

Two plane ﬁgures,. if theyqare f)lane sections of the same
sheaf. °

D2
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T'wo sheaves, if they project, from two different centres, the
same plane figure.

A plane figure and a sheaf, if the former i is a section of the
latter. e

From the definition of Art. 40 it follows at once that two

one-dimensional) forms which arc in perspective are also
projectively related ; but two projective forms are not in
general in perspective position.

43. Two figures in homology are merely two projective
plane figures superposed one upon the other, in a particujar
position ; for by Art. 21 two homological figures may always
be regarded (and this in an infinite number of ways) as
projections of one and the same third figure.

If 4wo projective planc figures arc superposed one upon the
other in such a manner that the stiaight line connecting any
pair of cprrcspondmg points may pass through.a. fixed point ;
or, again, iir such a manner that any pair of corresppnding
straight lincs may interscet on o fixed straight line ; then the
two figures, are in homology (Arts. 19, 20).

In two homological figures, two corresponding ranges are
in perspective (and therefore of course are projectively
related) ; and the same 13 the case with regard to two corre-
sponding pencils.

44. THEOREM. Two one-dimensional geometric forms, each
consisting of three elements, are always projective.

To prove this, we notice in the first place that it is
cnough to consider the case of two ranges ABC, A'B'C’;
for, if onc of the given forms is a pencil, flat or a,x.lal we
may substitute for it one of its sections by a transversal.

(1) If the two straight lines ABC, A’B'C’ lie in different
planes, join 44’, BB, CC’, and cut tnese .straight lines
by a transversal s*. Then the two given forms are seen
to be simply two sections of the axial pencil s4A4’, sBB,
sCC’.

(2) If the two straight lines lie in the same plane (Fig. 21),
join AA4’, and tgke on this straight line any two points, S, §";
draw SB, 8'B’ to cut in B”, and SC, 8'C’ to cut in C”, and
join B"C", cutting 88’ in A”. Then A'B’'C’ may be derived

* To do this, we have only to draw through any pomt of 44’ a straight line
which meets BB’ and CC’ (Prob. 8, Art. 34).
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from ABC by two projections, viz. we first project 4BC from
S into A”B"C”". and then A”B"C” from &’ into A’B'C".

Fig. 21.

Fig. 22.

(3) In the case where the two points 4 and A4’ coincide
(Fig. 22), the two given forms arc directly in ‘perspective ;
the centre of perspective is the pomt where BB’ *and CC’

intersect. .

(4) If the two sets of pomts ABO A’B'C’ lie on the same

straight line (Fig. 23), it is onky
necessary to project ‘onc of
them A’B'C’ on to another
straight line 4,B,C, (from any
centre 0); then let any two
centres § artd 8, be taken (as
in Fig. 21) on AA1 , and let the
straight line A"B"C" be con-
structed in the manner already
shown in case *(2). Then
A'B'C’ may be derived from
ABC by threc projections, viz.
we first project ABC from S

Fig. 23.

into A”B"C", then A"B"C" from 8, into 4,B,(, , and lastly

A,B,C, from O into A’B'C".

(6) If A coincides with A4’, and B with B’, we may make
use of a centre S and two transversals s, , s, drawn through 4
in the plane SABCC’. If the triad ABC be prqjected from S
upon s, (giving 4,B,C,), angd the triad A'B’C’ be projected
from 8 upon s, (g1v1ng A4,B,0C,) ; then the triads 4 B,C; and
A4,B,C, will bb in perspective, beaause 4, comcldes with 4,

(in the point 44’). ., se

In every case, &hen, it has been shown that the triads
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ABC, A'B'C’ can be derived from each other by a finito
number of projections and sections ; therefore by Art. 40
they are projective.

As a particular case, ABC must be projective With BAC,
for cxample. In order actually to project one of these triads
into the other, take (Fig. 24)
any two points L and N col-
linear with C., Join AL, BN,
meeting in K, and BL , AN,
meeting in M. Then BJ‘O’
can be derived front' ABC by
first projecting ABC from

. : - K into LNC, and then LNC
Tig. 24. from M inté' BAC. .
+ . In order to project ABC
into B€A, we might Tirst project ABC into BAC, and
then BAC into BOA. <o

45. THEOREM. Any one-dimensional geometric form, con-
sisting of four Elements, is projective with any of the forms
derived from it by.interchanging the elements in pairs. For
instance, ABCD is projective with BADC.

" IetA,B,C,D be four given points (Fig. 25), and

let EFGD be a projection of these

AR » £ points from a centre M on a
N T;, L straight lifle DF passing through
\ 7773 D. If AF, CM meot in N, then

MNGC will be a projcction of

EFGD from centre 4, and BADC

Fig. 25. a projection of M NGC from centre

F; therefore (Arts. 40, 41) the

form BADC s pro;cctl‘vo with ABCD. 1In a stmilar manner

it can be shown that CDAB and DCBA are projective with
ABCD *.

From this it follows for example that if a flat pencil abed is
projective with a ranfe 4 BCD, then it is projective also with
BADC, with CGDAB, and with DOBA ; i.e. #f two geometric
Jorms, each consisting of four elements, are projectively related,
then the elements of the ont can be made to correspond respec-
tively to the elements of the other in four-different ways.

* STAYDT, Geom. der Lage, Art. 5.



CHAPTER VIII

HARMONIC FORMS

46. THEOREM™,

Given three points 4 ,B,C on
» straight line s; if a complete
quadrangle (KLMN) be con-
structed (in any plane through s)
in such 4 manner that two oppo-
site sides (KI,, MN) meet in 4,
two other oppotite sides (KN,
ML) meet in B, and the fifth side
(LN) passes through C, then tife
sixth side (KM) will cut the
straight line s in a point D which
is determingd by the three givén
points ; ¢.e. 1t does not change its
position, in whatever manner the
arbitrary clements of the quad-
rangle are made to vary (Fig. 26).

THROREM.

Given in a plane three straight
lines @, b,¢ which meet in a point
S; if a complete quadrilateral
(klmn) be constructed in such a
manner that two opposite ver-
tices (kI , mn) lic on @, two other
opposite vertices (kn , ml) lie on
b, and the fifth vertex (nl) lics
on g, then the sixth vertex (km)
will lic on a straight Ifne d which
passes through S, and which is
determinate ; 7.e. it does not
change its pesition, in whatever
manner the arbitrary clements of
the quadrilateral are made to
vary (Fig. 27).

For if a second complete
quadrangle (K'L'M'N’) be con-
structed (either in the sameplane,
or in any other plane throtgh s),
which satisfies the prescribed,con-

ditions, then the two quadrangles ,

Fig. 27.

For if a second complete
quadrilateral (k'm'n’) be cong
structed which’satisfies the pre-
scribed conditions, then the two
quadrilaterals will have five

pairs of corresponding vertices

x Stavor, loc. cit., Art, 93.
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will have five pairs of correspond-
ing sides which mect on the given
straight line ; therefore the sixth
pair will also mect on the same
line (Art. 36, No. 5, left).

From this it follows that if the
filst quadrangle be kept fixed
while the second is made to vary
in every possible way, the point
D will remain fixed; which
proves the theorem.

The four points ABCD are
called harmonie, or we may say
that the group or the geometric
Jorm constituted by these four
points is a karmonic one, or that
ABCD, form a*“harmonic range.
Or again : JFour points ABCD of
@ straight line, taken tn this order!
are called karmonic, if it ts Pos-
sible to construcy a complete quad-
rangle such that two opposite sides
pass through A, two other opposite
sides through' B, the Jifth side
through C, and the sixth through D,
It follows from the preceding
theorem that when such a quad-
rangle exists, 7.e. when the form
ABCD ig harmonic, it is possible
to construct an infinite numbeg
of other quadrangles satisfying
the same conditions. It further
follows that, given three points
ABC of a range (and also the
order in which they are to be
taken), the fourth point D, which
makes with them a harmonic
form, is determingte and unique,
and is found by the construction
of one of the quadrangles (sce
below, Art. 58).
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collinear respectively with the
given point ; therefore the sixth
pair will also lie in a straight
line passing through the same
point (Arte 36, No. 5, tight).

From this it follows that if the
first quadrilateral be sept fixed
while the second is made to vary
in every possible way,the straight
line d will remain fixed ; which
proves the theorem.

The four straight lines or ray«
abed are called harmonic, or w8
may gay that the group or the
geomeiric form sconstituted by
these four lines is a harmonic
one, or that abed form a harmonic
penctl, Or again: Four rays
aled of a pencil, taken wn this
order, are called harmonic, if it ¢s
possible to construct a -complete
guadrilateral such that two oppo-
site vertices lie on @&, two other
opposite verlices on b, the fifth
vertex on ¢, and the sizth on d. It
follows from the preceding theo-
rem that when such a quadri-
lateral exists, 4.e. whtn the form
abed is harmonic, it is possible
to construct an infinite number
of other Quadrilaterals satisfying
the same conditions. It further
follows that given three rays abc
of a pencil (and also the order in
which they are to be taken), the
fourth ray d, which makes with
them a harmonic form, is deter-
minate and @nique, and is found
by the consfruction of one of
the quadrilaterals (see below,
Att. 58).

* 41, If from iy potnt 8 the harmomic range ABCD be
projected upon ary other straight ldne, its projection A’B'C’'D’
will also be a harmonic range (Fig. 28). o

Imagine two planes drawn dne {hrough each of the straight
lines AB, A’B’, and suppose that in the first of these planes



48 HARMONIC FORMS 41
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is constructed a complete quadrangle of which two opposite
sides meet in A4, two other opposite sides meet in B, and
a fifth side passes through C'; then the sixth side will pass
through B (Art. 46), since by hypo-

thesis ABCD is a harmonic range. —~ b
Now project this quadrangle from \ !
the point S on to the second plane ; - e
then a new quadrangle is obtained —5= Ty
of which two opposite sides meet in Fig. 28

g. 28.

A4 two other opposite sides meet in
B’, and whose fifth and sixth sides pass respectively through
¢’ and D' ; theyefore 4’$3'C’D’ is a harmonic range.

48. An examination of Fig. 27 will show that the harmonic
pencﬂ abed is et by any ‘ransversal whatever in a har-
monic range. For let S ba the centre of the pencil and m be
any transversal ; in a take aily point B ; join R to D by the
straight line & and to B by the straight lme 1; and join 4 to
kb or P by the straight line n. As abed is a harmonlc pencil
anct five vertices of the complete quadrilateral klmn lic on a, b,
and d, the sixth vertex In or @ must lie on the fourth ray c.
'Then from the complete quadra.‘lgle PQRS it is clear that
ABCD is a harmonic range. .

Conversely, if the harmonic range ABCD (B ig. 27) be
given, and any centre whatcver of projection S be saken,
then the four projecting rays S°(4, B, C, D) will form a
harmonic pencil.

For draw through A any straight line to cut S8 in P and
8C in @, and join BQ, cutting A8 in R. The quadrangle
PQ@RS is such that two opposite sides meet in 4, two other
opposite sides in B, and the fifth side passes through C;
consequently the sixth side must pass through D (Art. 46
left), since by hypothesis the range ABCD is harmonic. But
then we have a complete quadrilateral £lmn which has two
opposite vertices 4 and R lying on SA, two other opposite
vertices B and P on 8B, a fifth vertex Q on, SC, and the
sixth D on 8D ; therefore (Art. 46, right) the four straight
lines which pro;ect the range ABCD from 8 are harmonic.
We may therefore enunciate the following proposition :

A harmomic pencil. s cut ¥y any transversal whatever in a
harmonic range ;= and, conversely, the rays which project
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a harmonic range from any centre whatever form a harmonic
pencil.

Corollary. In two homological figures, to a range of four harmonie
points corresponds a range of four harmonic points ; andeto a pencil
of four harmonic rays corresponds a pencil of four harmonic rays.

* 49. The theorem on the right in Art. 46 is correlative to
that on the left in the same Article. In this latter theorem
all the quadrangles are supposed to lie in the same plane ;
but from the preceding considerations it is clear that the
theorem is still true and may be proved in the same manngr,
if the quadrangles are drawn in different plancs. «

Considering a,ccordingly this latter thcorem (Art. 46, left)
as a propmltlon in the Geometry of space, the theorem. corre-
lative to it will be the following :

If thret plames a , 3, y all pass threugh one strmght line s, and
if a complete four -flat (see Art. 37) kAuv be gonstructed, of
which two cpposile edges X , pv lie in the plane a, twp other
opposite edges ki, \u lie in the plane 3, and the edge Av lies
in the plane y; ¢hen the sixth edge xpu Wwill always Yie in a fixed
plane b (passing through s), which does not change, in whatever
manner the arbztmry elemenits of the four-flat be made to vary.

For if we construct (taking either the same vertex or any
other lying on s) another complete four-flat which satisfies
the prescribed conditions, the two four-flats will have five
pairs of corresponding edges lying ir planes which all pass
through the same straight line s; thercfore (Art. 37, left)
the sixth pair also will lie in a plane whiclf passes through s.
The four planes a,f3,y,d are termed harmonic planes ; or
we may say that thc group or the geometric form constituted
by them is harmonic; or again that they form a harmonic
(azial) pencil, .

50. If a complete four-flat kAur be cut by any plane not
passing through the vertex of the pencil, a complete quadri-
lateral is obtained ; and the same transversal planc cuts the
planes a, /3, v, d in four rays of a flat pencil of which the
first two rays contain each a pair of vertices of the quadri-
lateral while the other two pass each through one of the
remaining vertices. Consequently (Art. 46, right) an axial
pencil of four harmonic planesis cut by any transversal
plane in a flat pencil of four harmonic rays.
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Similarly, if the harmonic axial pencil of four planes
a,B,y,d is cut by any transversal line in four points
A,B,C,D, these form a harmonic range. For if through
the transversal line @ plane be drawn, it will cut the planes
a,fB,y,% in four straight lines a,b,c,d. This group ¢f
straight Knes is harmonic, by what has just becn proved ;
but ABCD is a section of the flat pencil a,b,c, d; conse-
quently (Art. 48) the four points 4, B, C, D are harmonic.
Conversely, if four points forming a harmonic range be
Rrojected from an axis, or if four rays forming a harmonic
pencﬂ be projected from a point, the resulting axial pencil
is harmonic.

51. If then we include under the title of harmonic form the
group of four harmonic points (the harmonic range}, the
group bf four harmonic i'ays (the harmonic flat pencil), and
the group of four harmonic plafics (the harmopic axial

pencil), we may enunciate the theorem : -
Every projection or section of a harmonic form is itself a
harmonic form : or, .

Every form which is projective with g harmomc form is
itself harmonic.

Conversely, two harmonic forms ‘are always projective with
one another.

To prove this proposition, it _is enough to consider two
groups cach of four ha@rmonic points ; for if one of the forms
were a pepeil we should obtain four harmonic points on
cutting it by a fransversal. Let then ABCD, A'B'C’'D’ be
two harmonic ranges, and project ABC into A’B’C’ in the
manner cxplained in Art. 44 ; the same operations (projec-
tions and sections) which serve to derive A’B’C’ from ABC
will give for D a Point D, ; from which it fellows that the
range A’B'C’D, will be harmonie, since the range ABCD
is harmonic. But A’B’C’'D: dre also four harmonic points,
by hypothesis ; therefore D, must coincide with D', since
the three points A’B’C’ determinc uniquely tke fourth point *
which forms with them a harmenic range (Art. 46, left).,

We may add here a copsequence of the definitions given
in Arts. 49 4nd 50 : o

The form which s corrdidtive to a harmonic form is itself
harmonic.
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52. If @, b, ¢, d arc rays of a pencil (Fig. 28), then ¢ and b
arc said to be separafed by ¢ and d, when a straight line
passing through tho centre of tho pencil, and rotating so as
to come into coincidence with each of the rays in turn,
cannot pass from a to b without coinciding with one and
only one of the two other rays ¢ and d *. The same definition
applies to the case of four planes of a pencil, and to that
of four points of a range (Fig. 26) ; only it must be granted
that we may pass from a point 4 to a point B in two different
ways, cither by describing the finite segment AB or the
infinite segment which begins at A4, passes thro:gh the
point at infinity, and ends at B. ¢

This definition premised, the {ollow-
A ing property may be cnunciated as at
<——2A " Be— onceeyident : Four clements of a one-
o dimensional geometric form (i.e. four
points of a range, four rays of a
pencil, &c.) can always be so divided into two pairs that
onc pair is separated by the other, and this can‘be done‘in
onc way only. In Fig. 26, for example, the two pairs which
scparate onc another arc AB, CD ; and if 4’B’C'D’ is a form
projective with ABCD, the pair A’B’ will be separated by
the pair C"D’ ; for the operations of projection 4nd section
do not. change the relative position of the elements.

53. Let now ABCD (Fig.30) be four harmonic points, 3. e.
four points obtained by the construction of Art. 46, left. This
allows us to draw in an infinite number of ‘ways a complete
quadrangle of which 4 and B are two diagonal points
(Art. 36, No. 2, left), while the other two opposite sides pass
through C and D. It is only nccessary to state this con-
struction in order to se that the two puints 4 and B are
preciscly similar in their relation to the system, and that
the same is true with regard o C and D. It follows from
this that if ABCD is a harmonic range, then BACD, ABDC,
BADC, which arc obtained by interchanging the letters 4
and B or C and D, or both at the same time, are harmonic
ranges also. Consequently (Art. 51) the harmonic range
ABCD for example is projective with BACD; i.e. we can

Fis. 29.
IS

* g and b, ¢ and d, may also be termed alternate nairs of rays.
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pass from one range to the other by a finite number of
projections and sections. In fact if the range ABCD be
projected from K on CQ, we obtain the range LNCQ, which
when projected from M on AB gives BACD.

54. if A,B,C,D are four harmonic poinls, then A and B
are necessamly sepamted by ¢ and D.

For if (Fig. 30) the group ABCD be projected on the
straight line KM, first from.the centre L and then from the
cefitre N, the projections are KM@QD and MKQD respec-
tively. Now, as already stated in Art. 52, the operations
of projection and section do not-change the relative position
of the elements of the group. If<thercfore K and @ were
separated by M and D, then also M and @ must be separated
by K and D; which is impossible. The only possible
arrangement is that K and M ‘should be scparated by @
and D, and therefore A and B separated by C and D.

55. Let the straight lines AQ, BQ be drawn (Fig. 31), the
former meeting MBin U
and NB in 8, while the —
latter meets KL in T and
MNin V. The complete
quadrangle LTQU has
two opposite sides meet-
ing in 4, two other
opposite sides meeting . B
in B, and a fifth side (L@, Fig. 31.
or LN) passes through C ; therefore the sixth side U7 will
pass througk D (Art. 46) In Jike manner the sixth side
V8 of the complete_ quad'angle NV@S must pass through
D, and the sixth,sides of the complete quadrangles KSQT,
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MUQV through C. We have thus a quadrangle STUV
two of whose opposite sides meet in C, two other opposite
sides in D, while the fifth and sixth sides pass respectively
through A and B. This shows that the relation-to which
the points C and D are subject (Art. 53) is the same as the
relation to which the points 4 and B are subject; or,
in other words, that the pair 4, B may be interchanged
with the pair C,D. Accordingly, if ABCD is a harmonic
range, then not only the ranges BACD , ABDC , BADC, but
also CDAB, DCAB ,CDBA , DCBA are harmonic *. ‘.

The points 4 and B are termed conjugate points; as also
arc ¢ and D. Or either pair are said to be karmonic con-
Jjugates with respect to the other. The points 4 and B are
said to be harmonically separated by the points C and D,
or the puints ¢ and D to be harmonically separated by
4 and B. We may also say that the segment 4B is divided
harmonicall; by the segment CD, or that the segment CD
is divided harmonically by 43. If two points 4 and B
(Fig. 30) are separated harmonically by the poitts € and D
in which the straight line AB is cut by two straight lines
QC and @D, we may also say that the segment AD is
divided harmonically by the straight lines @C, @D, or by
the point C and the straight line @D, &c.; aid that the
straight lines QC, QD are separated harmonically by the
points 4, B; &c. "

Analogous properties and expressions exist in the case of
four harmonic rays or four harmonic planes.

[Note—In future, whenever mention is made of the harmonic
system ABCD, it is always to be understood that 4 and B, C and D,
are conjugate pairs; it being at the same time remembered that
(Art. 54) 4 and B, C and D; are necessarily alte]:pute nairs of points.]

56. The following theorem js another consequence of the
proposition of Art. 46, left :
. In a complete quadrilateral, each diagonal is divided har-
monically by the other two 1.
Let 4 and 4’, B and B’, C and ¢’ be the pairs of opposite
vertices of a complete quadrilateral (Fig. 32), and let the

* REYE, Geomelrie der Lage (HaBover, 1266), vol. i. p. 34.
1 CaRmNor, Géomélrie de position (Paris, 1803), Art. 225.
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diagonal A4’ be cut by the other diagonals BB’ and CC’ in
F and E respectively. Consider now the complete quad-
rangle BB'CC’; one pair of
its opposite sides meet in 4,
another such pair in 4’, a fifth
side passes through E, tho
sixth through F. The points
A, A’ are therefore harmoni-
cally separated by F and E. Tig. 32.

Stmilarly a consideration of

the two. complete quadrangles CC'AA4A’ and AA’BB’ will
show that B, R’ are harmonically scparated by ¥ and D ;
and C,C’ by D and E.

57. In the complete quudmngle BB'CC" the dm,gonal
points are 4, 4’, and I ; also since the range BB'FD is
harmonic, so too is the pencll of four rays whlch project it
from A (Art. 48); therefore :

In a complete quadrangle, any two sides whwh meet in @
didgonal point are divided harmonically bty the two other
diagonal points.

This theorem is however mnierely the corrclative (in
accordance with the principle of Duality in plane,Geonecry)
of that proved in the preceding Article.

58. The thcorems of Art. 46 can bc at once applied to
the solution, by mears of the ruler only, of the following
problems ;

Fig. 34.

Given three. points of a har-  Given three rays of a harmonic
monic range, to find the fourth.  pencil, to construct the fourth.

Solution. Let A,B.,C (Fif.  Solution. Let a,b,c (Fig.
33) be the glve_n,pomts (lying 34) be the given rays (lymg in
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on a given straight line) and let
4 and B be conjugate to each
other. Draw any two straight
lines through A4, and a third
through C to cut these in L and
N respectively. Join BL cutting
AN in M, and BN cutting AL in
K ; then if KM be joined it will
cut the given straight line in the
required point D, conjugate to
C*,
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one plane and passing through a
given centre S), and let ¢ and b
be conjugate to each other.
Through any point Q lying on ¢
draw any two straight lines' to
cutain 4 and R, and b in P and
B, respectively. Join 4B and
RP; these will cut in a point D,
the line joining which to 8 is the
required ray d,rconjugate to c.

59. In the problem of Art. 58, left, let C lie midway between A
and B. We can, in the solution, so arfange the arbitrary clements
that the points K and M shall move off

to infinity ; to effect this we must con-
struct (Fig. 35) a parallelogram ALBN
on AB as dingonal ; then since the other
diagonalsLN passes through O, the point
D will lie at infinity.

If, conversely, the points 4, B, D arc
given, ol which the third point D lies
at infinity, we may again* construct a
parallelogram ALBN on AB as diagonal ;

~  thery the fourth point C, the conjugate of
D, must be the point where LN mects the given straight line: that
is, It raust he the middle point of 4B. Therefore :

If in @ harmonic range ABCD the point C lies midway between the
two conjugates A and B, then the fourth point D lies at an infinite
distance ; and conversely, if ore of the points D lies at infinily, its
conjugate C is the point midway between the two others, A and B.

60. In the problem of Art. 58, right, let ¢ be the bisector of the
angle hetween ¢ and b (Fig. 36). If Q be taxen at infinity on e,

Fig, 36.

Fig. 87.

the scgments AB, PR become eqfial to one another and lie
between the parallels AP, B2 ; acgnsequcntly the ray d will be

* DE LA HinE, Sectiones Conicae (Parisiis, 1685), 'ib. i, prop. 20.
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perpendicular to ¢, i.e. given a harmonic pencil of four rays, abed ;
of one of them c bisect the angle between the two conjugates a and b,
the fourth ray d will be at right angles to c.

Conversely : if in a harmonic pencil abed (Fig. 37) two conjugaté
rays ¢ , d are at right angles, then they are the bisectors, internal ,
and external, of the angle between the other two rays a , b.”

For if the pencil be cut by a transversal AB drawn parallel to d,
the section /fBO’D will be a harmonic range (Art. 48); and as D
lies at infinity, C must lie midway between 4 and B (Art. 59);
consequently, if S be the centre of the pencil, ASB is an isosceles
trigngle and SC' the bisector of its vertical angle.

1514



CHAPTER IX

ANHARMONIC RATIOS

81. GEOMETRICAL propositions divide themselves into two
classes. Those of the one class are either immediately ccp-
cerned with the magnitude of figures, as Euc. I. 47, or they
involve more or less directly the idea of quantity or measure-
ment, as e.g. Euc. I.12. Such propositions are called metrical.
The other class of propositions relate merely to the position
of the figures with which they deal, and the idea of gquantity
does not enter into them at all: Such propositions are called
descriptive., Most of the propositions in Euclid’s Elements
are metrical, and it is not casy to find among them an
example of a purely descriptive theorem. Prop. 2, Book XI,
may serve as an instance of one. Projective Geometry on
the other hand, dealing with projective properties (i.e. such
as.are not altered by projection), is chiefly concerned with
descnptlvc propertics of ﬁgures In fact, sincp the magni-
tude of a geometric figure is altered by projection, metrical
properties are as a rule not projective. But therc is one
important class of metrical propegties (anharmonic pro-
perties) which are projective, and the discussion of which
therefore finds a place in the Projective Geometry. To
these we proceed ; but it is necessary first to establish
certain fundamental notions.

62. Consider a straight line ; a point may move along it
in two differont directions, one of which is opposite to the
other. Let it be agreed to call one of these the positive
direction, and the other the negative direction. Let 4 and B
be two points on the straight line ; and let it be further
agreed to represent by the cxpression AB the length of the
segment comprised between 4 and B, taken as a positive
or as a negative number of unity according ag the direction
is positive or negative in’which a point must move in order
to describe the segment ; this point ‘starting from 4 (the
first letter of the expression 4B) and ending’at B.
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In consequence of this convention, which is termed the
rule of signs, the two expressions AB , BA are quantities
which are equal in magnitude but opposite in sign, so that
BA = —-AB, or ’

AB+BA=0. . . N 0

Now let 4, B, C be threec points lying on a stralght line.
If C lies between A and B (Fig. 38 a),

Yig. 38.
L]
we have AB=AC +CB;
whence —~CB— AC +AB=0,
or BC+CA+AB=0.
Again, if B lics between 4 and C (Fig. 38 0),
AC = AB+BC;
whence : & BC—-AC +4B=0,
or BC +C4 +AB = 0.
Lastly, if A lies between B and C (Fig. 38 ¢),
CB=CA+AB;
whence —CB +CA +AB = O
or " **BC+CA+AB=0.
Accordingly :
If A, B, C are three colliméar points, then whatever their
relative posmons may be, the identity
BC +CA+AB=0 . .. (2
always holds good. . - !
From this identity may be deduced an expression for the
distance between two poinfs 4°®and B in terms of the
distances of these poihts from an origin O chosen arbitrarily
on the straight ‘fine which joins them.
E2
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For since OA +AB +BO = 0,
s. AB=0B-04; . . . . . (3
or again, AB= A0 + OB *.

The results (1) and (2) may be extended ; they are in fact
particular cases of the following general proposition :
If A, , A,,... A, be n collinear points, then
A4, +A,A5+ ...+ A4, 4, +4,4,=0,
the truth of which follows at once from (3), since the expres-

sion on the left hand is equal to ‘
(04,— 04,) +(04;— 04,) + ... +(04,-04,),
which vanishes. 8

Another uscful result is thatif 4, B, C', D be four collinear
points, ,
« BC.AD +CA.BD +AB.CD=0. !

This again follows frem (3), since the left-hand side

RN = (DC-DB)AD + ... +
= 0. c

Many other relations of a similar kind between segments
might be proved, but they are not necessary for our purpose.
We will give only one more, viz.

If A, B, C, 0O be any four collinear points, then

OAZ BU +0B*.CA+0C* AB=—-BC.C4.AB.
For by (3) the left-hand side is equal to
' (042 — 0C*BC +(0B2— 0C*CA
= CA(0OA + OCYBC + CB(0OB + OC)CA
= BC.CA(O4 — OB}.
=—BC.CA.AB.

It may be noticed that this last theorem is true even if
O do not lic on the straight line ABC, but be any point
whatever. For if a perpendicular 00" be let fall on ABC,

Ou%. BC + OB%.CA + OC?, AB
=(00%+0'4*)BC + ... + ...
=0'4%. BC +'O¢/B2. C’A +0'C?. AB
+00%BC + CA + AB)
= -BC.CA. 4B,
by what has jast been proved. «

63. Consider now Fig. 39, which represents the projection

from a centrc S of the ‘pointg of a straight line ¢ on to

* Mosiws, Barye. Caleud, §1.



ANHARMONIO RATIOS 53

68]
another straight line a’; let us examine the relation which
exists between the lengths of two corresponding segments

3%
AB, A'B’.
[}
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" /
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Fig. 40.

Fig. 39.
From th¢ similar triangles SAJ , A'SI’ *
JA:JS::I'§:T'A’ ; *
so from the similar triangles SBJ, B’SI’
. JB:JS:: I'S: I'B;
oo JAI'A'=JB.I'B'=JS8.I'S;
t.e. the rectangle J4 . 1’4’ has a constant value for all pairs

of corresponding points 4 and 4’.
If the constantsJ§ . I'S be denoted by £, we have
I'A'=k/JA, I'B' = k/JB :

therefore by subtraction,
I'B’ 7 A k (JA - JB)
B -I'A==5r—5
But I'B' - I’"A’"2 A'B’, and JA—-JB=BAs —AB;
. A'B'=—Fk.AB/JA . JB.
If we consider four points 4 , B, C, D (Fig. 40) of the

straight line @ and their four pleOCt-lOllS 4, B’ ¢, D, we
\

obtain, in a similar manner,
a0 -k . e -—k‘
AC= yiTgo- AC BC = g yc- BG

»®
* Wo supposo that in adl equatiofls involving segments the rule of signs is
TowNsSEND, Modern Geometry,

observed. Sec Munms, Baryc. Caleul, §1;
chapter v.
L]
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(

'n’ -k ’ 1Y -k
A'D = JAJD" .AD, B'D' = =JE-JD . BD, .
whence by division
A'C" A'D" AC AD
FO'BD ™ BO BD

This last equation, which has been proved for the case of
projection from a centre S, holds also for the case where
ABCD and A'B'C'D’ are the intersections of two transversal
lines s and ¢’ (not lying in the same plane) with four plares
a,f,y,d which all pass through one straight line »; in
other words, when 4’B'C’'D’ is a projection of ABCD made
from an axis u (Art. 4). For let the four planesa,3,y,d
be cut in 4", B”, C", D" respectively by a straight line &”
which meets s and ¢’. The straight lines 44", BR", CC”,
DD" are the interscctions of the planes a, ,[-3 , 7, 0 respec-
tively by the planc ss”, and therefore meet in a pomt S,
that na.mely in which the plane ss” is cut by the axis u. So
also A'A", B’B", C'C", D'D" arc four straight lines lying
in the plane §'s” and meeting in a pomt 8’ of the axis u
(that namely in which the plane s's” is cut by the axis u).
Therefore A”B"C"D" is a projection of ABCD from centre S
and a projection A’B’C'D)’ from centre S’ ; so that

A'C" A"D" AC AD A'C" A'D
B¢ B D'~ BC'BD T BC BD

The number AC/BC : AD/BD
is called the anharmonic ratio of the four collinear points
4,B,C,D. The result obtained above may therefore be
expressed as follows :

The anharmonic ratio of four collinear points is unaltered by
any prq;ectwn whatever *,

Or again:

If two ranges, each of four points, are projective, they have
the same anharmonic ratio,or, as we may say, are equi-
anharmonic t.

64. Dividing one by the other the expressions for 4’C’ and
B'C’, we have

A'C'/B'C" = AC/BC : AJ/BJ. .
* PAprus, Mathematicae C'ollechouee, Book vii. prop. 129 (ed. Hultsch, Berlin,

1877, vol. ii. p. 871).
+ TowxsEND, Modern Geomelry, Art. 278. =
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In this equation the right-hand member is the anharmonic
ratio of the four points 4, B, C, J; consequently the left-
hand member must be the anharmonic ratio of 4°, B’,
C¢’, J’ ; thus the anharmonic ratio of four points A’, B, C', J’,
.of which the last lies at infinity, is merely the simple ratio
A'C’: B'¢".

This may also be seen by observing that if 4’ and B’
remain fixed while D’ moves off to infinity on the line A’B’,
then

limiting value of A’'D'/B'D’' =1 ;

.. lithiting value of 4C"/B'C’ : A'D'/B'D' = A'C"/B'C".

Similarly, on the same supposition,

limiting value of A'D'/B'D’ : A’C’/B'C’' =B'C'/A'C’;
i.e. the anharmonic ratio of the four points ', B', I, (', of
which the third lies at infinity, is equal to the simple ratio
Bo.AC. ’ »

65. From this results the solution of the folléwing

PROBLEM.—Gliven three collinear points A , B, C; to find
a fourth IF so that the anharmonic ratio of the range ABCD
may be a number X given in sign and magnitude (Fig. 41).

Solution.—Draw any transversal through C, and take on
it two points A’, B’ such that the * . , 7
ratio CA’ : CB’isequal toA : 1,the
given value of the anharmonic
ratio ; the two pointg 4’ and B’
lying on the same or on opposite
sides of C according as A is positive
ornegative. Join 4A4’, BB’, meet-
ing in §; the straight line through S parallel to A’B’ will
cut AB in the point D required *. For if D’ be the point at
infinity on 4'B’,.#nd we consider ABCD as a projection of
A’B'C’'D’ (¢’ coincides with C) from the centre S, then the
anharmonic ratio of ABCI) is equal to that of A’B'C"D’,
that is, to the simple ratio A'C’ : B'C’ or A.

The above is simply the graphical solution »f the equation?

AC/BC: AD/BD =, !
or . AD/BD=AC/BC: =y,
or in other words of the ﬁrgblem.:

Fig. 41.

* CHASLES, Géométrie supérieure (Paris, 1852), p 10.
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Given two points A and B, to find a point D collinear with
them such that the ratio of the segments AD, BD to one another
may be equal to a number p. given in sign and magnitude.

As only one such point D can hecfound, the proposed
problem admits of only one solution; this is also clear,
from the construction given, since only one like can be
drawn through S parallel to A’B’. Consequently there
cannot be two different points D and D, such that ABCD
and 4 BCD, have the same anharmonic ratio. Or: .

If the groups ABCD, ABCD, are equianharmonic, the point
D, must coincide with D.

66. TneorEM. (Converse to that of Art. 63.) Iftworanges
ABCD, A'B'C’'D’, each of four points, are equianharmonic,
they are mrojective with one another.

For (by Art. 44) we cam always pass from the triad
ABC tovthe triad A'B'C’ by a finite number of projections
or sections; let D" be the point which these operations
give as corresponding to D. Then the anharmonic ratio of
A’B’'C'D” will be equal to that of ABCD, and consequently
to that of A’B'C'D’; whence it follows that D" coincides
with 2, and that the ranges ABCD , A'B'C’D’ are projec-
tive with one another.

67. Tt follows then from Arts. 63 and 66 that the necessary
and sufficient condition that two ranges ABCD, A’B'C'D’,
consisting each of four points, should be projective, is the
cquality (in sign and magnitude) of their anharmonic ratios.

The anharmonic ratio of four points ABCD is denoted by
the symbol (ABCD) * ; accordingly the projectivity of two
forms ABCD and A'B’C’'D) is expressed by the equation

(ABCD)=(A'B'C’'D’).

From what, has been proved it is seen’ that if two pencils
cach consisting of four rays or four planes are cut by any
two transversals in ABCD aad A’B'C’D’ respectively, the
cquation (ABCD) =(A’B’C'D’) is the necessary and sufficient
condition that the two pencils should be projective with one
another. ‘

The anharmonic ratio of a pencd of four raysa ,b,¢c,d or
SJour planes a , 3,7, may . now be defined as the constant

* Mosius, Baryce. Caleul, § 183,
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.

anharmonic ratio of the four points in which the four
elements of the pencil are cut by any transversal, and may
be denoted by (abed) or (aByd). .

This done, we cantenunciate the general theorem :

If two one-dimensional geometric forms, consisting each of
four elements, are projective, they are equianharmonic ; and
if they are equianharmonic, they are projective.

68. Since two harmonic forms are always projectively
rolated (Art. 51), the preceding theorem leads to the con-
clusion that the anharmonic ratio of four harmonic elements
is a constant number. TFor if ABCD is a harmonic system,
BACD is also o harmonic system (Art. 53), and the two
systems ACBD and BCAD are projectively related * ; thus

. (ACBD) = (BCAD),
ie. AB/CB : AD/CD «BA/CA : BD/CD ;
whence " AC/BC:AD/BD = -1,
i.e. (ABCD) = --1;

therefore the anharmonic ratio of four harmonic elements is
equal to —11. '
69. The equation (4BCD) = -1, ¢~
AC/BC+AD/BD=0, . . . . . . . (1)
which expresses that the range 4BCD is harmonic, may be put into

two other remarkable forms.
Since AD = CD—-C4A (Art. 62) and BD = CD~-CB, the equation

(1) gives ° o
CA (CD—CB) + CB (CD-C4) =0,
or 2 1/0D =3(1/CA+1/CB),. . . . . . (2
%.e. CD is the harmonic mean between €4 and CB; a formula which
determines the point DD when 4 , B, C are given.
Again, if O is the middle point of the segment CD, so that we have
0D = CO = —0C, then
AC=00- 04; AD=0D-04=—(0C+04);
BC-00-0B; BD=-(0C+0B). &
Substituting these values in (1) or in AC/AD+ BC/BD =0,
0C—04» *0B-0C

we have 00+04 ~ 0B+ 0C’
. 00/0A = OB/OU, \ :
or 0C*=04.0B, . . . . . . . (3

t.¢. half the segment CD s a mean proportional between the distances
of A and B from the middle point of CD.

* In Fig. 30 ACBD may-be projecl%d (from K on NC) into LCNQ ; and then

«+ LCNQ may be projected (from M on AD) into BCAD.
i

t Momr1us, loc. cit., p. 209.
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The equation (3) shows that the segments O4 and OB must have
the same sign, and that O therefore can never lie between 4 and B.
If now a circle be drawn to pass
thrm:gh 4 and B (Fig. 42), O will lie
outside the cirdle, and OC will be the
length of the tangent from O to it *
(Buc. III. 37). The circleeon CD as
diameter will therefore cut the first
- circle (and all circles through 4 and B)
Fig. 42. orthogonally. Conversely, if two circles
cut cach other orthogonally, they wjll
cut any diameter of one of them in two pairs of harmonic points .
70. The same formula€(3) gives

LT ___ the solution of phe following pro-
/ W\ blem :
G *Given two collinear seqments AB

. and "A'B'; to deternune another
" . seqgment CD which shall divide each

N\ \_‘,_;.l » & .,‘\'.‘L‘ — X2 _ of them harmonically (Figs. 43, 44).
- - Take any point G' not lying on
Fig. 43. the common base AB’, and draw

. the circles GAB , GA'B' meeting
again in I1.” Join GH 1, and produce it to cut the axis in O. Then
from the first circle 04 . OB = OG . OH (Euc. III. 36), and from the
second 04’ .OB’ = 0G . OII ;

K ‘ . 04.0B--04'.0B'.
O is therefore the middle point of the segment required ; the
points C and D will be the
R intersections with the axis
TN of a circle described from
\ N the centre O with radius
R ,,i = cqual to the length of the
S tangent from O to cither of
the circles GAB, G'A'B'.
The problem admits of
a real solution when the
point, O falls outside both
the segments 4B, A'B’, and
consequently outside both
i 7. the circles GAB, GA'B’
(Figs. 43, 44). There is no real solution when the segments AB,
A'B’ overlap (Fig. 45) ; <in this case O lies within both segments.

* If through a print O any chord be \Urawn to cut a circlo in P and @, tho
rectangle OI’. 0Q is called the power of the point with regard to the circle.
StrINER, Crelle’s Journal, vol. i. (Berlin, 1826) ; Collected Works, vol. i. p. 22.
We may then say that OC* is the pawer of the point O with regard to the circle
in Fig. 42. + PoNoELET, Prop. proj. Art. 79.

1 GH is the radical axis of the two circles, and all points on it are of equal
power with regard to the circles. '

<
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T1. Let ABCD be a harmonic range, and let 4 and B (a pair of
conjugates) approach indefinitely near to one another and ultimately
coincide. If Clie at an infinite distance,
then D must coincide with 4 and B,
since it must lie midway" between these
two points (Art. 59). If C lie at a
finite distence, and assume any posi-
tion not coinciding with that of 4 or
B, then equation (2) of Art. 69 gives
CD = OA = OB, v.e. D coincides with
4-and B.

Again, let 4 and C (two non-conju-
gate poilits) coincide, and B (the conjugate of A) lie at an infinite dis-
tance. In this case A must lie midway between C and D, so that D will
coincide with 4 and C. If Blie at a finite distance, and assume any
position not coinciding with that of 4 or C,then equation(1) of Art.69
gives AI) = 0, 4. e. the point D coincides with 4 and C. So that:

If, of four points forming a harmonic range, any two coincide, one
of the other two' pornts will also coincidé with them, and . the fourth
18 indeterminate. -

72. The theorem of Art. 45 leads to the following result : given
four elementg 4, B, C, D of a one-dimensional geometric form, the
anharmonic ratios (4BCD) , (BADC) , (CDAB) , (DCBA) are all
equal to one another. .

I. Four elements of such a form can be permuted in twenty-four
different ways, so as to form the twenty-four different.groups -

ABCD , BADC , CDAB , DCBA ,
ABDC , BACD , DCAB , CDBA,
ACBD , CADB , BDAC , DBCA ,
ACDB , C4ABD , DBAC , BDCA
ADBC <, DACB , BCAD , CBDA,
ADCB¢ , DABC , CBAD , BCDA ,

here arranged in six lines of four each. The four groups in each
line are projective with one another (Art. 45), and have therefore
the same anharmonic ratio. In order to determine the anharmonic
ratios of all the twenty-four groups, it is only necessary to consider
one group in cach Jine; for example, the six groups in the first
column. ~ These six groups are so related to each dther that when
any one of them is known the other five can be at once determined.

I1. Consider the two groups 4BCD and ABDC, which are derived
one from the other by interchanging the last two clements. Their

anharmonic ratios .
(ABCD) or .AC/BC: AD/BD. v
and (A4BDC) ‘or AD/BD: AC/BC
are one the reciprocal of the ¢ther ; thus
(ABCD)(4ABDO)=1.. . . . . . . (1)
Similarly, (ACBD)(ACDB) =1,. . . . . . . (2

and (ADBC)(ADCB)=1.. . . . . . . (3



60 ANHARMONIC RATIOS {72

III. Now if 4, B, C, D are four collinear points, it has been seen
(Art. 62) that the identical relation
BC.AD+CA.BD+A4B.CD =0

always holds. Dividing by BC . 4D, we have
AC.BD AB.CD’
BC.AD T CB. 4D~

or AC AD + 4B AB AD -1,
BC'BDT CB'CD

that is (Arts. 63, 67),

=1,

(ABCD)+(ACBD)=1. . . . . . . {4)

Similarly, (4BDC)+(4ADBC) =1, . . . . . . (B)
and (ACDB)+(ADCB)=1. . . . .". . (6)

IV. 1f A denote the anha.rmonic ratio of the group ABCD, s.e. if

) (ABCD) =

the formula (1) g gives (ABDC) = 1’)\
and (4) gives (ACBD) =1 —
then by (2) (ACDB) = 1/(1—)\),
and by (6; +- (ADCB) = 1-1/(1-X) =\/(A—-1);

and finally, by (3) or (5)
(ADBC) = (\--1)/\.*

V. The six anharmonic ratios may also be expresse‘d in terms of
the angle of intersection 6 of the circles described on the segments
AB, ('D as diameters ; it being supposed that 4 and B are separated
by C »=nd D It will be found that

(ABCD) =—tan® 10, (ABDC) = — cot*1 4,
(ACBD) = sec®14, (ACDB) = cos?3 6,
(ADCB) = sin?14, (ADBC) = cosec® 1 0.1

VI If in the group ABCD two points 4 and B coincide, then

AC = BC, AD = BD, and therefore

(ABCD) = (AACD) = 1.
But if A = 1, the other anharmonic ratios become
(ACAD) =1-1 =0, and (ACDA4) =
thus when of four elements two coincide, the a.nharmomc ratios have

the values 1, 0. co. .
If (ABCD) =—1, 4.e.if the range ABCD is harmonic, the formulae

of (IV) give _
(ACBD) = 2 and (ACDB) = };

80 that when the anharmonic ratio of four points has the value 2 or
1, these points, taken in another order, form a harmonic range.
VII Conversely, the anharmonic ratjo of a range 4 BCD, none of

whose points lies at infinity, cannot have any of the va.lues 0,1, o,

without some two of its points comcfdmg

* MoBrius, loc. cit., p. 249.
t Casey, On Cyclides and Sphero-quartics (Phil. Trans. 1871), p. 704.



74] ANHARMONIC RATIOS 61

For if in (IV) A =0, AC/BC : AD/BD = 0, and ecither AC ox BD
must vanish ; 7.e. either 4 coincides with C, or B with D,

If A=1, (ACBD) =1—\ =0, so that either 4 coincides with B,
or C with D.

And if A = oo, (ABDG) =1/A =0, so that either 4 coincides with
D, or B with C.

VIII. By considering the expressions given for the six anharmonic
ratios in (IV) it is clear that whatever be the relative positions of the
points 4, B, C,.D, two of the ratios (and their two reciprocals) are
always positive and a third (and its reciprocal) negative ; and thus
wd see that the anharmonic ratios of four points no two of which
coincide may have all values positive or negative except+1, 0, or oo.

78. From the theorems of Arts. 63 and 66, which cxpress
the necessary and sufficient condition that two ranges, each
consisting of four elements, ‘should be projectively related,
we conclude that ", )

If two geomclric forms of one dimension are projective, then
any two corresponding groups of four elements areequianhar-
monic *.

As a particular case, to any four harmcnic elements of
the one form correspond four o

harmonic elements of the other * /
(Art. 51). -

1. Lot A, 4’ and B, B'be . S

any two pairs of corresponding “~7
points of two projective ranges * * "F_ 1 (_"
(Fig. 46) ; let I be the point at 8 =
infinity belonging to the first range, and I’ the point corre-
sponding to it in the second range ; similarly let J’ be the
point at infinity belonging to the sccond range, and J its
correspondent in the first range. By Art. 73
~ o(ABILJ)= (A'BT'Y);

(BAJI)= (A'B'I'J’) (Art. 72) ;
from which, since I and J’ lje.at infinity,

BJ:AJ=A'l': B'I' (Art. 64),
and JA.I'dA’=JB.I'B’;
i.e. the product JA.1I'A’ has a constant value for all pairs of
corresponding points .

* STEINER, Systematische Entwickelung . . (Berlin, 1832), p. 33, § 10 ; Collected
Works, ed. Weierstrass (Berlin, 1881), vol. i. p. 262.
t STEINER, loc. cit., p. 40, § 12; Collected Works, vol. i. p. 267.
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[This proposition has already been proved in Art. 63 for
the particular case of two ranges in perspective.]

75. In two homological figures, four collinear points or
four concurrent straight lines of the one figure form a group
which is equianharmonic with that consisting of the points or
lines corresponding to them in the other figure (Art. 73). Let
O be the centre of homology, M and M’ any pair of corre-
sponding points in the two figures, N and N’’another pair of
corresponding points lying on the ray OMM’, and X tle
point in which this ray meets the axis of homology, Since
the points OMNX , OM’N’X correspond severally to one
another,

(OXMN)=(0XM'N"),
or ' - OM ON OM' ON',
MX* NX THX'N'X’

- . oM oM’ ON ON’
T MX MXTNX'NX’

and consequently the anharmonic ratio (OXMM’) is cofistant
for all pairs of corresponding points M and M’ taken on a ray
OX passing through the centre of homology.

-Next let L and L’ be another pair of corresponding points,
and Y the point in which the ray OLL’ cuts the axis of
homology. Since the straight lines LM, L’ M’ must meet in
some point Z of the axis X Y, it follows that OYLL' is a pro-
jection of OXM M’ from Z as centre, and therefore

(OYLL') = (OXMM') ;

consequently the anharmonic ratio (OXMM’) is constant
for all pairs of corresponding points in the plane.

Consider now a pair of corresponding straight lines @ and
@', the axis of homology s, and the ray v joining the centre
of homology O to the point aa’. The pencil osaa’ is cut
by every straight line through O in a range of four points
analogous to OXMM' ; consequently the anharmonic ratio
(osaa’) is constant for all pairs of corresponding straight lines
eand a’, and is equal to the anharmonic ratio (OXMM’).

This anharmomc ratio is called the coefficient or parameter
of the homology. It is clear that two figures in homology
can be constructed when, in addition to the centre and axis,
we are given the parameter of the homology.
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76. When the parameter of the homology is equal to — 1;
all ranges and pencils similar to OX M M’, osaa’, arc harmonic.
In this case the homology is called harmonic * or involutorial,
and two correspondiilg points (or lines) correspond to one
another doubly ; that is to say, every point (or line) has the
same correspondent whether it be regarded as belonging to
the first or the second figure. (See below, Arts. 122, 123.)

Harmonic homology presents two cases which deserve special
neYice : (1) when the centre of homology is at an infinite distance, in
the direction perpendicular to the axis of homology ; (2) when the
axis of homology is at an infipite distance. In the first case we have
what is called symmetry with respect to an axis ; the axis of homology
(in this case called also the axis of symmelry) bisectz orthogonally
the straight line joining any pair of corresponding points, and bisects
also the wngle included by any pair ef corresponding straight lines.
The second case is called symmtry with respect to a centre. The
centre of homology (in this case called also the centre of symmetry)
bisects the distance between any pair of corresponding points, and
two corresponding straight lines are always parallel. In each of
these two cases the two figures are equal and similar (congruent) ;
oppositely equal in the first case, and directly equal in the second.

77. Considering again the general case of two homological
figures, let @, b, m , n be four rays of a pencil in the fifst
figure, and &', V', m’, n’ the straight lines corresponding to
them in the sccond. Then (m n a b) = (m'n’a’?’).

Now let an arbitrary_ transversal be drawn to cut mnab in
MNAB, and draw the corresponding (or another) transversal
to cut m'n’a’d’ ii M'N’A'B’; then (MNAB)=(M'N'A'B’),

MA M’A'’ NA N'A’

MB WB ~NB'NB'
Consequently, the ratio MA/MB:M'A’/M’B’ depends
only on the straight lines ab (and a'b’), and mot at all on
the straight line m (or m’).

The ratio MA : NA is equal to that of the distances of the
points M , N from the straight linc a, which distances we may
denote by (M, a), (N, a); thus )

(M, a)/(M,b): M, a')/(M’ V') = cdnstant, !

or

* BrLLAvITIS, Saggio di Geomelria derivacu (Nuovi Saggi of the Academy of
Padua, vol. iv. 1838), § 50.

1 Two figures aro said to be congruent when the one may be superposed upon
the other so as exactly to coincide with it.
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that is to say *:

In two homological figures (or, more generally, in two projec-
tively related figures) the ratio of the distances of a variable point
M from two fixed straight lines a , b i the first figure bears
a constant ratio lo the analogous ratio of the distances of the
corresponding point M’ from the corresponding struight lines
a', b’ in the other figure.

Suppose b to pass through the centre of homology O ; then
M and M’ arc collinear with O and I’ coincides with b, so that

(M,0):(M',0)=0OM :0M";
and therefore -
OM/OM' : (M, a)/(M', a’) = constant.

If N and N’ are another pait of corresponding points, we
have then

4

OM (M,a) "ON . (N,a)
03" (O, )~ ON * (W, @)’

Now suppose the straight line ¢’ to move away indefinitely ;
then @ becomes the vanishing line in the first figure ; the
ratio (M’, a')/(N’, ') will in the limit become equal to unity,
and thus

- ., ,OM/OM':(M,«)=ON/ON':(N,a)

= constant ;
in other words ¥ :

In two homological figures, the ratio of the distances of any
point in the first figure from the centfe of homology and from
the vanishing line respectively, varies directly as the distance
of the corresponding point in the second figure from the centre
of homology.

* CHASLES, Géométrie supérieure, Art. 512.
T CHASLES, Sections contques, Art. 267,



CHAPTER X

o CONSTRUCTION OF PROJECTIVE FORMS

78. LET ABC and A'B’C’ be two triads of corresponding
elements of two projective forms of one dimension (Fig. 47),
aitd imagine any scries of operations (of projection and
section), by which we
may have passed from e
ABC to A’B’'C’. Then
whatever this serics be¥*,
it will also lead from any *
other clement D of the
first form to the element
D’ which corresponds to

it in the sgcond. For Yoo oo A e
.if D could give, as the Fig. 47.
result of these opera- .

tions, an element D" different from 1Y, then the apharpone
ratios (ABCD) and (A’B’C’'D") would be equal; but by
hypothesis (ABCD) = (A’B'C’D’); thercfore (4’B’C’'D’) =
(A’B’C"D"), which is impossible unless D" coincide with D’
(Art. 65). »

79. THEOREM (¢onverse to that of Art. 73):

Given two forms of one dimension ; if lo the elements
A,B,C,D,.. of the one correspond respectively the elements
A,B',C',D,.. of the other in such a munner that any four
elements of the first form are equianharmonic with the four
corresponding elements of the second, then the Mwo forms are
projective.

JFor every series of operations (of projection or section)
which leads from the triad ABC to the triad A’@’C’, leads at
the same time from the element D to another element D"
such that (4BCD) = (A'B«C"D"”). But (ABCD) = (4'B'C’'D")
by hypothesis; therefore (4’B'C'D’) = (A’B'C'D"), and D"
must coincide with D" (Art. $5). *°And since the same con-

* In Fig. 47 the serics of operations is : a projecticn from 8, a seetion by u”,
a projection from &', and a scction by w’.

1614 F
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clusion is truc for any other pair whatever of corresponding
elements, it follows that the two forms are projective
(Art. 40).

80. From Art. 78 the following may be deduced as a
particular casc :

If among the elements of two projeclive forms of one’dimension
there are two corresponding triads ABC and A’B’'C’ which are
in perspective, then the two forms themselves are in perspective.

(1). 1f, for example, the forms are two ranges ABCD ... and
A’B'C’D'... ; then if the three straight lines 44’, BB’, CC’
meet in a point 8, the other analegous lmcs DD, ... will all
pass through 8 (IFigs. 19, 40).

Suppose, as a particular case, that the points 4, 4’
coincide (Fig. 22), so that the two ranges have 2 pair of
corrcsponding points 4 and 4’ united in the point of inter-
section ' £ their bascs *. The triads ABC, A'B'C’ are in
perspective, their centre of . perspective being the point
where BB’ and CC’ meot ; accordingly :

1 f two projective ranges Iuwe a self- correspondmg point, they
are in perspeclive.

Conversely it is evident that {wo ranges which are in per-
spective have always a self-corresponding point.

(2). Again, if the two forms are two flat pencils abed ... and

a't'dd .. lymg in the same planc ; then if the three points
aa’, b', ¢¢’ lic on one straight line-s, the analogous points
dd’ . will all lie on the same straight line (Fig. 20). If the
line s lie altogether at infinity, we have the following property :

If, in two projective flat
pencils, three pairs of corre-
sponding rays are pamllel to
one another, then every pair of
corresponding rays are parallel
to one another.

The hypothesis is satisfied
in the particular case where the
rays a and a’ coincide (Fig. 48), sc that the two pencils have
a sclf-corresponding ray in the straight line which joins their

* In the case of two pro;ect.lve forn's we shall in future employ the term
self-corresponding to denote an element which is such that it coincides with its
correspondent ; thus 4 or A’ above may be called a self-corresponding point of
the two ranges.

Fig. 48.



81] CONSTRUCTION OF PROJECTIVE F@RMS 67

centres ; then s is the straight line joining 50’ and cc'.
Accordingly :

When two projective flat pencils (lng in the same plane)
have a self-correspondtng ray, they are in perspectwe

Conversely, two coplanar flat pencils which are in perspective
have always a self-corresponding ray.

(3). If one of the systemsis a range ABCD ... and the other
a flat pencil abed ... (Fig. 28), the hypothesis amounts to
assuming that the rays a , b, ¢ pass respectively through the
points 4, B,C ; then we conclude that also d, ... will pass
through D, ... &c. °

81. Two ranges may be superpcsed one upow the other,
so as to lie upon the same straight line or base, in which case
they may be said to be colltnear. ¥or example, if twd pencils
(in the same plane) S=abc..."and O=a'b’¢’ ... (Fig. 49) arc
cut by tho same transversal, n )
they will determine upon it two . o
ranges ABC ... , A’B’C" .:. which /,, %
will be projectively related if I
the two pencils are so. The « ,,
question arises whether there T—\ 'Y
exist in this case any self- Fig.
corresponding points, i.e. whether two corrcspondlng points
of the two ranges coincide in any point of the transversal.

If, for instance, the tfansversal s be drawn so as to pass
through the point&’aa’ and bb’, then 4 will coincide with A’,
and B with B’ ; in this case
consequently there are two
self-corresponding points.

Again, if a rangg u be
projected (Fig.'Bv) from

BN -
two centres S and O (lying "\L/I NS
in the same plane with ), *° o € \ N
two flat pencils abe... and _ ~
a'b’¢ ... will be formed, Fig. 50.

which have a pair of correspdnding rays @, ¢’ united in the
line 8O. And if a transversal s be drawn through the point
in which this line cuts u, wp shill obtain two projective
ranges ABC ..., A'B’C’ ... lying on a common base s, and such
that they ha.ve one self-corrcsponding point 4A4’-

. F2 N
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And lastly, we shall see hereafter (Art. 109) that it is
possible for two collincar projective ranges to be such as
to have no self-corresponding point.

So also two flat pencils (in the s@me plane) may have
a common centre, in which case thcy may be termed con-
centric ; such pencils arc formed when two differtnt ranges
are projected from the same centre (Fig. 51). And two axial
pencils may have a common axis ; such
pencils are formed when we project two
different ranges from the same axis, or
the same flat pencil from different
centres. Again, if two sheaves are cut
by the same plane, two plane figures

Tig. 51. are ebtained ; if, on the othar hand,
tsvo plane figures are projected from
the samy centre, two concentric sheaves are formed. In all
these cases the forms in question may be said to be super-
posed one upon the other; and the investigation of their
self-corresponding elements, when the two forms arc projec-
tively related, is of groat importa,nce The complcte
nivestigation will be given later on, in Chapter XVIII ;
present we can only prove the following Theorem.

82. TuroreM. T'wo superposed projective (one-dimen-
sional) forms either have at most two self-corresponding
elements, or else every element coincitbes with its correspondent.

For if there could be three self-corresponding elements
4, B, C suppose ; then if D and D’ are any other pair of
corresponding points, we should have (Art. 73) (4BCD)=
(ABCD’), and consequently (Art. 65) D would coincide with
D’. Unless then the two forms are identical, they cannot
have more than two self-corresponding eléments.

83. TukorEM (converse to that of Art. 53). If a one-
dimensional form consisting' of four elements A,B,C,D is
projective with a second form deduced from it by mterclumgmg
two of the elements '(e.g. BACD), then the form will be a
harmonic one, and the two interchanged elements will be
conjugate to each other.

First Proof If (ABCD) ‘,(BAO’D), then (Art. 72. 1V)
A=1/A; .2 =1, and since we cannot take A = +1 (Art. 72.
VIII) we must havc A = —1, i.e. the form is a harmonic one.

a A R
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Second Proof. Suppose, for example, that 4, B, C, D aro
four collinear points (Fig. 52). Let K, M, @, D be a projec-
tion of these points on any straight line through D, made
from an arbitrary cemtre L. Since ABCD is projective with
KM@D and also (by hyp.) with BACD, the forms KMQD
and BACYD are projective with L
one another. And they have
a self-corresportding point D ;

i \0
consequently they are in per- AN
spective (Art. 80), and KB, _ /[~ N T~
MA, QC will mect in, onc A lgig. . b

point N. But this being the
casc, we have a complete quadrangle KLMN, of which onc
pair of .opposite sides meet in 4, another such pair in B,
while the fifth and sixth side% pass respectively through C
and D. Accordingly (Art. 46) ABCD is a harmonie range.

84. Let there be given two projcctivcly related geometric
forms of onc dimension. Any series of operations which
suffices to derive three elements of the one fromr the three
corresponding elements of the other will enable us to pass
from the one form to the other (Art. 78) ; and any two given
triads of elements arc always projective, i.e. can be dorived
one from the other by means of a certain number of projec-
tions and sections. Hence we conclude that :

Given three pairs of corresponding elements of lwo projective
forms of one dimgnsion, any number of other pairs of corre-
sponding elements can be constructed.

We proceed to illustrate this by two examples, taking
(1) two ranges and (2) two flat pencils ; the forms being
in each casc suppos.s)ed to lie in one Blane.

Given (Fig. 53) three pairs of
corresponding pownts A and A4’,
B and B', C and C', qf the pro-*
Jjective ranges u and u' ; to con-
struct these ranges.

We proceed as in Art. 44. On
the straight line which joins’any
two of the corresponding points,
say 4 and 4', take two arbitrary
points S and 's". Join 3B, S'B
cutting one another in B", and

Given (Fig. 54). three pmre of

ocorrmponqu rays @ and o, b

and I, ¢ and ¢, of the prq)mtm
penczls' U and U’ to construct
these pericils.

- Through the point of inter-
scction of any two of the cor-
responding rays, say & and @,
draw two arbitrary transversals
s and s’. Join the points sb and

s't’ by the straight line 5", and
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SC', 8'C' cutting one another in
C"; join B"C”", and let it cut
AA'in A". The operations which
cnable us to pass from 4BC to

PROJECTIVE FFORMS [84
the points sc and s'c’ by the
straight line ¢” ; and let a” be the
straight line joining the points
b"¢" and aa’. The operations

Fig. 54.

A'B'C’ are : 1. a projection from
S; 2. ascetion by w” (the line on
which lie the points 47, B”, C") ;
3. a projection from S'; 4. a
section by u’. The same opera-
tions lead from any other given
point D on u to the correspond-
ing point D’ on «’, so that the
rays SD and S°D’ must intersect
in a point D" of the fixed straight
line w”. ’

In this manrer a range
uw'=A"B"C"D"...
is obtained which is in perspec-
tive both with 4 and with .

whick enable us to pass from abe
to a'b’c’ are: 1. a section by s;
2. a projectlon from the point
U” where a”, 1", ¢" meet; 3. a
section by s§': 4. a projection
from U’. The same operations
lead from any other given ray d
of the penci] J to the correspond-
ing ray d’ of the pencil U’; so that
the points sd and s'd’ must lie on
«a straight line d” which passes
through the fixed point U”".
In this manner a pencil
"=a"b"c"d"...

'is obtained which is in perspec-
tiye both with U and with U’.

In the preceding construction (left), D is gny arbitrary point on u.
If D be taken to be the point at infinity on u, then (Fig. 53) SD
will be parallel to 4 ; jn order therefore to find the point on '
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which corresponds to the point at infinity on u, draw SI” parallel to

% to cut w” in I"; then join S'I”,

which will cut %’ in the required

point I'. Similarly, if the ray through S’ parallel to »' cuts u” in
J”, and SJ” be joined, this will cut  in J, the point on u which
corresponds to the point*at infinity on u'.

If D be taken at P, the point
where » afd %" mect, then D"
also coincides with P, and the
point P’ on ' corresponding to
the point P on u is found as the
intersection of S'P with «'.

Similarly, if @’ be the point of
interscction of %' and w”, the
point on u corresponding to Q'
on ' is Q, where SQ’ cuts .

85. The only condition to®
which the centres S and S’ are
subject is that they arc to lie
upon the straight line which joins®
a pair of couresponding points ;
in other respects their position is
arbitrary. We may then for in-
stance take S at 4’ and 8" at 4
(Fig. 55). Then the ray S'P co-
incides with «, and I’ is accord-
ingly the point of intersection of
u and . So too the ray SQ’
coincides with », and @ aMo lies
at the point wu'. .

If then we take'the points A’
and A as the centres 8§ and S
respectively, the straight line u”
will cut the bases w and »' re-
spectively in P and @', the points
which correspond. o’ the point
uu’ regarded in the first instance
as the point P’ of the line %’ and
in the second instance as the
point @ of the linc «.

Now in the construction of the
preceding Art., the straight ling
u” was found as the locus df the
points of intersection of pairg of
corresponding rays of the pencils
in perspective .

S (ABCD..)and §' (A'B'C'D'..)

In the preceding construction
(right), d is any arbitrary ray
passing through U. Ifit be taken
to be p, the line joining U to U”,
then the corresponding ray p’ of
the pencil U7’ is the line joining
the point U’ to the point s'p.

Similarly, if ¢’ be the ray
U'U" of the pencil U’ the ray
corresponding to if in the penci
U is that whiclf joins the points
U and sq'. <

Thea only condition to which
the transversals s and . are sub-
ject is that they are to pass
through the point of intersection
of a pair of corresponding rays ;
in other respects their position is
arpitrary. We may then for in-
stance take a’ for s and a for §'
(Fig.*56). Then the point s'p
coincides with U/, and 7’ is ac-
cordingly the straight line UU".
So too the point sq’ coincides
with U’, and ¢ also must he the
straight line UU’.

Tt then we take the rays o
and @ as the transversals s and
5" respectively, the point U” will
be the intersection of the rays p
and ¢’ which correspond to the
straight line UU’, regarded in
the first instance®as the ray p’ of
the pencil U/’, and in the second

instancc as the ray q of the
pencil U.

Now ¢n the comstruction of the
preceding Art., the point U” was
found as the centre of perspective
of the ranges in perspective

$'abed ...) and §' (a'b'c'd’ ...).
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The straight line 4" obtained
by the construction of the present
Art. is in like manner the locus
of the points of intersection of
pairs of corresponding rays of
the pencils
A'(ABCD..) and 4 (A'B'C'D'..),
i.e. the locus of the points in
which the pairs of lines 4’B and
AB', A'C and AC', A'D and
AD’,...intersect.

PROJECTIVE FORMS [85
The point U” obtained by the
construction of the present Art.
is in like manner the centre of
perspective of the ranges
a' (abed ...) and a (a'b'c'd’ ...),
1. e. the point in which the lines
joining the pairs of corresponding
points a'b and ab’, a’c and ac’,
d'd and ad’,...meet.

“

Fig.

If in place of A" and A any
other pair of points B’ and B, or
(" and C,... be taken as centres
of the auxiliarypencils & and 5,
the straight line «” must still
cut the two bases u and »’ in the
points P and ¢'; i.e. the straight
line %" remains the same.

If then ABC ... MN ... and
A'B'C’... M'N’... are two pro-

If in place of o’ and @ any
other pair of rays b’ and b, or ¢’
and ¢, ... be taken as transversals,
the point U” must still be the
intersection of p and ¢’ ; 4.e. the
point U” remains the same.

“If thefi abc ... mn ... and
a'b'c’ ... m'n’ ... are two projec-
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jective ranges (in the same plane),
every pair of straight lines such
as MN' and M'N intersect in
points lying on a fixed straight
line. This straight line passes
through those points which corre-
spond in each range to the point
of intersection of their bases
when regarded ag a point of the
other range.

*86. If the two ranges « and «’
are in perspective (Fig. 57) the
points I and @' will coincide
with the point O in which’ the
bases » and »’ meet; and since
the straight line which is the
locus of.the points (4B8’, A‘B),
(AC’, A'C), (A1Y, A'D),... and »
the straight line which. is the
locus of the points (BA’, B'A),
(BC', B'C), (BD', B'D), ... haver
two points in common, viz.0 and
(AB’, A’B), these straight lines
must coincide altogether. This
being so, A4A'BB’ is a com-
plete quadrangle, whose diagonal
points are O, S (the point where
AA’, BB, ... meet), and M (the
point of intersection of 4B’ and
A’B) ; consequently (Art. §g) the
straight lines « and u' are har-
monic conjugates with regard to
the straight lines «” and OS. If
therefore two transversals « and
w’ cut a flat pencil (a,b,c,...) in the
points (4, 4°), (B, B'), (C, ")...,
then the points of intursection of
the pairs of straight lines 4 B'and
A'B, AC’ and A’C, BC' and
B’C,.. lic on one and the same,
straight line %”, which passes
through the point uu’; and the
straight line joining uu’ to the
centre of the pencil is the har®
monic conjugate of u” with re-
spect to w and w’. )

From this follows tha solutior®
of the problem :

To draw the strasght line con-
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73

tive pencils (in the same plane)
every straight line which joins a
pair of points such as mn’ and
m’n passes through a fixed point.
This point is the intersection of
those rays which correspond in
each pencil to the straight line
joining the centres of the pencils
when regarded as a ray of the
other pencil.

If the two pencils 7 and U’
are in perspective (Fig. 59) the
rays p and ¢’ will coincide with
the straight line UU’; and since
through the point.of intersection
of the rays (al#, a'd), (ac¢’, d'c),
(a?’, a'd), ... and threugh’ the
point ﬁf intersection of the rays
(ba', V'a), (0c', b'c), (b, b'd),...
pass two different straight lines,
viz. UU’ and (ab’, a'd), these
points must coincide. This being
80, aa'bb’ is a complete quadri-
lateral, whose diagonals are 71,
s (the straight line on which
aa’, b}, ... intersect); and .m (tite
straight line which joins ad’ and
a'b) ; consequently (Art. 56) the
points U and U’ are harmonic
conjugates with regard to U/” and
the point in which s meets UU".
If therefore a range be projected
from two points U/ and U’ by the
rays (a,a’), (b, 1), (¢, ¢)..., then
the straight lines which join the
pairs of points (ab’, a'b), (ac’, a’c),
(be’, b'r),... meet in one and the
same point U”, which lics on the
line UT/'; and the point where
#he straight line UU’ cuts the
base of the range is the harmonic
conjugate of U” with respect to
Uand U'. .

From this follows the solution
of the problem :
To construct the point where a
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necting a guen point M with the
tnaccessible point of intersection of
two given strarqht lines u and w’,

7“

N

l
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qiven straight line m would be in-
tersected by a straight line (UU’)
which cannot be drawn, but which
ts delermined by s passing
through two given points U and
U'.

Fig. 57. .

Through M (Figs. 57 and 58)

draw two siraight lmos to cut » and join them to U by

On m (Fig. 59) take two points,
the

in 4 and B, .md u’ in B’ and A’ straight lines ¢ and b, and to U’

u”

. '
- /
/ T,
—— —

"

W O

(

Fig. 58.
respectively; join A.4°, BB’ meet-
ing in S. Through S draw any
straight line to cut » in C' and
@' in (', and join BC., B'C,
intersecting in¢ V. The stralg,ht
line j ]ommfr M and N will be the
line «” required.

* Fig. 59.

by the straight lines ' and o’
let s be the stranght line j ]ommg
the pomts of intersection of @ , &’
and b, b'. On s take any other
point andy joft it to U, U’ by the
straight lines ¢, ¢ respectlvely
The straight line m which joins
*the points b¢’ and b'c will cut m
in the point U” required.

If the straight lines u and «’ are, parallel to one another (Fig. 58)
the pr('('(-dm,r.r, construction gives the sotution of the problem given
two parallel straight lines, 1o draw through a given point a strasght
line parallel to them, makmg tase qf the ruler only.

87. If in the theorem of the
preceding article the flat pencil

If in the theorem of the pre-
ceding article the range consist
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consist of only three rays, the
theorem may be enunciated as
follows, with reference to the
thrf,e pairs of points 44’, BB’,

co

hexagon (six-point)
AB'C A' B¢’ (Fig. 60) has its ver-
tices of odd order (Ist, 3rd, and

S

..

.Fig. 60.

5th) on one straight line u, and
its vertices of even order (2nd,
4th, and Gth) on another straight
line u’, then jthe three pairs of
opposite sides (4B’ and AB', B'C
and BC’, CA’ and C'4) meet in
three points lying on one and the
same straight line w"*. €

Fig. 62. .

88. Returning to the con-
struction of Art. 84 (left), let the
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of only three points, the theorem
may be enunciated as follows
with reference to the three pairs
of rays aa’, bb’, cc’ :

If a hexagon (six-side) ab’ca’be’
(Fig. 61) be such that its sides
of odd order (1st, 3rd, and 5th)

Fig. 6L

meet in one point U, and its sides
ofreven order (2nd, 4th, and 6th)
meet in another pojnt U’, then
the three straight lines” which.
join the pairs of opposite vertices
(ad’ and a'b, b’c and bc’, ca’ and
c¢'q) pass through one and the
same point U".

Tig. 63. '

cturning to the construction
of Art. 84 (right), let the straight

* Parrus, loc. cit., Book vii. pgop. 139.
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centre S be taken at the point
where 44’ meets BB', and the
centre S’ at the point where A4’
meets CC' (Fig. 62). Then since
SB , S’B’ meet in B’, and SC,
S'C' in C, therefore B'C is the
straight line u”. Consequently
any other pair of corresponding
points D and D)’ are constructed
by observing that the straight
lines SD, S’ D' must meet on B'C.

From a consideration of the
figure SS'CLD'B, which is a
hexagon, we derdve the theorem :

.

In a hexagon, of which two ¢
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line joining the points aa’, cc’ be
taken as the transversal s, and
that joining the points aa’, bb’
as the transversal s’ (Fig. 63).
Then since the line joining the
points sb , s'b’ is b, and the line
joining the points so, s'c’ is ¢/,
thercfore bc’ is the point U”".
Consequently gny other pair of
corresponding rays d and d’ are
constructed by observing that the
points sd , s'd’ must be collinear
with bc'.

From a consideration of the
figure ss’cdd'b, which is a hexa-

*gon (six - side) we derive the

theorem : .
In a hexagon, of which two ver-

sides are seqgments of the bases of tices are the centres of two pro-
lwo projective ranges, and the four jective pencils, and the four others
others are the straight lines con- *are the povnts of tntersection of

necting four pairs of correspond-  four pairs of corresp

wng points, the straight lines which
Joun the three pairs of opposite
vertices are concurrent.

= 89. Jf insthe problem qf Art.
84 (left) the three straight lines
A44', BB', (' passed through
the same point S (if, for example,
A and A’ coincided), then the dwo
ranges would be in perspective ;
we should therefore only have to
draw rays through S in order
to obtain any number of pairs of
corresponding points (Fig. 19).

onding rays,
the three pownts in which the pairs
of opposite sides meet onc another
are collinear.

If the three points aa’, bb/, cc’
in Art. 84 (right) lay on the
same straight line s (if, for ex-
ample, @ and &’ coincided), then
the t@o pencils would be in per-
spective ; we should therefore
only have te connect the two
centres of the pencils with every
point of s in order to obtain any
number of pairs of corresponding
rays (Fig. 20).

90. If the two ranges u and u’ (Art. 84, left) are superposed one

upon the other, s.¢. 1f the six given points 44’BB'CC’ lie on the
same straight line (Iig. 64), we first project «' from an arbitrary
centre S’ on an arbitrary straight line u,, and then proceed to make
the construction for fhe case of the ranges w=(4BC...) and
u; =(A4,B,0,...), i.e. to construct with regard to the pairs of points
(A4,), (BB,), (CC,) in the way shown in Art. 84. A pair of corre-
sponding points D and D, of the ranges « and u, having been found,
the ray S'D; determines upon u’ethe point D’ which corresponds
to D.

The construction is simpler in the case where two corresponding
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points 4 and 4’ coincide (Fig. 65). When this is so, if u, be drawn
through A4, the range u, will be in perspective with u ; thus, after
having projected «’ upon %, from an
arbitrary centre §’,if S be the point

where BB, and CC; meet, it is w o
only necessary further to project u . /
from S upon u;, and then %, from

S’ upon u'. N i
The two collipear ranges u and /;',(“\f,' ¥,
u' have in general two self-corre- X Dgersme
sponding points; one at 44’, and <
a second at the point of inter- ww \i, pho 1
section of their common base line N
with the straight line SS". S i
1f then S8’ passes through the Koaihd
point uu,, the two ranges u and u’ N
have ogly ome self-corresponding . [ I
point. If it were desired to cen-
struct upon a given straight line : Fig. 64 _
two collinear ranges having 4 and
4' for a pair of corresponding points, and a single self-corre-
sponding point at M (Fig. 66), we should proceed as follows. Take
any point ', and draw any straight line w, through M ; project A’

p S
fo. s
N . . >
ARG
I“ \ \\\\ <
/ (I . € ~
\ ~
/ ‘\ >/\(;\ l: \\\\ b //v\ fall 4'\—<,
1 (R ~. Br . A
" v/ \‘\A N\ %}‘J €W Y / >A-
v p *~»\\\\j/—7‘\ “\\B'\ :C' W //
”.1 2 \\\‘\II \ S
[ R N -
1 \‘;5. N
Fig. 65. Fig. 6G.

from S’ on u, ; join the point 4, so found to 4, and let A4, meet
S'M in 8. Then fo find the point on " which corsesponds to any
point B on u, project B from S into B,, and then B; from 8’ into
B’ ; this last is the point required ,

If the two pencils U, U’ (Art. 84, right) are concentric, .e. if the
six rays aa’bb’cc’ pass all through one poipt, we first cut «’d’'c’ by
a transversal and then project the points of intersection from an
arbitrary centre U,. If a,by, are the projecting rays, we have then
only to consider the non-concentric pencils U and U, =(a,b,c,). Or
we may cut abc by a transvérsal in the points ABC, and a'd’c’ by
another transversal in 4’B’C’, ar.d then proceed with the two ranges
ABC..., A'B'C'... in the manner explained above.

The figures corresponding to these consjructions are not given ;
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the student is left to draw them for himself. He will see that in
these cases also the constructions admit of considerable simplification
if, among the given rays, there be one which is self-corresponding ; if,
for example, a and a’ coalesce and form a single ray, &c.

91. Consider two projective (homographic) plane figures = and =’ ;
as has already been seen (Art. 40), any two corresponding straight
lines are the bases of two projective ranges, and any ‘two corre-
sponding points are the centres of two projective pencils.

If the two figures have three self-corresponding'points lying in a
straight line, this straight line s will correspond to itself ; for 1t wjll
contain two projective ranges which have three self-corresponding
points, and every point of the straight line s will therefore (Art. 82)
be a self-corresponding point. Conseguently every pair of corre-
sponding straight lines of = and =’ will meet in some point on s, and
therefore the ¥wo figures are in perspective (or in homology in the
casc where they are coplanar). °

92. If two projective plane figures which are coplanar have three
self-corresponding rays alk meetin)s in a point O, this point will be
the centre_of two corresponding (and thercfore projective) pencils
which have three self-corresponding rays ; therefore (Art. 82) every
ray through O will be a self-corrésponding one. Hence it follows
that every pair of corresponding points ‘will be collipear with O ;
therefore the two figures are in homology.

93. If two projective plane (figures which are coplanar have four
self-corresponding points A, B, C, D, no three of which are collinear,
then will evely point coincide with ats correspondent.

For the straight lines AB, AC,AD, BC,BD,CD are all self-
corresponding ; therefore the points of intersection of 4B and CD,
AC and BD, BC and AD, i.e. the diagonal points of the quadrangle
ABCD, are all self-corresponding. Sincesthe three points 4 , B, and
(AB) (CD) are self-corresponding, every point on the straight line
AB coincides with its correspondent ; and the sdéme may be proved
true for the other five sides of the quudrangle. 1f now a straight line
be drawn arbitrarily in the plane, there will be six points on it which
are self-corresponding, those namely in which it 18 cut by the six
sides of the quadrangle ; and therefore every point on the straight
line is a self-corresponding one ; which proves the proposition.

In a similar*manner it may be shown that if two coplanar pro-
jective figures have four self-corresponding straight lines a, b, ¢, d,
JSorming a complete quadrilatcral (2 e» such that no three of them are con-
current), then every strasght line will coincide with its correspondent.

94. TrrorEm. Two ‘plane quadrangles ABCD , A'B'C'D’ are
always projective. .

(1). Suppose the two quadrangles‘to lie in different planes r,x".

Join AA4’, and on it take an arbitrary point S (different from 4’), and

through 4 draw an arbitrary plane =" (distinct from =) ; then from

S as centre project 4', B', ", D’ Yipon =" und let 4", B", C", D"
be their respective projections (4” therefore coinciding with 4).

In the plane « join A8, CD, and let them meet in £ ; so too in
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the plane =" join 4”"B", C"D", and let these meet in E”. The
straight lines ABE , A"B"E" lie in one plane since they meet cach
other in the point 4=A"; thercfore BB" and EE” will weet one
another in some point 8. .

Now let a new plane =" (distinct from #) be drawn through the
straight line ABl, and let the points 4", B”, ", D", E" be pro-
jected front S, as centre upon #''. Let 4'’, B, ¢, D', K"’ be
their respective projections, where 4'', B', K"’ are collinear and
coincide with 4 ,«B, E respectively, and ¢, D', £’ are collinear
also, since their correspondents C”, D", K" are collinear. The straight
lines CDE, C"'D''E'"" lie in one plane since they meet each other
in the point E=FE"'; therefore CC"’ and DD will meet one
another in some point S;. If now the points A", B', ¢, D" be
projected from S, as centre upon the plane , their projections will
evidently be 4,8, C, D. g
. The quadrangle ABCD may therefore be derived from the quad-
rangle AYB'C’D’ by first projecting the latter from § as centre upon
the plane =", then projecting the®new quadrangle so formed in the
plane =" from S, upon ='”, and lastly projecting the quadrangle so
formed in the plane #'’ from S, upon = ; that is to say, by means
of three projections and three sections*.

(2). The cage of two quadrangles lying in the same plane reduces
to the preceding one, if we begin by projecting one of the quadrangles
upon another plane. .

(3). If the two quadrangles (lying in diffcrent planes) have a pair
of their vertices coincident, say D and 1)/, then two prdjecticns will
suffice to enable us to pass from the one to the other; or, what
amounts to the same thing, a third quadrangle can be constructed
which is in perspective with each of the given ones ABCD,
A'B'C'D'. o .

For let there be drawn through 1) two straight lines s and ', one
in ecach of the planes; let s cut the sides of the triangle ABC in
L, M, N respectively, and let s’ cut the sides of the triangle A'B’'¢’
in L', M', N' respectively. 'Then in the planc ss’ the straight lines
LL', MM', NN’ will form a triangle which is in perspective at once
with 4BC and with 4'B'C’".

(4). If the quadrangles (still supposed ‘to lie in different plancs)
have two pairs of their vertices C=C’, D=1V coirfeident, then if
the straight lines 44’, BB’ meet one another the quadrangles will be
directly in perspective, the point of intersection O of 44" and BB’
being the centre of projection ; so that we can pass at once from the
one quadrangle to the other by one projection from ®. If 44’', BB’
arc not in the same plane, so that they do not meet one another, then
through CD let an arbitrary plane »” be drawn, and in it let the
straight line be drawn which mee:s AB and A'B’. If in this straight
line two arbitrary points 4", B: be tiken, then 4"B"C"D" will be

* GRASSMANN, Die ster trischen Queichungen dritten Grades und dic dadurch
erzeuglen Oberflichen Crelle’s Journal, vol. 49. § 4 (Berlin, 1855).
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a quadrangle which is in perspective at once with 4ABCD and with
A'B'C'D. '

95. From the theorem just proved it follows that two projective
plane figures = and =’ can be constructed when we are given two
corresponding quadrangles ABCD, A'B'C'D'; for the operations
(projections and sections) which serve to derive A'B'C'D’ from
ABCD will lead from any point or straight line whatever of = to
the corresponding point or straight line of =’ ; and vite versa.

Or, again, it may be supposed that two corrgspondipg quadri-
laterals are given. Tor if in these two corresponding pairs o?oppoaite
vertices be taken, we have thus two corresponding quadranglés ;
and the operations (projections and sections) which enable us to
derive one of these quadrangles from the other will also derive ‘the
one quadrilateral from the other.

96. Two plene figures may also be made projective in another

manner ; leaving out of consideration the relative position of the
planvs in which they lie, we.may operate on each of tke figures
separately®*. Suppose that we ase given, as corresponding to one
another, two complete quadrilaterals abed, a'b'c'd’.  We begin by
constructing, on each pair of corresponding sides, such as ¢ and ',
the projective ranges which are determined by the three pairs of
corresponding points ab and «'b’, ac and a'c’, ad and a'd’. This
done, to every point of any of the four straight lines®a,b, ¢, d will
correspond a determinate point of the corresponding linc in the
other figure. '
* (1). Now:let in the firs§ figure a transversal m be drawn to cut
a,b,c,dind,B,C, D respectively ; then the points 4°, B', ', D’
which correspond to these in the sccond figure will in like manner lie
on a straight line o',

For, considering the triangle abe, cut Qy the transversals ¢ and m,

the product of the three anliarmonic ratios

« (bedm) , b (cadm) , ¢ (abdm)*
is equal to +1 (Art. 140) ; but these anharmonic ratios are equal
respectively to the following :

Wed). 4", b'(ca'd’). B}, {¢(a'b'd'). C"},

so that the product of these last three is algo equal to +1. And
therefore, since the points a'd’, V'd’, ¢'d’ are collinear, the points
A’y B', (' are also collincar (Art. 140).

By considering in the same manner the triangle abd, cut by the
transversals ¢ and o, it can be shown that 4’, B, D’ are collinear ;
it follows then that the four points 4’, B’, C’, D’ all lie on the same
straight line m', the correspondent of m.

This proof holds good also when m passes through one of the
vertices of the quadrilateral abed ; if for example m pass through
cd, the anharmonic ratios ¢(ahdm), d(abem) will each be equal to +1 ;
the reasoning, however, remains unaltered. ,

* STaURT, Geom. der Lage, Art. 130.
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Thus every pair of corresponding vertices of the quadrilaterals
abed , @'b'c'd’ (for example ¢d and c’d’) become the centres of two
projective pencils, in which to ¢,d, (cd)(ab) correspond ¢', &', (¢'d’)(a'd’)
respectively, and to any ray cutting @ , b in two points P, Q corre-
sponds a ray cutting @', b’ in the two corresponding points I, Q'

(2). The two ranges ABCD , A'B'C"D’ in which the sides of the
quadrilatetdls.abed , a’b'c’d’ are respectively cut by two corresponding
straight lines m , m’ are projective.

For, considering the triangle bem, cut by the transversals a and d,
the product of the anharmonic ratios of the three ranges

be , B, ba , bd
C,ch,ca, cd
B C,4,D
is equal to +1. And considering in like manner in the other planc
the triangle b’c’m’, cut by the trensversals o’ and &, the product of
the anharmonic ratios of the three ranges
e, B' pb'a’,b'd
¢ L, dd,dd
r,c ., 4,n0
is also equal to +1. But the range in which b is cut by the peneil
emad is equigpnharmonic with the range in which b’ is cut by the
pencil ¢'m'a’d’ ; 4.e. the ranges
be , B, bur, bd
o', B b, Wd .
are equianharmonic ; and for a similar reason the ranges
¢,ch,ca, cd
c,dv,dd , d
atc equianharmonic. Ther#ore the ranges
B,C,A4,D
B , Gi , A’ , D
will be equianharmonic and therefore projective ; whence it follows
that the projective ranges m and m' are determined by means of
the pairs of corresponding points lying on @ and @’, on b and &', and
oncand ¢'. :

(3). If the straight line m turn round a fixed poiat A, then m’
also will revolve round a fixed point.

For by hypothesis the points 4 and B, in which m cuts ¢ and b,
describe two ranges in perspective whose self-corresponding point is
ab. Similarly the points 4’, B’ describe two rangeg, which, being
respectively projective with the ranges on a, b, are projective with
one another; and these arc further scen to be in perspective,
since they have a self-corresponding point a'd’. Consequently
the straight line m’ will always pass through a fixed point A1’, the
correspondent of A ; and will éherefore trace out a pencil. The
pencils gencrated by m and ' arc projective, since the ranges
aretprojective in which they are cut by a pair of corresponding

1514 G :
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sides of the quadrilaterals, e.g. by @ and a’. To the rays of the
pencil M which pass respectively through the vertices ab , ac , ad ,
be , bd , cd of the quadrilateral abed correspond the rays of the pencil
M’ which pass respectively through the vertices a'd’, a'c’, a'd’, b'c’,
b'd', ¢'d’ of the quadrilateral a'b’c’d’.

This reasoning holds good also when the point M, round which
m turns, lies upon one of the sides of the quadrilateral, on ¢ for
example ; because we still obtain two ranges in perspective upon
two of the other sides. Since ¢ is now a ray of'the pencil M, ¢’
will be the corresponding ray of the pencil M’ ; that is to say, M’
will lie on ¢’. If M be taken at one of the vertices, as ed, then
MM’ will coincide with ¢'d’, &c.

(4). Now suppose the pencil M to be cut by a transversal », and
the pencil M’ to be cut by the corresponding straight line #’. 'While
the point mn"Uescribes the range n, the corresponding point m'n’
will describe the range n’; and these two ranges will be projective
since they are sections of twd projective pencils. When the point
mn falls on one of the sides of thé quadrilateral abed, the point m'n’
will fall on the corresponding side of the quadrilateral o'd'c'd’ ;
therefore the two projective ranges are the same as those which it
has alrcady been shown may be obtained by starting from the pairs
of corresponding points on @ and @', b aind ¥', ¢ and ¢t

In this manner the two planes become related to one another in
such a way that there correspends uniquely to cvery point in the one
a point in the other, to every straight line a straight line, to every
range pro}ective range, ‘o every pencil a projective pencil. The
two figures thus obtained arc the same as those which can be obtained,
as explained above (Art. 95) by means of successive projections and
sections, so arranged as to lead from the quadrilateral abed to the
quadrilateral a’b’c’d’. Vor the two fidures =’ derived from = by
means of these two processes have four self-corresponding straight
lines o', ¥, ¢, d’ forming a quadrilateral, and therefore (Art. 93)
every clement (point or straight line) of the one must coincide with
the corresponding element in the other ; si.e. the two figures must
be identical.

97. TnroREM. Any two projeciive plane fiqures (the straight lines
at infinity n which are not corresponding lines) can be superposed one
upon the other so as to become homological.

Let ¢, j' be the vanishing lines of the two figures—i.e. the
straight lincs 1n each which cortespond respectively to the straight
line at infinity in the other. In the first place let one of the figures
be superposed ‘apon the-other in such a manner that ¢ and j' may be
parallel to one another. Since to any point M on ¢ corresponds a
point at infinity in the second figure, vo the pencil of straight lines
in the first figure which meet in M cnrresponds in the second figure
a pencil of parallel rays. ‘Through M draw the straight line m
parallel to these rays ; then m will ﬁe parallel to its correspondent m'.
Similarly let a second point N be taken on ¢ and through N let the
straight line n be drawn which is parallel to its correspondent n';
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let m and n meet in S, and =’ and »’ in S’. If through S a straight
line ! be drawn parallel to 4, its corresgondent I’ will pass through S’
and will also be parallel to 4, since the point at infinity on ¢ corre-
sponds to itself. The corresponding pencils S and 8’ are therefore
such that three rays I, m , n of the one are severally parallel to the
three corregponding rays l', m/, n’ of the other; and consequently
(sce below, Art. 104) the two pencils are equal. Now let one of the
planes be made to slide upon the other, without rotation, until &’
comes into coincidence with S ; then the two pencils will become con-
centric ; and since they are equal, every ray of the one will coincide
with the ray corresponding to it in the other. This being the case,
every pair of corresponding points will be collinear with S, and the
two figures will be homological, S being the centre of homology.

98. Suppose that in a plane = is given a quadrangle ABCD, and
in a second plane =’ a quadrilateral ¢'b’c’d’. By mguns of construc-
tions analogous to those cxplained in Arts. 94 96, the points and
straight lines of the one plane can be put into unique correspondence
with those of the other, so that to any range in the first plane corre-
sponds in the second plane a pencil projective with the said range,
and to any pencil in the first plane corresponds in the second plane
a range projective with the said pencil. Two plane figures related
to one anothes in this manner are called correlative or reciprocal.



CHAPTER XI

PARTICULAR CASES AND EXERCISES

99. 'I'wo ranges arc said to be similar, when to the points
4,B,C, D,..of the onc correspond the points 4’, B,
c¢,n,. of the other in such a way that the ratio of a.ny
two corre%pondmg segments AB and A'B’, AC and A'C,.
is a constant."

If this constant is unity, the rarges are said to be equal.

Two similar ranges gre projective, every anharmonic ratio
such as (ABCD) being equal to the corresponding ratio
(A’B’C’D’). For suppose the
bases of the two ranges to lio
in the same plane (Fig. 67)
and let their point of inter-
scction be denoted by P’
when considered as a point
belonging to »’ and by @
when considered as a point
belouging to u. Let 4 , A’
be any pair of corresponding points; P that point of u
which corresponds to P’, and @’ that point of ' which corre-
sponds to @. Draw A A" parallel to «’, and A’A” parallel to u.

The triangles PQQ’, PAA" have the angles at Q and A
equal and the sides about these equal angles proportionals,
since by hypothesis

PQ/P'Q =PA/P'A’ = PA/AA”

Therefore the triangles are similar, and the angles QP@Q’ and
APA" arc equal ; and conscquently the points P, @', A” are
collinear. If then th$ range ABC ... be projected upon PQ’,
by straight lines drawn parallel to u’, we shall obtain the
range A" B" ("...; and from this last, by projecting it upon
u’ by straight lines dra.wrf'parallel to Uy tho range A’ B’ (' ...
may be derived.

If PQ=P'Q, i.c. if the straight line PQ’ makes equal
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angles with the bases of the given ranges, the ranges are
equal.

To the point at infinity of u corresponds the point at
infinity of .

100. Conversely, if the points at infinity I and I’ of two
projectivesranges w and u’ correspond to each other, the ranges
will be similar. For if (Fig. 67) u be projected from I’, and w’
from I (as in Alt. 85, left), two pencils of parallel rays will be
formed, corresponding pairs of which intersect upon a fixed
straight line «”. The segments A” B" of u” will be propor-
tional to the scgmenis 4B of % and also to the segments
A’ B’ of ' ; consequently the segments AB of u will be
proportional to the segments 4’B’ of w'.

Otherwise: if AA’, BB’, CC’ arc three pairs of corre-
sponding points, and I, I’ the points at infinity, we have
(by Art. 73) (ABCI)= (A'B'C'T’); or (by Art. 64), since
I and I’ are infinitely distant, AC/BC =A'C’/B'C’, an
equation which shows that corresponding segments are
proportional to one another.

Ezamples. If a flat pencil whose tentre lies at a finite distance
be cut by two parallel straight lines, two similar ranges of pointy
will be obtained. -

Any two sections of a flat pencil composed of parallel rays are
similar ranges.

In these two examples the ranges aye not only projective. but also
in perspective : in the first case the self-corresponding point lies at
infinity ; in the second case it lies (in general) at a finite distance.

101. Two flat pencils, whose centres lic at infinity, are
projective and are called similar, when a section of the one
is similar to a section of the other. When this is the case any
other twp scctions of the pencils will also be gimilar to ono
another.

102. From the equality of the anharmonic ratios we con-
clude that two cqual ranges are projective (Art. 79), and that
conversely two projective ranges are«qual (Art. 73), when
the corresponding segments which are bounded by the
points of two corresponding triads ABC and A'B’C’ are
equal ; ¢.e. when A'B’ = 4B, 4’6" = AC, (and consequently
B'C’ = BO). d *

Examples. 1f a flat pencil consisting of parallel rays be cut by
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two transversals which are equally inclined to the direction of the
rays, two directly equal ranges of points will be obtained *.

If a flat pencil of non-parallel rays be cut by two transversals
which are parallel to one another, and equidistant from the centre
of the pencil, two oppositely equal ranges will be obtained *.

103. Two similar ranges which lie on the same base, and which
have one self-corresponding point N at infinity, have also a second
such point M, which is in gencral at a finite distance. If A4’, BB’
are two pairs of corresponding points, ¢

MA:MA' =AB: A’'B' = a constant.

To find M therefore it is only nccessary to divide the segment 44’
into two parts MA , MA' which bear to one another a given ratio.

This ratio MA : MA’' is equal (Art.54) to the anharmonic ratio
(A4'MN). 1f its value is — 1, the points A4’MN are harmonic
(Art. 68), 4.e. #1*is the middle point of AA4’, and similarly also that
of every other corresponding segment BB, ...; in other words, the
two ranges, which in this case are pppositely equal, are composed of
pairs of points which lie on opposite sides of a fixed point A, and
at equal distances from it.

But if the constant ratio is equal to + 1,4.e. if MA and M A’ are
equal in sign and magnitude, the point M will lic at infinity. For
since (AA'MN)=1, ... (NMA'A)=1 (Art. 45); consequently the
points M and N coincide.

It follows also from the construction of Art. 90 (Fig. 66) that two
ranges on the same base, which have
a single self-corresponding point lying
at nfinity, are directly equal.

For if in Fig. 66 the point M
move off tg infinity, the straight lines
S8 and /ﬁlﬁ become parallel to the

B

Z/ x \/"' given straight line » or 4’ on which

N the ranges lie (Fig. 68), and as

A ' the triangles S4,B; and S'A,B; lie

Fig. 68. upon the same base and between the

same parallels, the segments which they

intercept upon any parallel to the base are equal ; thus AB=A'B’,

or two correspording segments are equal ; consequuntly 44'=BB,

1.c. the segment bounded by a patr of corresponding points is of constant

length. We may therefore suppose the two ranges to have been

generated by a segment given in sign and magnitude, which moves

along a given gtraight line; the one cxtremity 4 of the segment

describes the one range, and the other extremity A’ describes the
other range. L

Conversely it is evident that if a segment 44’, given in sign and

* Imagine a moving point P to trate out a range A BC ... and its correspondent
P’ to trace out simultancously the cqual range 4°3'C’.... Then if P and P’
move in the samo direction, the two ranges are said to be directly equal ; if P
and P’ move in opposite direstions, the ranges arc said to be opposstely equal.
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magnitude, slide along a given straight line, its extremities A and A’

will describe two directly equal (and consequently projective) ranges,

Evhlch have a single self-corresponding point, lying at an infinite
istance.

104. Two flat pencils are said to be equal when to the
elements of the one correspond the elements of the other in
such a way that the angle included between any two rays
of the first pen+il is equal in sign and magnitude to the angle
igcluded between the two corresponding rays of the second.

It is evident that two such pencils can always be cut by
two transversals in such a way that the resulting ranges are
equal ; but two equal ranges are always projective ; there-
fore also two equal flat pencils are always projgeitve.

Conversely, two projective flat pencils abed ... and a’b’c’d’ ...
will be equal if three rays abe of the one make with éach “other
angles which are equal respectively to those which the three
corresponding rays make with each other.

This theorem may be proved by cutting the two
pencils by $wo transversals in such a way that the scctions
ABC and A'B’C’ of the groups of rays abec and a’b’c’ may
be equal. The projective rangés so formed will be equal
(Art. 102) ; consequently also the other corresporiding angles
ad and a’d, ... of the given pencils must be equal to one
another.

105. Since two equa} forms (ranges or flat pencils) are
always projective with one another, it follows that if a range
or a flat pencil be placed in a different position in space,
without altering the relative position of its clements, the
form in its new position will be projective with regard to the
same form in its original position.

106. Consider tvo equal pencils qabed ... and a’b’¢’d’ ... in
the samec plane or in parallel planes; and 8uppose a ray
of the one pencil to revolve about the centre and to describe
the pencil ; then the corresponding ray of the other pencil
will describe that other pencil, by revplving aRout its centre.
This revolution may take place in the same direction as
that of the first ray, or it may be in the opposite direction ;
in the first case the pencils are spid to be directly equal, and
in the second case to be oppositely equal to one another.

In the first case the angles aa’, bb’, c¢/, ... are evidently all
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equal, in sign as well as in magnitude ; conscquently a pair
of corresponding rays are either always parallel or never
parallel.

In the second case two corresponding angles arc equal in
magnitude, but of opposite signs. If then one of the pencils
be shifted parallel to itsclf until its centre coineides with
that of the other pencil, the two pencils, now concentrie, will
still be projective (Art. 105) and will evidently have a pair of
corresponding rays united in each of the bisectors (internal
and external) of the angle included between two correspond-
ing rays a and a’. It follows that these rays are also the
bisectors of the angle included between any other pair of
correspondingways. 1f the first pencil be now replaced in its
original ,position, so that the two pencils arc no longer con-
centric, we sce that there are ¢n each pencil two rays, each of
which 1s parallel o its correspondent in the other pencil ; and
these two rays are at right angles to each other, since they are
parallel to the biscctors of the angle between any pair of
corresponding rays. ¢

107. If two flut pencils qbed ... and a’b’c’d’ ... are projective,
and if the angles aa', bb', c¢’ included by three pairs of corre-
sponding rays are equal in magnitude and of the same sign,
then the angle dd’ included by any other pair of corresponding
rays will have the same sign and magnitude.

For if we shift the flrst pencE parallel to itself until it
becomes concentric with the second, and then turn it about
the common centre through the angle aa’, the rays a, b, ¢ will
coincide with the rays o', 0, ¢ respectively. The two Jpencils,
which are still projective (Art. 105), have then three sclf-
corresponding rays ; consequently (Art. 82) every other ray
will coincide yith its cérrespondent. Tt now -the first pencil
be moved back into its original position, the angle dd’ will
be cqual to ua'. -

108. As the angles aa’, bV, cc', ... of two directly equal
pencils are equal to bne another, such pencils, when con-
centric and lying in the same plane, may be generated by
the rotation of a constant angle aa’ round its vertex O,
supposed fixed ; the one arm a traces out the one pencil,
while the other arm a’ traces ou't the other pencil.

Conversely, if an angle of constant magnitude turn round
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its vertex, its arms will trace out two (directly) equal and
thercfore projective pencils. Evidently these pencils have
no self-corresponding rays.

A transversal cutting these two pencils determines on
itself two collinear ranges having no self-corresponding
points, *

What has been, said in Arts. 104-108 with respect to two pencils
in a planc might be repcated without any alteration for the case of
two axial pencils in space.

109. (1). Let ABC..., A'B'(".. be two projective ranges lying
upon the same base, and let them, by means of the pencils abe...,
a'b’c’..., be projected from didierent points U, U'. Let 7, j' be thog»
rays passing through U, U’ respectively, which are narallel to the
given base, and let ¢, j be the rays corresponding to them. The
points I’, J in which these last two rays cut the given base, willsthen
be those points which correspond ¢o the point at infinity (I or J') of
the base, according as that point is regarded as belonging to the
range ABC... or to the range A’B'("... .

The fact that the two corresponding groups of points are pro-
jectively related gives an equation between the anharmonic ratios,
from which we deduce (as in Art. 74)

JA.I'A'=JB.I'B'=aconstant; . . . . (1)
i.e. the product JA.1I'A" is constant for every pair of points 4, A".

Let O be the middle point of the segrent JI’, and 0 the point
corresponding to O regarded as a point belonging to the first range.

Since the equation (1) holds for every pair of corresponding points,
and therefore also for O and O, we have

JR.I'A'=Jo.ro, . . . . (2)
or (04~ 0d) (04'-0I')+0J (00" --0I') =0
or since ol'=—-0J,

04.04'--0I' (04—04'+00') =0. . . . . (3)
Let us now enquire whether there are in this case any sell-
corresponding points. If such a point exist, let it be denoted by I ;
then replacing both 4 and 4’ in (3) by E, we have
. OE2=0l'.00'. . . .~ . . . (1
We conclude that when OI'. 00’ is positive, .e. when 0 does not
lie between I’ and O, there are twe self-corresponding points £ and
F, lying at equal distances on opposite sides of O, and dividing the
segment /'O’ harmonically (Art. 69). . .
When O lies between I’ and (¥, there are no such points. \
When O coincides with ©, there is only one such point, viz. the
point O itself. .
(2). Imagine each of the given rangts to be generated by a point
moving always in one direction®. If the one range is described in

* STEINER, loc. cil., p. 61, § 16, II. Collected Works, vol. i. p. 280.
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the order 4BC, the other range will be described in the order 4'B'C’;
this order may be the same as the first, or may be opposite to it.

If the order of ABC is opposite to that of 4'B'(", the same will be
the case with regard to the order of IJA and that of I'J'4’, and
again with regard to the finite segment JA and the infinite segment
J'A"; i.e. the finite segments J4 and I'4’ have the same sign. In
consequence therefore of equation (2), JO and I'0’ have the same
sign ; so that O does not fall between I’ and O’ (Fig. 69 a) ; there
are therefore two self-corresponding points. And,these will lie out-
side the finite segment J1I’, since OF is a mean proportional between
01" and 00'. .

If the order of ABC is the same as that of A'B'C’, we arrive in

a similar manner at the con-

w ] o — " ‘lusion that J4 and I'4’,
{ W N ¥ ¥ and again JO and I'0’, have
] s il «  opposite signs. In this case

S et v, then, self-corresponding points
Fig. 69. e exist if O does not lie be-

tween I’ and O ; that is, if
(7 lies between O and I’ (Fig. 69). And these will lie within the
segment JI', since OF is a mean proportional between OI' and 00'.

(3). Suppose that there are two sclf-corresponding points E and

F (Fig. 70) ; draw through £ any straight line, on Which take two
i points S, 8'; and project one
s ! of the ranges from S and the
1 other from §’. The two pencils
bpr N which result are in perspective,
: -~ Tk /~p _ since they have a self-corre-
v- o sponding ray SES'; accordingly
! A thq corresponding rays SA4 and
el Y S'4A’, SB and S'B, ... SF and
i N'F’ will intersect in points
Fig. 70 lying on a straight line "

which passes through F.

Let E” be the point where this straight line «” meets S8’. Then
EFAA" and EFBB' are the projections of EE"SS’ from the centres
A" and B” respectively ; therefore KFAA’ and EFBB’ are projective
with one another; thus the anharmonic ratio of the gystem con-
sisting of any two corresponding points together with the two
self-corresponding points is constant.

In other words : two projective forms which are superposed one upon
the other, and which have two self-corresponding elements, are composed
of pairs of clements which give with two fixed ones a constant anhar-
monic ratio *. <.

(4). Next suppose that there are no sclf-corresponding points ; so
that O lies between 0" and I (Fig. 7I). Draw from O a straight line

* The above construction gives the solution of tlte problem : Given two pairs

A, Aand B, I of corresponding points, and one of the sclf-corresponding puints
E, to find the other sclf-cosresponding point.
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OU at right angles to the given base and make OU the geometric
mean between I'0 and 00’ ; thus I'UO’ will be a right angle.

Again, draw through U the straight line 1U/J’ parallel to the given
base; then the angle IUI' will be equal to JUJ’, and the angle
0UO’ will be equal to OI'U and

therefore to IUI'. Thus in the y v .

two projective pencils which pro- IR

ject the two given ranges from U, A AN

the angles IUIS JUJ', OUO' . &/ 1\, N
includeg by three pairs of corre- ¥ = =
sponding rays are all equal ; con- .

sequently (Art. 107) the angles Fig. 71

AUA', BUB, ... are also all equal
tothemand toone another,and are all measuredin thesamedirection *.

Thus : two collinear ranges which have no self-corresponding points
can always be regarded as generdied by the iniersection of their base
line with the arms of an angle of constant magnitude which revdlves,
always in the same direction, abouteits verter.

110. We have secn (Art. 84) the general solution of the problem :
Given three pairs of corresponding elements of two projective one-
dimensional forms, to construct any desired number of pairs ; or, in
other words, to construct the element of the one form which corre-
sponds to a given element of the other. The solution of the following
particular cases is left as an exercise to the student :

1. Suppose the two forms to be two ranges « and «’ which lie on
different bases ; and let the given pairs of clements be = .

(a) Pand P', Qand Q'f, Aand 4';
(b) Pand P', Aand A’, Band B';
(¢) IandIl’'y, JandJ’, Pand?’;
(d) IandI'® JandJ’, Aand A';
(¢) Jandl’', Pand P, Qand@';
(f) *IandI’';, Pand P, Aand 4';
(g) IandI’', Aand A’, Band B'.

2. Solve problems (d) and (g), supposing the ranges to be collinear.

3. Solve the problems correlative to (a) and (b) when the two given
forms are two non-concentric pencils.

4. Suppase one of the pencils to have ifs centre atgnfinity.

5. Suppose both the pencils to have their centres at infinity.

111. He may also prove for himself the following proposition :

If the three vertices A , A', A" of a variable iriangle slide respectively
on three fized straight lines u, u', u” which meet tn a point, while two
of its sides A'A", A" A turn respectively round two fized points O and
O, then will also the third side A4’ always pass through a fized polnt
0", collinear with O and O'. ~

It is only necessary to show-that the points 4, 4’, 4" in moving

* CuasvEs, loc. cit., p. 118 ‘
tP,P,Q,¢,1,I' J,J havethesame meaningasin Art.84; 4, B, ...
are any given points. ‘
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describe three ranges which are two and two in perspective. Or the
theorem of Art. 16 may be applied to two positions of the variable
triangle.
This proposition proved, the following corollary may be at once
deduced :
2y v gome wurvnve 2a , A’y A%, A" of a variable quadrangle slide
respectively wpon four fired sfraight lines
which all pass through the same point O,
while three of its sides 1A', A'A", A"A""
turn respectively round three fixed poinis
¢, B", B, then will the fourth side
A"'A and the diagonals AA", A'A"’'
pass respectively through three other fixed
points C"'", C", B",” which are deter-
maned by the three former ones. The siz
Jixed povnts are the verlices of a complete
quudrilateral, i.e. they lie threc by three
on four straight lines (Fig. 72).
In a similar manner may be deduced
the analogous corollary relating to a polygon of n vertices.
112. Turorem. If a triangle 0,0,0, circumscribes another triangle
U U U, there exist an tnfimite number of triangles each of which is
circumscrived about the former and inscribed in the latter (Wig. 73).
The two pencils i
0, (Uy, Uy, Ug...) and Oy (U, U, , U, ...)
obtaind by projecting the range U,Us,... from 0, and from O, are
cvidently in perspective. Similarly the pencils
0, (U, Uy, Uy...) and 05 (U, Uy, Uy ...)
obtained by projecting the range U,Uy... from O, and from 0,, are
in perspective. Therefore the pencils
0, (Uy, Uy, Ug...) and O, (Uy, Uy, Uy ...)
are projective (Art. 41); but the rays O,U; and O,U; coincide ;
therefore (Art. 62) the pencils are in perspective, and their corre-
sponding rays intersect in pairs on U,U,.
There are then three pencils Oy, 0,, O,
which are two ald two in perspective ;
corresponding rays of the first and
second, second and third, third and first,
intersecting in pairs on the straight lines
U, U,, U,U,, U,U, respectively. This
¢ shows that every triad of corresponding
rays will form a triangle which is cir-
cumscribed about the triangle 0,0,0,,
and inscribed in the triangle U,U,Ug*.
*118. THEOREM. A wvariable straight
re turning about a fized point U cuts two' fized straight lines u and

* STEINER, loc. cit., pe85. § 23, II. Collected Works, vol. i. p. 207.
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u' in A and A’ respectively ; tf S, 8’ are two fized points collinear
with uu', and SA , 8'A' be joined, the locus of their point of inler-
section M will be a straight line *.

To prove this, we observe that the points 4 and 4’ trace out
two ranges in perspective with one another, and that consequently
the pencils generated by the moving rays S4 , 8’4’ are in perspective
(Arts. 41, 80).

The demonstration of the correlative theorem is proposed as an
exercise to the student.

114. TaeorEM. U, S, 3’ are three collinear points ; a transversal
turning about U cuts two fixed straight lines u and u' in A and A’
respectwvely ; 1f SA , 8'A" be joined, their point of intersection M will
describe a stravght line passing through the point uw’ §.

The proof is analogous to that of tﬂe preceding theorem.

The proposition just stated may also be enunciat-d as follows :

If the three sides of a variable triangle AA'M turn respectively gbout
three fized collinear points U, S, S', while two of its vertices A , A’
slide respectively wpon two fixed strlisght lines u , w', then will the third
vertex M also describe a straight line .

In a liké manner may be demonstrated the more general theorem :

If a variable polygon of n sides displaces itself tn such a manner that
each of ils sides passes through one of n fized collinear points, while
n—1 of its vertices slide each on one of n—1 fixed straight lines, then
will also the remaining vertex, and the point of tnterseclion of any
lwo nmon-consecutive sides, describe straight lines §. '

The correlative proposition is indizated in Art. 85. «

115. ProBLEM. Given a parallelogram ABCD and a point P in ils
plane, to draw through P a parallel to a given straight line EF also
lying in the plane, making use of the ruler only.

First Solution.—Let E a®l F (Fig® 74) be the points where the
given straight lice is cut by 4B and
AD respectively. *On AC take any
point K ; join EK, meeting CD in
@, and FK, meeting BC in H.

The friangles AEF , CGH are
homological (Art. 18), since AC , EG , )
FH mect in the same point K; and  +— .
the axis of homology is the straight -
line at infinity, since the sides Fig. 74.

AE , AF of the first triangle.ate

parallel respectively to the corresponding sides CG, CII of the
second. Therefore also the remaining sidessEF and &H are parallel
to one another ||. . \

* Parpus, loc. cit., book VIL. props. 123, 139, 141, 143 ; Cmasres, loc. cit.,
pp. 241, 242. . .
1 CuaswLgs, loc. cit., p. 242.
1 This is one of Euclid’s porisms. 8ce Parrus, loc. cit., preface to book VIL
§ This is one of the porisms of Parrus ; loc. cit., preface to book VIL
|| PoNcELET, Prop. proj., Art. 198. ¢
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The problem is thus reduced to one already solved (Art. 86),
viz. given two parallel straight lines EF and GH, to draw through
a given point P a parallel to them.
Second Solution *—Produce (Fig. 75) the sides 4B, BC, CD, DA
Q P and a diaﬁolnal AC of the
- .» = given parallelogram to meet
NG / the givgn straight Ine EF in
) AT E,F,G,H,]I respectively, and
m E 7 join EP , GP. " Through I draw
h any straight line cutting EP jn
A’ and GP in €', and join HA',
FC'; if these meet in @, then
y will| PQ be the required straight
- line.

F'&; & . For if B’ denote the point
where EP cuts FQ, and J¥ the point where GP cuts HQ, the
parallelograms ABCD and A'B'C'I) sre homological, EF %eing the
axis of homology. The point P %orresponds to the point of inter-
section of AB and CD, and the point § to that of BC and AD;
therefore PQ corresponds to the line at infinity in the first figure ;
accordingly it is the vanishing line of the second figure, and con-
sequently I’Q is parallel to EF (Art. 18).

116. ProBLEM. Gven a circle and its cenire ; to draw a perpen-
dicular to a given straight line, making use of the ruler only.
Draw tweq diameters AC , BD of the circle (Fig. 76) ; the figure
AB(Des then a rectangle.. Accordingly, if any point K be taken on
¢ the circumference, then by means of the last
proposition (Art. 115) a parallel KL can be
drawn to the given straight line EF. If
the potnt L whi®e this parallel again meets
the circumference be joined to the other
cxtremity M of the diameter through K, then
cvidently LA will be perpendicular to
and therefore also to the given strajght line.
117. ProBLEM. Given a segment AC and
Fig. 76. its point of bisection B, to divide BC anto
n equal parts, making use of.the ruler only.
Construct a” quadrilateral ULDN (Fig. 77) of which one pair of
opposite sides DL , NU meet in 4, the other pair LU , DN in C, and
of which one diagonal DU passes through B ; the other diagonal LN
will be parallel to AC (Art. 59), and will be bisected in M by DU.
Now construct a secorrd quadrilateral VMEO which satisfies the
same conditions as the first, and which moreover has M for an
extremity and N for middle point of that diagonal which is parallel
to AC. To do this it is only necessary to join AM and BN, meetin,
in K, and to join CE ; this last will cut LN produced in a point
such that NO=MN=LM. Now" construct a third quadrilateral

LAMBERT, Freit Perspective (Ziirich, 1774), vol. ii. p. 169.
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analogous to the first two, and having N for an extremity and
O for middle point of that diagonal which is parallel to AC. If P
is the other extremity of this diagonal, then OP=NO=MN=LM.

Proceed in a similar manner, until #he number of the equal segments
LM ,MN,NO,0P, ... is equal to n.

If PQ isthe segment last obtained, join LB, meeting QC in Z
the straight lines which join Z to the points M , N, O, P, ... will
divide BC into n equal paris *.

118. The following problems, to be solved by aid of the tuler only,
are left as excrcises to the student :

Given two parallel straight lines AB and » ; to bisect the segment
AB (Art. 59). .

Given a segment 4B and its point of bisection €' ; to draw through
a given point a parallel to AB (Art. 59).

Given a circle and its centre ; to bisect a given angle (Art. 60).

Given two adjacent equal #ngles AO0C, COB; to draw a straight
line through O at right angles to OC (Art. 60).

119. THEOREM. °If two triangles ABC | A'B'C  lying in diffcrent
planes o, o', are in perspective, and if the
plane of one of them be made to turn round
ad’, then the point O in which the rays
AA', BB, CC' meet will change its
position, and will descrile a circle lying in
a plane perpendicular to the line oo'f.

Let D, E;F (Fig. 78) be the
points of the straight line we’ in
which the pairs of corresponding sides
BCand B'C’,CA and C'A’, ABand A'B’
meet respectively (Art. 18). First con-
sider the planes of the triangles to have any given definite position,
and let O be the centre of projection for that position. Through

* These and other problems, to be soWved by aid of the ruler only, will be found
in the work of LAMBERT quoted above.

t Cuasvzs, loc. cit., Arts. 368, 369. This propositipn has already been proved
by a different method in Art. 22.
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O draw OG , OH , OK parallel respectively to the sides of the
triangle A'B'C’; as ‘these parallelslie in the same plane (parallel to
a’) they will meet the plane ¢ in three points ¢ , H , K of the
line 7o

Now supposc the plane o' together with the triangle A'B'C’
to turn round the line so’. The range BCDG is in perspective
with the range B'C'DG' (where G denotes the point at infinity
on B'C’); therefore the anharmonic ratio (BCDG) is equal to the
anharmonic ratio (B'C'DG’), i.e. to the simplé ratio B'D:(C'D
(Art. 64), which is constant. Since then B, C, D are fixed points,
¢ must also be a fixed and invariable point (Art. 65). From the
similar iriangles OBG' , B’ BD

OG:B'D: :BG:BD,

. 0G=B'D.BG/BD
i.¢. O is constant. The point O therefore moves on a sphere whose
centre is (/ and whose radius is the constant value just found for OG.

In a stmilar manner it may be shown that O moves updn cach of
two other spheres having their céntres at IT and K respectively.

Since then the point O must lie simultaneously on several spheres
whose centres are collinear, its locus must be a circle whose plane is
perpendicular to the line of centre of the spheres, and whose centre
lies upon this same line.

This line GIHK is the line of intersection of the pla.ne,s m and o
and is consequently paralld to oo’ (since = and o' are parallel
planes) ; it is the vanishing line of the figure «, regarded as the
perspetiive image of the figure o’ (Art. 13).

120. THEOREM. T'wo concentric projective pencils lytng in the same
plane, which have no self-corresponding rays, may be regarded as the
perspective tmage of two directly equal penct

[.et O be the common centre of The two penmls Cut them by
a transversal s, thus forming two collinear projective ranges ABC ..
and A'B'(V... which ha.ve no qclf-correspondmg points. Draw
through s any plane o’ ; we can determine in this plane (Art. 109)
a point {/ such that the segments 44’, BB, C(’,... sybtend at
it a constant angle ; thus if the two ranges be pro]ected from U as
centre, two dir cctly equal pencils will be ‘obtained. Now let the  eye
be placed at any point of the straight line 'O, .and let the glven
pencils be projected from this point as centre on to the plane o',
In this way two new pencils will be formed ; and these are precisely
the two direetly equal pencils mentioned in 'the enunciation,

- * CHASLES, loc. cit., Art. 180,



CHAPTER XII

INVOLUTION

121. CoNSIDER two projective flat pencils (Fig. 79) having
a common centre O ; let them be cut in corresponding points
by the transversals » and «/, thus giving two projective
ranges ABC ... and Al .. ; and
let «” be the straight linc on which the
pairs of lipes AB’ and A’B, ... (Art. 85,
left) intersect. Through O dratv any
ray (not a self-corresponding ray) ; it
will cut % and %’ in two non-corre-
sponding points 4 and B’ and will
meet »” in a‘point of the line A’B.
To the ray OA of the first pencil,corresponds accordingly
the ray OA’ of the second, and to the ray OB’ of the sccond
pencil corresponds the ray OB of the first. In other words,
to the ray OA or OB’ correspond two different rays 04’,
OB according as the first ray is regarded as belonging to the
first pencil or to the second. For the line A’B must cut 4B’
on %", and cannot, pass through O so long as this point does
not lie on »”. We see then that

In two superposed projective forms * (of one dimension) there
correspond, in general, to any given element two different
elements, -according as the given element is regarded as one
belonging tq the first or to the second forfn. .

We say in general, because in what precedes it has been
assumed that O does not lie upoi u”.

122. But in the case where O lies upon »” (Fig. 80), if a
ray be drawn through O to cut » and %’%in 4 and B’ respees
tively, then will also A’B pass through O ; in other words, to

Fig. 79.

* We say two forms, because the réasoning which wo have made use of in the
case of two concentric flat pencils maygpqually well be applied in the caso of
two collinear ranges, and of tWo axial pencils having a common axis. The samo
result may be arrived at by cutting tho two flat pencils by a transversal, and by
projecting them from a point lying outside their pland.

1514 H :



98 INVOLUTION [122

the ray OA4 or OB’ corresponds the same ray 04’ or OB.
This property may be expressed by saying that the two
rays correspond doubly to one another ; or we may say that
the two rays are conjugate to one another.

Now suppose, reciprocally, that two concentric projective
flat peneils have a pair of rays which correspond doubly to
onc another. Cut the pencils by two transversals » and «’,
and let 4 and B’ denote the points where these transversals
intersect one of the given rays ; then 4’ and B will denote
the points where they intersect the other given ray. The
straight line u”, the locus of the points of intersection of
the pairs of lines such as MN’, M’N, formed by joining
crosswise any two pairs of " corresponding points of the
ranges u, % (Art. 85), will pass through O, since the lines
AB', A'B mecet in that point. If now therec be drawn

through O any othe» ray, cut-

. /‘/ ting the transversals say in C
L—X [ o and 0, then will C'D also
P pass through O, i.e. the rays
N/ i\ OCD’ and ODC’' also corre-
“ . "7§ spond doubly to each other.

"\F We conclude that

N When two superposed projec.

80. . tive forms of one dimension are

B such that any one element has the

same correspondent, to whichever form it be regarded as belong-
ing, then every element possesses this property.

123. This particular case of two superposed projective
forms of one dimension is called Involution *. We speak of
an involution of points, of rays, or of planes, according as
the elements are points of a range, rays of a flat pencil, or
planes of an axial pencil.

In an involution, then, the elements are conjugate to one
another in mairs ; i.e. each clement has its conjugate. To
whichever of the two forms a given element be considered to
belong, the element which corresponds to it is the same, viz.
its conjugate. It follows from.this that it is not necessary
to regard the two forms as distinct, but that an involution

_* DEsARGUES, Brouillon projel d'une alieinte auz événements des rencontres d'un
cine avec un plan (Paris, £639) : cdition Poupra (Paris, 1864), vol. i. p. 119.
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may be considered as a set of elements which are conjugate
to one another in pairs.

When AA', BB, CC, ... are said to form an involution, it
is to be understood that 4 and 4’, B and B’, C and C’, ..
arc pairs of conjugate elements; moreover, any element
and its cohjugate may be interchanged, so that 44" BB’
CC'...and A’ A B’ B (' C ... are projective forms.

124. Since an involution is only a particular case of two
superposed projective forms, every section and every projection
of an involution gives another involution *.

Two conjugate clements, of the given involution give rise
to two conjugate elements of the new involution. It follows
(Art. 18) that the figure homologlcal with an 1nvolut10n is
also an irvolution.

125. When two collinear proj%ctwc ranges form an involu-
tion, therg corresponds to each point (and conscquently
also to the point at infinity I or J’) a single point (I’ or J) ;
i.e. the two vanishing points coincide in a single point. Let
this point, thé conjugate of the point at infinity, be'denoted
by O. The equation (1) of Art. 108 then beeomes

OA.OA’ = constant. .
In other words, an involution of points consists of pairs of
points 4, A’ which possess the property that the rectangle
contained by their distances from a fixed point O, lying on
the base, is constant . This point O is called the centre of
the involution. .

The self-corresponding elements of two forms in involu-
tion are cg-lled the double elements of the involution. In the
case of the involution of points 44’, B, ... we have

OA.OA’ = OB.OB’ = ... = constant.

If this censtant is positive, ¢.e. if 0 does not dic between
two conjugate points, there are two double points £ and F,
such that o

OE* =0F?=0A.04'= OB.OB =
O therefore lics midway between £ and '11‘, and the segmen$
EF divides harmonically each of the segments A4’, BB, ...
(Art. 69.[3]). Accordingly ;
If an involution qus two dpuble elements, these separate

* DESARGUES, loc. cit., p. 147
t 1bid., pp. 112, 119.
H2
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harmonically any pair of conjugate elements ; or: An invo-
lution i3 made up of pairs of elements which are harmonically
conjugate with regard to two fixed elements.

If, on the other hand, the constant is negative, i.e. if O
falls between two conjugate points, there are no double
points. In this case there are two conjugate poilts situated
at cqual distances from O and on opposite, sides of it, such
that OF = — OF’, and

OE2=0E"?= — OE.OF’ = — 0A.04’. )

If the constant is zero, there is only one double point O ;
but in this casc there is no invplution properly so called.
For since the rectangle O4.0A4’ vanishes, one out of every
pair of conjugate points must coincide with O.

126." The proposition that if an involution has two double
clements, these separate harmonically any pair of conjugate
clements, may also be proved thus :

Let E and F be the double elements, 4 and A’ any pair of
conjugate clements ; since the systems EFAA’ EFA’A are
projective, thercfore (Art. 83) each of them is harmonic.

The following is a third proof.

Copsidbr EAA’ .. .and EA’A ... as two projective ranges,
and project them respectively from two points S and &
collinear with B (Fig. 81). The projecting penclls S(EAA’..)

and S’(EA'A .) are in perspective

'xis\_ (since they have a self-correspond-

A/ T~ ing ray in SS’E); therefore the

A / s ¥ straight linc which joins the point

/1 of intersection of S4 ang S’4’ to

4 that of SA’ and 8’4 will contain the

¥ Fig. 8. points of intgrsection of all pairs
«

of corresponding rays, and will con-
sequently meet thc common base of the two ranges at the
sccond double point F. But from the figure we see that
we have now a complete quadrilateral, one diagonal of which,
AA’, is cut by the other two in E and F ; consequently
(Art. 56) EFAA’ is a harmonic range.

The proposition itself is a particular case of that proved
in Art. 109 (3). From this we conclude that the pairs of
elements (points of a range, rays or planes of a pencil) which,
with two fixed clements, give a constant anharmonic ratio,
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form two superposed projective forms, which become an
involution in the case where the anharmonic ratio has the
value —1 (Art. 68).

127. An involution is determined by two pairs of conjugate
elements.

Forlet A4, A’ and B, B’ be the given pairs. If any element
C be taken, its conjugate is determinate, and can be found
as in Art. 84, by constructing so that the form 4’4 B'C’
shall be projective with A4A’BC. We then say that the six
elements AA’, BB’, CC’ are in involution ; i.e. they arc three
pairs of an involution.

Suppose that the involution with which we have to deal is
an involution of points. Take any point ¢ (Fig. 82) outside
the base, and describe cirzles round G4A’ and GBB’ y if
H is the second point in whicle these circles meet, join (11,
and let it cut the base in 0. Since GHAA’ lie on a circle,

0G.OH = 04.04’;
and since GH BB’ lie on a circle,
0G.OH = OB.OB’;
OA.0OA'-- OB .OB'.
O is therefore the centre of the involution determired by the

A

T
/ o N
& \
H //
._A. ._L'F—/ \_—F = L.
AN [ ) .-
\\\ e
Fig. 82.

pairs of points 4 , A’ and B, B..- If any other circle be drawn
through G and H, and cut the base in € and C’, we have
OG.OH =0C.0C" s °
0C.0C’ =04.04' =0B.0F,
and C, C’ arc therefore a pair of conjugate points of the
involution. In other words, the citcle which passes through
two conjugate points U, ¢ of D, I’ and through one of the
points G, H always passes through the pther. Accordingly :
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The pairs of conjugate points of the involution ure the points of
intersection of the base with a series of circles passing through
the points G and H.

128. From what precedes it is cvident that if the involu-
tion has double points, these will be the points of contact of
the base with the two circles which can be drawn to pass
through G and H and to touch the base. It has already been
scen (Art. 125) that these points are harmonically conjugate

with regard to 4 and A’, and

- 2 also with regard to B and B’.
/ L Conscquently (Art. 70) the in-
/ hl volution has double points when

"-A}—T;\_%//O"\' V'Y one of the pairs AA’, BB’ lies
.\\\\\ entirely within or entirely without

N S the other, i.e. when the segments
AA" and BB’ do mot overlap
(Fig. 82) ; and the involution has
no double points when one pair is alternate to the other, i.e.
when the segments AA’ and BB’ overlap (Fig. 83) *.

In the first case, the inyolution (as already secen) consists of
an infinite number of pairs of points which arc harmonically
conjugate with regard 'to a pair of fixed points.

In the second case, on the other hand, the involution is
traced out on the base by
the arms of a right angle
which revolves about its
vertex. For since (Fig.
84) the segments 44’ and
BB’ overlap, the circles
described on A4’ and BB’
respectively as diameters
will intersect in two
points G and H which lic symmetrically with regard to the
base ; G' H being perpendicular to the base, which bisects it
at O, the centre of the involution. It follows that

0G*=0H?*=40.04' = BO.0B’,
and that all other circles passing through @ and H and

Fig. 83.

* Aninvolution of the kind which hagdouble poiats is often called a hyperbolic
§nvo{u:§on 3 one of tho kind which has no double points being called an elliptic
involution.
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cutting the base in the other pairs CC’, DD, ... of the involu-
tion will have their centres also on the base, and will have
CC’, DIY,... as diameters. If then we project any of the
segments AA4’, BB, CC’, ... from G (or H) as centre, we shall
obtain in each case a right angle AGA’, BGB, CGC’, ...
(or AHA’y BHB', CH(C", ...).

We conclude that when an involution of points AA’, BB/, ...
has no double pbints, i.e. when the rectangle OA4.0A4’is equal
ta a negative constant — k2 each of the segments 44, BF’, ...
subtends a right angle at cvery point on the circumference of
a circle of radius %, whose centre is at O and whose plane is
perpendicular to the bas¢ of the involution.

This st proposition is a particular case of thatrof Art. 109 (4).
1f then an angle of constant magnitude revolve in its plane about its
vertex, its arms will determine onga fixed transversal two projective
ranges, which are in involution in the case where the angle is a right
angle. e

ig29. Consider an involution of parallel rays ; these meet in a point
at infinity, and the straight linc at infinity is a ray of the involution.
The ray conjugate to it contains the centre of the involution of points
which would be obtained by cutting the pencil by any transversal ;
'it may therefore be called the central #ay of the given involution. If,
reciprocally, we project an involution of points by meahs of parallel
rays, these rays will form a new involution, whose central rdy passes
through the centre of the given involution.

When one involution is derived from another involution by means
of projections or sections (Agt. 124), the double elements of the first
always give rise to the double elements of the second.

130. Since in an involution any group of elements is projective
with the group of conjugate elements, it follows that if any four
points of the involution be taken, their anharmonic ratio will be
cqual td that of their four conjugates. In the involution 44’, BB,
C(",... the groups of points ABA'C' and 4'B'AC, for example, will
be projective ; thercfore

. A4’ AC_ A4 "A'C
BA'"BC" B'ABC’

AB' .BC'.CA'+A'B.B'C.("4=0.

Conversely, if this rclation hold among the segments determined by
six collinear points 44'BB'C(", these will be three conjugate pairs
of an involution. For the given relation shows that the anharmonic
ratios (ABA'C) and (A'B'A(])) are equal to onc another ; the groups
ABA'C" and A'B’'AC are therefore pfojective. But A and 4’ corre-
sﬁond doubly to each dther ; tRerefore (Art. 192) 44’, BB, CC" are
three conjugate pairs of an involution.

whence
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1381. TueoreM. The three pairs
of opposite sides of a complete
quadrangle are cut by any trans-
versal in three pairs of conjugate
puints of an involution *,

Let QRST (Fig. 85) be a
complete quadrangle, of which
the pairs of opposite sides RT
and @S, ST and QR, QT and RS
are cut by any transversal in 4
and 4', B and B, C and ('
respectively. If P is the point
of intersection of @S and RT,
then ATPR is a projection of
ACA'B’ from @ as centre, and
ATER is also a projection of

Fig. 85.

ABA’C' from S as centre ; there-
fore the group ACA’'B’ is projec-
tive with ABA’C’, and therefore
(Art. 45) with A'C’AB.  And
since 4 and 4’ asrrespond doubly
to one another in the projective

INVOLUTION
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CorrELATIVE THEOREM. The
straight lines which conmect any
point with the three pairs-of oppo-
site vertices of a complete quadri-

- lateral are three pasrs of conjugate

rays of an tnvolution.

Let grst (Fig. 86) be a com-
plete quadrilateral, of which the
pairs of opposite vertices 7t and gs,
st and gr, gt and 7s are projected
from any centre by the rays a and
o/, b and V', ¢ and ¢’ respectively.
Let p be the straight line which
joing the points gs and 7.. The
pencils alpr and aca’d’ are in per-
spective(their corresponding rays
intersect in pairs on ¢) ; similarly

Tig. 86.

atpr and aba’c’ are in perspective
(their corresponding rays inter-
sect in pairs on s). The pencil
atpr is tharefore of course pro-
jective with each of the pencils
aca'b’ and aba'c’, and therefore

groups ACA'B’ and A'C'AB, it« pca’d’ is projective with aba’c’ or

follows (Art. 122) that 44’, BB,
CC" are three conjugate pairs of
an involution.

The theorem just proved may

(Art. 45) with a'¢'ab. And since
o and a' correspond doubly to
one another in the pencils aca'd’
dnd a'c'ad, it follows (Art. 122)
that aa’, bb', cc’ are three pairs of
conjugate rays of an involution.

« The theorem just proved may

* DESARGUES, loc. cit., p. 171.
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also be stated in the following
form :

If a complete quadrangle move
in such a way that five of its sides
pass each through one of five fizxed
collinear “points, then its sizth
side will also pass through o fived
point collinear with the other five,
and forming an einvolution with

them.
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also be stated in the following
form :

If a complete quadrilateral
move in such a way that fiwe of
tts wvertices slide each on one of
Jive fized concurrent straiyht lines,
then its sixth vertex will also move
on a fixed straight line, concurrent
with the other fie, and forming an
snvolution with them.

"182. By combining tie preceding theorem (left) with that of Art.

130, we see that

If a transversal be cut by the three pairs of opposite sides of a com-
plete quadrangle in A and 4’, B and B', C and (' respectively, these
determing upon it segiments which are connected by the relation

AB'.BC'.CA'+A4'B.B'C.C'4 = 0*. .

133. In the theorem of Art. 134 (right) let U and U’, ¥V and V',

W and W' denote respectively the opposite vertices 7 and gs, st and
gr, gt and s of the quadrilateral grst, and let 4A4’, BB', C(' denote
respectively the points of intersection of the rays aa’, b’, ¢¢’ with
an arbitrary transversal. With the help of Art. 124 the following
proposition may be enunciated :

If the three pairs UU’, VV', WW' of opposite vertices of a complete
quadrilateral be projected from any centre upor. any strasght line, the
s1x points AA', BB', CC' so oblained will form an tnvolution,,

Suppose now, as a particular case of this, that the centre of pro-
jection G is taken at one of the two points of intersection of the circles
described on UU’, VV' respectively as diameters. Then 4G4’ and
BGB' are right angles, and téerefore also (Art. 128) CGC' is a right
angle ; therefore the circle on WW' as diameter will also pass through
(. Hence the three circles which have for diameters the three
diagonals of a complete quadrilateral pass all through the same two
points ; that is, they have the same radical axis. The centres of
these circles lie in a straight line ; hence

The middle poinis of the three diagonals of a complete quadrilateral

are collinear 1.

134. Thé proposition of Art.
131 (left) leads immediately to the

Construction for the sizth point *
C' of an involution of which five
poinis A, A', B, B, C are given.

For draw through C (Fig. 85),
an arbitrary straight line, on
which take any two points ¢ and
T, and join AT, BT, 4'Q, B'Q;_

The propositioﬁ of Art. 131
(right) Jeads immediately to the

Construction jor the sizth ray
¢ of an tnvolution of which five
raysa,d’, b, V', care given.

For take on ¢ (Fig. 86) an arbi-
trary point, through which draw
any, two straight lines ¢ and ¢,
and join the point ta to gb’, and

* Parprus, loc. cit., book VLI. prop. 130.
CHASLES, loc, cit., Arts. 344, 345 ; Gauss, Collected Works, vol. iv. p. 391.
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if AT, B'Q mect in R, and BT, the point th to ga’ ; if the joining
4'Q in 8, the straight line RS lines be called 7 , s respectively,
will cut the base of the involu- then the straight line connecting
tion in the required point C'. the centre of the pencil with the
point rs is the required ray ¢'.

If, in the preceding problem (left), the point C lies at infinity, its
conjugate is the centre O of the involution. In order then to find
the centre of an involutjon of which two

R pairs AA’, BB’ of conjugate poinis are

given, we construct (Fig. 87) a complete
quadrangle @STR of which one pair of
opposite sides pass respectively through 4

N\ and 4’, another such pair through B and

AR 70 728 B, and which has a fifth side parallel to the

AN ‘\'\ ;o base ; the sixth side will then pasg through
N the centre O,

s The sjxth point ¢ which, together with

¥ig. 87. five given points AA'BB'C, forms an

involution, is completely determined by
the construction ; there is only one point (' which possesses the
property on which the construction depends (Art. 127). This may
be otherwise seen by regarding (" as given by the equation (44'BC)
=(4'"AB'C") between anharmonic ratios ; for it is known (Art. 65)
that there i‘s only one point €’ which satisfies this equation.

135. The theorem converse to that of Art. 131 is the fol-
lowing :

If a transversal cut the sides of a triangle RSQ (Fig. 85) in
three points A’, B', C’" which, wh¥n taken together with three
other points A , B , C lying on the same transversal, form three
conjugate pairs of an involution, then the three straight lines
RA , 8B, QC meet in the same point.

To prove it, let RA , 8B meet in 7', and let TQ "mect the
transversal in C;. Applying the theorem of Art. 131 (left)
to the quadrangle QRST, we have (44’BC,)=(A’AB'C").
But by hypothesis (44'BC)= (4'AB'C"); ... (AA'BC,)=
(AA'BC); consequently (Act. 54) C, coincides with C, i.e.
QC passes through T'.

The correlative titcorem is :

If a point 8 be joined to the vertices of a triangle rsq (Fig. 86)
by three rays a’, V', ¢’ which, when taken together with three
other rays a , b , ¢ passin also through S, form three conjugate
pairs of an involution, then the points'ra , qb , sc lie on the
same straight line t. ,
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186. Take again the figure of the complete quadrangle
QRST whose three pairs of opposite sides are cut by a trans-
versal in 4 and 4’, B and B, C and ¢’. Let (Fig. 88) SQ
and RT meet in R’, QR and 87 in 8, RS and QT in ¢’.

S

~R
-~ \“\T
/ ¢
4 : A\
[ A" BA\\B A

QI
Fig. 88

Consider the triangle RbQ'- on cach of its sldcs we have
a group of four points, viz. SQR'A’, QRS'B’, RSQ'C".

The projections of these from 7' on the transversal are

BCAA’, CABB', ABCC'.
The prodact of the anharmonic ratios of these last three
groups is
BA BA’ A
(UZ'C'—A’) (AB AB) (BC’ BC’)
CA'.AB .BC"
TBA'.CB'.AC"
which (Art. 130) is cqual®o - - 1. ‘Therefore :

If any transversal meet the sides of a triangle, and if moreover
from any point as centre each vertex be projected upon the side
opposzte to i, the groups of four points thus obtained on each
of the sides of the tmangle will be such that the product of their
anharmonic ratios is equal to —1.

Conversely, if three pairs of points R'A’, 8'B’, Q'C’ be talen,
one on each of the sides of a triangle RSQ, such that the product
of the anharmonic ratios (SQR’'A’), (QRS'B’), (RSQ'C’) is
equal to —1} then, if the straight lines RR’, S8', QQ’ are con-
current, the points A’, B, C’ will be colfinear ; and conversgly,
if the points A’, B’, C" are <ollinear, the 8tm@ght lines RR’,
S8, QQ’ will be concurrent.

1387. Suppose now the transvetsal to lie altogether at in-
finity ; then the anharmonit ratios (SQR’'A’), (QRS'B’), and
(RSQ'C’) become (Art. 64) respectively equal to SR’ : QR/,

or
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@8 :RS’, and RQ':8Q’; so that the preceding proposition
reduces to the following * :

If the straight lines connecting the three vertices of a triangle
RSQ with any given point T meet the respectively opposite
sides in R', 8', @', the segments which they determme on the
sides will be connected by the relation

SR'.QS'. RQ' _ 1
Q .R' Sl SQ’ =~ %
and conversely :

If on the sides 8Q , QR , RS respectively of a triangle RSQ
points R', 8’, Q' be taken such that the. above relation holds, then
will the straight lines RR', 88', QQ' meet in one point T

138. Repeatmﬂ this last theorem for two points T 4nd T",
we obtain the following :

If the two sets of three straight lines which connect the vertices
of a triangle RSQ with any two given points T' and TV meet the
respectively opposite sides in R', S', @ and R", 8", ", then
will the product of the anharmonic ratios (SQR'R"), (QRS'S"),
and (RSQ’'Q") be equal to + 1.

[For cach of the expresslons

SR'.QS'~RQ" SR".QS".RQ"

QR . RS".8¢" ° QR".RS".58Q"
is equal to —1; and the required result followq on dividing
one of them by the other.T .

139. Considering again the triangle QRS (Fig. 88), and
taking the transvcrsal to be cntirely arbitrary, let ST', @T
be taken so as to be parallel to QR , RS respectively. Then
the figure QRST becomes a parallelogram ; the points 8’
and @' pass to infinity, 'and R’ (being the point of inter-
section of thg diagonald QS , RT) beconies the migdle point
of 8Q. Consequently (Art. 64) the anharmonic ratios
(SQR'A’), (QRS'B'), (RSQ'€") become equal respectively
to—(QA’ : SA’), (RB': @B'), and (SC' : RC’'). Thust:

If a transvérsal cut the sides of a triangle RSQ in A’, B', C'
respectively, it determines upon sthem segments which are con-
nected by the relation

* CEvaA’s theorem. Sce his book, De Bneis rectisse invicem secantibus statica
constructio (Mcdiolani, 1678), i. 2. Ct. Mos1us, Barye. Calc. § 198.
1 Theorem of MENELAUS ¢ Sphaerica, iii. 1. Cf. MUBIUS, loc. cil.
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QA4'.RB'.8C’ _1-
SA" QB RC’ ~ "’
and conversely :

If on the sides 8Q , QR , RS respectively of a triangle points
A’y B', C' be taken such that the above relation holds, then will
these thrée points be collinear.

140. Repeating the last theorem of the preceding Article

for two transversals, we obtain the following :
* If the sides of a triangle RSQ are cut by two transversals in
A', B, C'" and in A", B", C" respectively, the product of the
anharmonic ratios (SQA'A"), (QRB'B"), and (RSC'C") will be
equal to + 1.

[For each of the expressions

QA'.RB'.8C" @A".RB".SC"

SA". QB . RC’ S 547 QB".RC"
is equal to 1; dividing one by the other, the required result
follows.]

Reciprocally, if on the sides of a triangle RSQ) three pairs of
points A'A", B'B", C'C”" be taken such that the product of the
anharmonic ratios (SQA’'A"), ({RB'B"), (RSC'C") may be
equal to +1 ; then, if the poinis A', B’, C' are collinear, the
points A", B", C" will also be collinear, and if the lines RA’,
8B’, QC' are concurrent, the lines RA”, SB”, QC" will also be
concurrent. L4 .

144. Tt has begn shown (Art. 122) that if two projective ranges
(ABC...) and (4'B'("...), lying in the same plane, arc projected from
the point of intersection of a pair of lines such as AB’ and 4'B,
AC' and A'C,... or BC' and B'C..., the projecting rays form an
involution. The theorems correlative to this arc as follows :

Given two projective, but not concentric, flat pencils (abe...) and
(a'b’¢’...) lying in the same planc ; if the} be cut by phe straight line
which joins a pair of points such as ab’ and a'b, ac’ and d'c,... or
b’ and b'c..., the points so obtained form an involution.

Given two projective axial péncils (a«fy...) and (o’B’y’...) whose
axes mect one another ; if they be cut by the plang which is deter-
niined by passing through a pair of lines sdch as a8’ and o', ay’ and
a’y,... or By’ and B'y,... the rays so obtained form an involution.

Given two projective flat pencils (abe...) and (a'd’c’...) which are
concentric, but lic in different planess if they be projected from the
point of intersection of a pair ¢f plancs such as ab’ and a'b, ac’ and
a’c..., or be’ and ¥'c..., the projecting planes form an involution.

142. Particular Cases. All points of a straight line which lie in
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pairs at equal distances on opposite sides of a fixed point on the line,
form an involution, since every pair is divided harmonically by the
fixed point and the point at infinity.

Conversely, if the point at infinity is one of the double points of an
involution of points, then the other double point bisects the distance
between any point and its conjugate. If in such an involution the
segments AA4’, BB’ formed by any two pairs of conjugate points
have a common middle point, then will this point bisect also the
segment CC’ formed by any other pair of conjugates.

All rectilineal angles which have a common vertex, lie in the same
plane, and have the same fixed straight line as a bisector, form an
involution, since the arms of every angle are harmonically conjugate
with regard to the common biscctor and the ray perpendicular to it
through the common vertex. ¢

Conversely, if the double rays of a pencil in involution include
a right angle, then any ray and its conjugate make equal angles
withteithor of the double rays. Tf in such an involution the angles
included by two pairs of conjugate rays ae’ and bb’ have common
bisectors, these will be the hisectors also of the angle included by
any other pair of conjugate rays cc'. .

All dihedral angles which have a common edge and which have the
same fixed plane as a bisector, form an involution ; for the faces of
every angle are harmonically conjugate with regard to the fixed plane
and the plane drawn perpendicular to it through the common edge.

Conversely, if the double planes of an axial pencil in involution
are at right angles to one another, then any plane and its conjugate
make equal angles with cither of the double planes.



CHAPTER XIII

PROJECTIVE FORMS IN RELATION TO THE CIRCLE

143. ConsipER (Fig. 89) two directly equal pencils abed ...
and @'b'c'd ... n a plane, having their centres at O and O’
respectively. The angle contained by a pair of correspond-
ing rays aa’, bb’; cc’, ... is constant (Art. 106) ; the locus of
the intersection of pairs of corre-
sponding rays is therefore (Euc. ITT.
21) a circle passing through O and 0'.
The tangent to this circle at O makes
with 00’ an angle equal to any of
the angles OAO’ O0BO’, 0CO', &ec. ;
but this is just the angle which O’ 0
considered as a ray of the second
pencil should make with the ray M
corresponding to it in the first pengil ; e, 89.
therefore to 0’0 or ¢’ considered as &

a ray of the second pencil corresponds in the first pencil the
tangent ¢ to the circle at 0.

I magme the circumference of the circle to be described by
a moving point 4 ; the Bys A0; A0’ or a, a’ will trace out
the two pencils. As A approaches O, the ray A0' will
approach OO’ or ¢’ and the ray AO will approach ¢ ; and in
the limit when A4 is indefinitely near to O, the ray 40 will
coincide with ¢ or the tangent at 0. This agrees with the
definition of the tangent at O, as the straight linc which
joins twq indefinitely near points of the circumference.

Similarly, to the ray OO0’ or p considercd as belonging to
the first pencil corresponds the ray p’ of the second pencil,
the tangent to the circle at O'.

144. Conversely, if any number of foints 4,'B, C, D, .

a circle be joined to two points O and O’ lymg on the same
circle, the pencils O (4, B, C, D,...)and O’ (4, B, C, D, ...) so
formed will be directly equal, since the angle AOB is equal to
AO'B, AOC to A0',... BOC to BO'C, &c. But two cqual
pencils arc always projective with ome another (Art. 104).
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If then the points 4 , B, C, ... remain fixed, while the centre
of the pencil moves and assumes different positions on the
circumference of the circle, the pencils so formed are all
cqual to one another, and consequently all projective with
onc another. The tangent at O is by definition the straight
line which joins O to the point indefinitely near td it on the
circle. It follows that in the projective pencils O (4, B,
¢,.)and 0' (4, B, C,...), the ray of the first which corre-
sponds to the ray 0’0 of the second is the tangent at O.

145. It has been seen (Art. 73) that in two projective
forms four harmonic clements of the one correspond to four
harmonic clements of the other. If then the four rays O (4,
B, C, D) form a harmonic pencil, the same is the case with
regard te the four rays 0’ (4, B, C, D), whatever be the
position of the point O’ on tite circle. By taking O’ indefi-
nitely near to 4, we sce that tho pencil composed of tho
tangent at 4 and the chords AB, AC, AD will also be
harmonic ; so again the pencil composed of tho chord
BA, the tangent at B, and the chords BC, BD will be
harmonic, &ec.

When tHis is the case, lhe four points A , B, C, D of the
circleare sazd to be harmonic *.

146. The tangents to a circle
determine upon any pair of
I xell tangents two ranges
which are prejective with one
another.

Let M (Fig. 90) be the
centre of the circle, PQ and
P’Q)’ a pair of fixed tangents,
and A4’ a variable tangent.
The part A4’ of the variable
tangent intercepted between' the fixed tangents subtends
a constant angle at M ; for if @, P’, T' are the points of
contact of the tangerts respectively,

angle AMA' =AMTF +TMA'
=} QMT +} TMP'
=1Q Mp' 1.

* STEINER, loc. ¢il., p. 157, §43 Collected Works, vol, i. p. 345.
1 PoNCELET, Prop PLoj., Art. 462,
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Accordingly, as the tangent 44’ moves, the rays MA,
MA' will generate two projective pencils (Art. 108), and the
points A, A’ will trace out two projective ranges.

Since the angle AM A’ is equal to the half of QMP’, it is
equal to either of the angles QMQ', PMP' (denoting by P
and ¢’ thesame point, according as it is regarded as belong-
ing to the first or to the second tangent). Conscquently
Q and @', P and P’ arc pairs of corresponding points of the
two projective ranges ; i.e. the points of contact of the two
fixed tangents correspond respectively to the point of inter-
section of the tangents.

Imagine the circle to be’generated, as an envelope, by the
motion of the variable tangent ; the points 4 3 4’ will trace
out the two projective ranges. As the variable tangent
approaches the position P@, $he point A’ approaches @’,
and A approaches the point which corresponds to @', viz.
Q ; and in'the limit when the variable tangent is indefinitely
near to PQ, the point A will be indefinitely near to @ or the
point of contact of the tangent PQ. The point of contact
of a tangent must thereforc be yegarded as the point of
intersection of the tangent with an indefinitely neaf tangent.

147. The preceding proposition shuws that four t&ngents
a,b,c,dtoa circle arc cut by a fifth in four points 4 , B,
C, D whose anharmonic ratio is constant whatever be the
position of the fifth tangerft. .

This tangent ngay be taken indefinitcly near to one of the
four fixed tangents, to a for example ; in this case 4 will be
the point of contact of @, and B, €, D the points of inter-
section ab , ac , ad respectively.

As a particular case, if @, b, c,d mect the tangent PQ in
four harmgnic points, they will meet*every tangent in four
harmonic points. The group constituted by the point of
contact of @ and the points of intersection ab , ac, ad will
also be harmonic. In this case, the four tangents a ,b,c, d
are said to be harmonic . . *

148. The range determined wpon any given tangent Yo
a circle by any number of fixed tangents is projective with the
pencil formed by joining their points’of contact to any arbitrary
point on the circle. * *

1 STEINER, loc. cit., p. 157, § 43 ; Collected Weorks, vol. i. p. 345.

1514 I .
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Let 4, B, C,..X (Fig. 91) be points on the circle, and
a,b,c,.. xvthe tangents at these points respectively. If the
, points 4', B, (', in
which the tangent  is cut
by the tangents a, b, ¢, ..
be joined to the centre of
the circle, the joining lines
will be perpendicular re-
spectively to the chords
XA, XB, XC, ... and will
therefore (Art. 108) form
a pencil cqual to the pencil X (4, B, C,...). The range
A'B'C"...is therefore projective with the pencil X (4,
B,<C,..5). .

CoROLLARY. If four poims on a circle are harmonic, then
the tangents also at these poinis are larmonic ;_ and con-
versely.

For if, in what precedes, X (ABCD) is a harmonic pencil,
A'B'C’L’ will be a harmonic range ; and conversely.

Fig. 91,



CHAPTER XIV

.
PROJECTIVE FORMS IN RELATION TO THE CONIC SECTIONS

149. Ler the figures be constructed which are homological
with those of Arts. 144, 146, 148. To the points and tangents
of the circle will correspond the points and tangents of a conic
section (Art. 23). A tangent to a conic is thmofou- a straight
line whith meets the curve in two points which are inde-
finitely near to one another ; a point on the curve is {he
point of intersection of two t.mgents which are indefinitely
near to one another. 'To two equal and therefore projective
pencils will correspond two projective pencils, and to two
projective ranges will correspond two projective ranges ;
for two pencils or ranges which correspond to one another
in two homological figures are in Pperspective. We deduce
therefore the following propositions : -

(1). If any number of points A, B, C, D ,...on a conic
are joined to two fixed points O and O lying on the same conic
(Fig. 92), the pencils O (4, B,

D,..) and O (4, B, C, VT
D, ...) so formed are projeclive RN /'}; N
with one another. To the ray X .| 2" =
00’ of the first pencil corre- K NN, %//"r
sponds the tangent at O', and Cvg—:——"'--\;‘»',/
to the ray 0’0 of the second T_/O
pencil corresponds the tan- Fig o
gent at O.

(2). Any number of tangents & ,b,¢,d ,... to a conic deler-
mine on a pair of fixed tangents o and o’ (I'ig. 93) two projective
ranges. To the point oo’ or @ of the first range corresponds
the point of contact Q' of o', and to the same point o'o or
P’ of the second range corresponds the point of contact
Pofo*

* STEINER, loc. cit., p. 139, §38 ; Collected Works, vol. i. pp. 332, 333.
12
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(3). The range which a variable tangent to a conic determines
upon a fixed tangent is projective with the pencil formed by

0

Tig. 93.

joining the point of contact of the variable tangevnt lo any fixed
point of the conic (Fig. 94).

150, We proceed now to the theorems converse to those
of Art. 149. The proofs here

\b

.I._gv\ Y given are due to M. Ed. De-
ARG T / W}ﬂf‘ .

WAV ol 1. If two (non-concentric)

\p \ \y / pencils lying in the same plane

/ / are projective with one another

T (but mot in perspective), the

p locus of the points’ of inter-

/ section of pairs of correspond-

Yig. 94. ' ing rays 18 a comic passing

through the centres of the two
pencils ;. and the tangents to the locus at these poinis are the
rays which correspond in the two pencils respectively to the
straight liné which jeins the two centres.

Let O and A (Fig. 95) be the respective centres of the
two pencils, and let OM, and AM,, OM, and AM,, OM,
and AMj,, ... be pairs of'corresponding rays. The locus of
the points M,, M,, M,,... will pass ‘through O, since this
point is the intersection of the ray 4O of the pencil 4 with
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the corresponding ray of the pencil 0. Similarly 4 will
be a point on the locus.

Let o be that ray of the pencil O which corresponds to the
ray AO of the pencil 4. Describe a circle touching o at O.

Fig. 95.

and let this circle cut OA4 in A’, ard OM,, OM,, QM,, ... in
the points M,’, M,’, M/, ... respectively.

The'pencils O (M," M, M,/ ..)and A’ (M, M’ M,"...) arc
directly equal to onc anoth(,r and since by hypothesls the
pencil O (M," M, M, ...) o O (M M, M,...) is projective
with the pencil 4 (M 1 Jf ) thcrefore the pencils
A (M) M, Mj...) and 4 (M, M., M, ...) are projective.
But they are in perspective, since the ray 4’0 in the one
corresponds to the ray A0 in the other (Art. 80) ; therefore
pairs of corresponding rays will intersect in points S, §,,
8;, ... lying on a straight line s. In order, then, to find that
point of the locus which lies on any given ray m of the pencil
4, it is only necessary to produce m to meet s in §, to join
SA’ cutting the circle in M’, ana to join OM' ; this last line
will cut m in the required point M. But this cm}structwn is
precisely the same as that employed in’Art. 23 (Fig. 11) in
order to draw the curve homological with a circle, havmg
given the axis s and centrc O of homology, and a pair of
corresponding pomts Aand 4'. The locus of the points M
is therefore a conic section.

IL. If two (non-collinear) ranges lying in the same plane are
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projective with one another (but not in perspective), the envelope
of the straight lines joining pairs of corresponding points i8
a conic, t.e. the straight lines all touch a conic. This conic
touches the bases of the two ranges at the points which correspond
in these respectively to the point of intersection of their bases.
Let s and s" (Kig. 96) be the bases of the fwo ranges,
and let A and 4’, B and B, € and (', ...he pairs of corre-

Fig. 96. ‘

sponding points. The curve enveloped by the straight lines
AA', BB, OC',... will touch s, since this is thé straight
line joining the point ss" or 8’ of the second range with
the corresponding poiat § of the first. Similarly, s’ will be
a tangent to the envelope.

Describe a circle touching g at S, and draw to it tangents
a”, b", ¢",...s" from the points A4, B, C,... 8’ respectively.
The tangents a”, b, ", ... will determine on s” a range which
is projective with s and therefore also with s’. But the point
8’ corresponds to itself in the two ranges s’ and s” ; these are
therefore in perspective (Art. 80), and the straight lines 4”
A',B" B, (" (', ... will meet i one poitit O. In order then to
draw a tangent to the envelope from any given point M lying
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on the line s, it is only necessary to draw from M a tangent m
to the circle, meetlng 8" in M”, and to join OM" ; this last
line will cut ¢’ in that point M ’ of the range s’ Whlch corre-
sponds to the point M of the range s, and MM’ will be the
required tangent to the envelope. But this construction is
precisely the same as that made use of in Art. 23 (Fig. 12)
in order to dray the curve homological with a circle, taking
a given tangent to the circle as axis of homology, any given
point O as centre of homology, and s’, s” as a pair of corre-
sponding straight lines. The envelope of the lines MM’ is
therefore a conic section.

The theorems (I) anda (I1) of the present Article arc
correlasive (Art. 33), since the figure formedeby the points
of intersection of corresponding rays of two projective peacils
is corrclative to that formed®by the straight lines joining
corresponding points of two projective ranges. Thus in fwo
Jigures which are correlative to one another (according lo the
law of duality in a plane), to points lying on « conic in one
correspond tungents to a conic in the other. .

151. Having regard to Arts. 73 and 79, the propositions
of Arts. 149, 1560 may be enunciated as follows :

The anharmonic ratio of the four straight lines which connect
four fixed points on a conic with a variable point on the same is
constant. »

The anharmonic ratio of the four points in which four fixed
tangents to a conic are cut by a variable tangent to the same is
constant *.

The. amharmonic ratio of four points A, B, C, D lying on « conic is
the anharmonic ratio of the pencil O (4, B, ¢/, D) formed by joining
them to any point O on the conic. The anharmonic ratio of four
tangents ax b, ¢, d to « conic is that of the four poigts o («, b, ¢, d),
where o is an arbitrary tangent to the conic.

If this anharmonic ratio is equal to —1, the group of four points
or tangents is termed harmonic.

The anharmonic ratio of four tangends to a conic is equal to
that of their points of conlact . '

Consequently the tangents at four hal monic points are harmonic,
and vice versa.

* STEINER, loc. cit., p. 156, §43 ; Collected Works, vol. i. p. 344.
+ CHASLES, Géoméirie supérieure, Art. 663..
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The locus of a point such that the rays joining it to four given
points ABCD form a pencil having a given anharmonic ratio
18 a conic passing through the given points.

The tangent to the locus at one of these points, at A for
example, is the straight line which forms with AB, AC, AD
a pencil whose anharmonic ratio is equal to the given one.

The curve enveloped by a straight line which is cut by four
given straight lines in four points whose anharmonic ratio i8
given is a conic touching the given straight lines. )

The point of conlact of one of these straight lines, a for
example, forms with the points ab, ac, ad a range whose
anharmonic ratio is equal to the given one *.

152. Through five given points
0,0, A, B, Cin a plane (Fig. 92),

no three of which lie in a straight'

line, @ conic can be described.
For we have only to construct the
two projective pencils which have
their centres at two of the given
points, O and O’ for example, and
in which three pairs of cojre-
sponding 1dys 04 and 0’4, OB
and O'R OC and O'C intersect
in the three other points. Any
other pair OD and O’'D of corre-
sponding rays will give a new
point D of the curve. '

To construct the tangent at
any one of the given points, at
O for example, we have only to
determine that ray of the pencil
O which corresponds to the ray
0’0 of the pencil 0. ,

[}

Through five given points only

Given five straight lines
0,9',a,b,cinaplane (Fig. 93),
no three of which meet in a point,
a conic can be described to touch
them. For we have ohly to con-
stract the two projective ranges
which are determined upon two
of the given lines, o and o’ for ex-
ample, by the three others a, b, ¢,
and of which three pairs of corre-
sponding points oa and o’a, ob
and o'h, oc and o'c are given.
The straight line d which joins
any other pair of corresponding
points of the two ranges will be
a new tangent to the curve.

To construct the point of con-
tact of any one of the given
straight lines, that of o for ex-
ample, we have only to determine
that point of the range o which
corresponas to the point o'o of
the range o'. ‘

Only one conic can be drawn to

one conic can be drawn; for if «touch five given straight lines;

there could be two such, they
would have au infinite,number
of other points in common (the
intersections of all the pairs of
corresponding rays of the pro-
jective pencils) ; which is impos-
sible.

for if there could be two such,
they would have an infinite num-
ber of common tangents (all the
straight lines which join pairs of
corresponding points of the pro-
jective ranges) ; which is impos-
sible. ¢

¥ STEINER, loc. cil., pp. 15€, 157, § 43 ; Collected Works, vol. i. pp. 344, 345.
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From this we see also that:

Through four given points can
be drawn an infinite number of
conics ; and two such conics have
?o common points beyond these

our.

158. The theorems of Art.
the following manner :

If a hexagon ab'ca’be’ is circum-
scrabed to a conic (Figs. 97 and 61),
the strasght lines p, g, v which join
the three pairs of opposite vertices
are concygrrent.

Fig. 7.

This is known as BRIANCHON'S
theorem *.

TO THE CONIC SECTIONS
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There can be drawn an infinite
number of conics to touch four
given straight lines; and two
such conics have no common
tangents beyond these four.

88 may now be enunciated in

If'a hexagon AB'CA'BC" is in-
seribed in o conic (Figs. 98 and
60), the three pairs of opposite
sides intersect one another in three
collinear points B, (), .

Fig. 98.

This is known as Pascal’s
theorem .

These results are of such fmportance in the theory of conics
that they deserve independent proofs.

The ranges a(ba'd’¢’) and
¢ (ba'd'c’) arc projective (Art.
149) ; therpencils formed by join-
ing them to the points (ba'), (bc')
respectively are therefere projec-
tive. If thedine joining (ac’), (a'd)
be denoted by %, and that joining
(bc’), (a'c) by k, the pencils in
question are (ba'rh) and (bkpc’).
Since they have the ray b in

The pencils 4 (BA’B'C’) and
C(BA'B'C’) are projective (Art.
149) ; the ranges in which they
cut BA', BC' respectively are
therefore projective. If ALY, A'B
cut in I and B6", A'C in K,
ranges in question are (BA'RII)

.rnd (BKP("). Since they have
the point B in common, they are
in perspgctive ; therefore A'K,

)

* This theorem was published for the first time by Briaxcion in 1806, and
repeated in his Mémoire sur les lignes du second ordre (Paris, 1817 : p. 34).

t This theorem was given in PascaL's Kssai sur les Contques, a small work of

six pages 8vo., published in 1640, when its author was only sixteen years old.
It was republished in the “Euvres dé® Pascal (The Hague, 1779), and again
by H. WEISSENBORN, in the preface to his book Die Projection in der Ebene
(Berlin, 1862). :
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common, they are in perspec- RP, HC' are concurrent, that is
tive ; therefore (a'k), (rp), (k') P, Q, R are collincar.

are collincar, that is p, ¢, r are

concurrent.

154. Pascal’s thcorem has reference to six points of
a conic, Brianchon’s thcorem to six tangents ;»these six
points or tangents may be chosen arbitrarily from among
all the points on the curve and all the tangents to it. Now
a conic is determined by five points or five tangents; in
other words, five points or five tangents may be chosen at
will from among all the points or lines of the plane, but as
soon as these five clements have been fixed, the conic is
determined. ‘Pascal’s theorem then expresses the cendition
which «ix points on a planc must satisfy if they lic on
a conic; and Brianchon’s thcorem cxpresses similarly the
condition which six straight lines lying in a plane must
satisfy if they are all tangents to a conic. And the condition
in each case is both necessary and sufficient.

That it is necessary is seen from the theoremy themselves.
For six Roints on a conic, taken in any order, may be
regarded as the vertices of an inscribed hexagon* ; but since
Pascal’s theorem is true for every inscribed hexagon,the three
pairs of opposite sides must mect in three collinear points in
whatever order the six points be ‘takcn.

The condition is also sufficient. For suppose (Fig. 98)
that the hexagon AB'CA’BC’, formed by taking the six
points in a certain order, possesses the property that the pairs
of opposite sides B and B'C, CA’ and ("4, AB’ and A'B
intersect in three collinear points P, @ , B, Through the five
points AB'CA’B ove conic (and one only) can be drawn ;
if X be the, point where this conic cuts AC’ again, then
AB'CA’BX is an inscribed hexagon, and its pairs of opposite
sides B'C and BX, XA (w.C'A) and CA’, A'B and AB'
will meet in threc collincar points. But the sccond and third
of these points are *and R ; thereforc BX must meet B'C
at the point of intersection of 8'C and @R, t.e. at P. Both
B(’ and BX thus pass through P, and they must therefore

* It is perhaps hardly necessary to remind the reader that the homgons to
which Pascal’s and Brianchon’s theorems refer are not hexagons in Euclid’s sense
~—i.e. they are not neccssanily convex (non-reentrant) figures.
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coincide. Since then the point X lies not only on 40’ but
also on BC', it must coincide with the point C' itself.

The condition is therefore sufficient ; and it has already
been shown to be necessary.

By taking the six points in all the different orders possible,
sixty * sihnple hexagons can be made. ¥rom the reasoning
above, it follows that if any onc of these hexagons possesses
the property that its three pairs of opposite sides intersect
in three collinear points, the six points will lie on a conic.
and consequently all the other hexagons will possess the
same property .

By analogous considerations having reference to Brian-
chon’stheorem, properties correlativeto those just established
may be shown to be true of a system of six straight lints 1.

155. Consider the two trmnglos which are formed, one by
the first,, third, and {ifth sides, the other by the second,
fourth, and sixth sides, of the inscribed hexagon AB'C A’ BC’
(Fig. 98). Let BC' and B'(/, CA’ and C'4 , AB and A'B
be taken as torresponding sides of the triangles. By Pascal's
theorem these sides interscct im pairs in threc collincar
points ; and thereforc (Art. 17) the two triangles are homo-
logical. Pascal’s theorem may therefore be cnunciated as
follows :

1f two triangles are in 4omology, the points of inlersection
of the sides of the one with the non- corresponding sides of the
other lie on a conic.

Similarly, in a circumscribed hexagon ab’ca’be’ (Kig. 97)
let the yertices of even order and those of odd order respec-
tively be regarded as the angular points of {wo triangles, and
let b¢’ and b’c, ca’ and c’a, ab’ and a’b be taken to be corre-
spondings vertices. By Brianchon’s theorem dhese vertices
lic two and two on three straight lines which meet in
a point ; therefore (Art. 16) the two triangles arc homo-
logical. Brianchon’s theorem may therefore be enunciated
as follows :

* In general, a complete n-gon includes in itself } (n—1) (n—2)...1 simple
" Srarxes, loc. cit., p- 311, § 60, No. 54 ; Collected Works, vol. i. p. 450.

1A system of six point® on a conid thus determines sixty «hﬁﬂ'ent lines such

as PQR in Fig. 98, or Pascal lines as they have been called.  So too a system of
six tangents to a conic determjnes sixty different Srianchon points.
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If two triangles are in homology, the straight lines joining the
angular points of the one to the non-corresponding angular
potints of the other all louch a conic.

The two theorems may be included under the one enun-
ciation :

If two triangles are in homology, the points of iftersection
of the sides of the one with the non-correspanding sides of
the other lie on a conic, and the straight lines joining the angular
points of the one to the non-corresponding angular points of
the other all touch another conic *.

156. Returning to Fig. 98, let the points 4, B’, C, A’, B
be regarded as fixed, and €’ as variable ; Pascal’s theorem
may then be presented in the following form : ¢

If* a triangle C'PQ move “in such a way that its sides PQ,
QC', C'P turn round three ﬁxee't points R, A , B respectively,
while two of its vertices P, Q slide along two fixed straight
lines CB’, CA’ respectively, then the remaining vertex C' will
describe a conic which passes through the following five points,
viz. the two given points A and B, the point of ihlersection C
of the givex. straight lines, ¢he point of intersection B’ of the
straight lines AR and CB', and the point of intersection A' of
the straight lines BR and CA' 1.

So also Brianchon’s theorem may be
cxpressed in tho following form :

If o triangle c’'pq (Fig. 99) move in
such a way that its vertices pq, qc', ¢'p
slide ulong three fixed straight lines r, a, b
respectively, while two of its sides p, q turn
round two fixzed points cb’, ca’ respectively,
then the remaining side ¢’ will envelope a
conic which touches the following five
straight lines, viz. the two given straight
lines a and b, the straight line ¢ which joins
the fixed poin{s, the straight line b’ which joins the poinis ar
and cb’, and the straight line o' which joins the points br and ca’.

157. (1). Ifin the theorems of Art. 152 (right) one of the

* MuBLus, loc. cit., Art. 278. ¢

t This theorem was given by Macraugiy, in 1721 ; of. Phil. Trans. 1735,
and CHASLES, Apergu historique (Brussels, 1837 ; second edition, Paris, 1875).
If B lies at infinity, the theqrem becomes identical with lemma 20, book i. of
Newrox's Principia.
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tangents is supposed to lie at infinity, the conic becomes
a parabola (Art. 23). Thus a parabola is determined by four
tangents, or (Art. 152, right) only one parabola can be drawn
to touch four given straight lines ; and no two parallel tangents
can be drawn to a parabola.

(2). If the same supposition is made in theorem (2) of
Art. 149, it is seen that the points at infinity on the two
tangents o and o’ arc corresponding points of the projective
ranges determined on these tangents ; for the straight linc
which joins them is a tangent to the curve. It follows
(Art. 100) that

The tangents to a parabola meet two fixed tangents to the
same im points forming two similar ranges ; ot

- /7
7
~0Q >‘\\ L

P .
- . .'/ N )
AN

=

;Flg. 100.

Two fized tangents to a parabola are cut proportionally by the
other tangenis *:

(3). Let A and A’, B and B, € and (", ... be the points in
which the various tangents to the parabola meet the two
fixed tangents (Fig. 100), and let P and @’ be the respective
points of contact of the latter. The, point of intersection of
the two fixed tangents will be denoted by @ o# P’ according
as it is regarded as a point of the first or of the second
tangent. We have then

AB A0  BC _ AP A4Q . _ PQ

A'B A4C T B TAPTAQ T PQ,

(4). Conversely, given two Straight lines in @ plane, on which
lie two similar ranges (which are nat in perspective), the straight
lines connecting pairs of cogresponding points will envelope

* AroLLoNIr PeraAxr1 Conicorumdib. iii. 41.
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a parabola which touches the given straight lines at the points
which correspond in the two ranges respectively to their point
of intersection.

For the points at infinity on the given straight lines being
corresponding points (Art. 99), tho straight line which joins
them will be a tangent to the envelope ; thus the envelope is
a conic (Art. 150 (IL.)) which has the line at infinity for a
tangent, 1.e. it is a parabola.

158. In theorem I of Art. 150 (Fig. 95) suppose that the
point A lies at infinity, or, in other words, that the pencil 4
consists of parallel rays. To the straight line 04, considered
as aray a’ of the pencil O (viz. that 1ay which is parallel to the
rays of the other pencil), corresponds that ray a of the pencil
A which is the tangent at the point A. This ray @ may be at
a finite, or it may be at an inftnite distance.

In the first case (Fig. 101) the straight line at infinity is

Fig. 101. Tid. 102.

a ray j of the pencil 4, and to it corresponds in the pencil O
a ray j different from @’ and consequently not’ passing
through A ; the conic will therefore be a hyperbola (Art. 23)
having A (_,aa ) and %jj’ for its pomts at infinity ; the
straight line a is one asymptote and j’ is parallel to ‘the other.
In the sccond case (I‘ig 102) the line at infinity is the
tangent at A to the conic, which is therefore a parabola.
159. If in thix same theorem of Art. 150 the points A and
O arce supposed: both to lic at infinity (Fig. 103), the two pro-
jective pencils will each consist of parallel rays ; and since
the conic which these pehcils generate must pass through
A and 0, it is a hyperbola (Art?23). THe asymptotes of the
hyperbola are the tangents to the curve at its infinitely
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distant points * ; they will therefore be the rays @ and o’
of the first and second pencil which correspond to the
straight line at infinity considered
as a ray of the second and first
pencil respectively.

By the*general theorem of Art.
149, the asymptotes of a hyperbola
are cut by the other tangents in
points forming two projectivo
ranges, in which the points of
contact (which are in this case at
infinity) correspond reshectively
to the point of intersection @ of
the asymptotes. The equation 6f Arts. 74 and 109 (1) viz.,

JM.I' M’ X constant,
becomes therefore in this case

QM .QM' =constant,
M and M’ being the points of intersection of any tangent
with the asymptotes. We conclude therefore that

The segments which are determinead by any tangentio a hyper-
bola on the two asymptotes (measured from the point of inter-
section of the asymptotes), are such thut the rectangle Contained
by them is constant.

This may be stated in a different form as follows :

The triangle formed by any tangent {o a hyperbola and the
asymplotes has a constant area .

160. Again, let the theorem of Art. 149 be applied to the
case of two fixed parallel tangents which are cut by a variable
tangentn M and M'. Inthe projective ranges thusgenerated
the points which correspond respectively to the infinitely
distant pqint of intersection of the two fixed ,tangents are
their points of contact ; if these be denoted by J and I’, we
have by Art. 74 the equation.

JM.I'M’' =constant. .
Therefore, the segments which a variable’tangent to a conic cuts
off from two fixed parallel tawgents (measured from the poihts
of conlact of these latler) are such that the rectangle contained
by them is constant |

L]
* DESARGUES, loc. cit., p. 210 ; NEWTON, Principia, lib. i. prop. 27, Scholium.
1 Arovroxius, loc. cut iii. 43, Jo Ibid,, iii. 42.

\“",‘\<

Fig. 103.



CHAPTER XV

CONSTRUCTIONS AND EXERCISES

161. By help of Pascal’s and Brianchon’s theorems may
be solved the following problems :

G'iven five tangents a , 'y ¢ , o',
b, to a conic, to draw from any
given point I, lying on one of
these tangents a, another langent
to the curve (Fig. 104).

<
TN\

Fig. 104,

If ¢ be the required tangent,
ab'ca’be’ is a hexagon to which
Brianchon’s theorem applies. Let
r be the diagonal connecting one
pair ab’ and a'h of opposite ver-
tices, and let ¢ be the diagonal
connecting anpther such pair ea’
and c’a (where ¢’ is the given
point JI); then the diagona),
which connects the remaining
pair b’ and b’c, must pass through
the point gr. 1f then p be the
straight line joining the points ¢r
and U'c, the straight line which
joins pb to the given point K is
the required tangent.

By assuming different positions
for the point H, all lying on one

Gliven five points 4 , B', C , 4,
B on a contc, to find the point of
tntersection of the curve with any
given straight line r drawp through
one of these points A (Fig. 105).

Fig. 105.

Tt ¢' be the required point,
AB'CA'BC’ is a hexagon to
which Pascal’s theorem applies.
Let R be the point of intersection
of one pair 4B’ and 4'B of oppo-
site sidI:as, and let @ be the point
of intersection of another such
pair 04" and 7; then QR must
pass through the point of inter-
scction of the remaining pair
BC’ and B'C. If then PB be
joined, it will cut the given
«straight line 7 in the required
point C". ’

" By assflming different positions

for the given straight line r, all
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of the given tangents,-and re-
peating in each case the above
construction, any desired number
of tangents to the conic may be
drawn.

AND EXERCISES 129
passing through one of the given
points on the conic, and repeating
in each case the above construc-
tion,any desired number of points
on the conic may be found.

Pascal’'s theorem therefore
serves to construct, by means of
its points, the conic which is de-
termined by five given points .

Brianchon’s theorem therefore
serves to censtruct, by means of
its tangents, the conic which is
determined by five given tan-
gents *, - ’

162. Particular cases of the problem of Art., 161 (right).

I. Suppose the point B to lic at infinity ; the problem
then begomes the followiﬁg : .

Giver four poinis A, B', ', A" on a hyperbola and the

. direction of one usymptote; to find the second point’ of inter-
section C' of the curve with a given straight
line r draym through A (Fig. 106).

Solution. This is deduced from that of
the general problem by taking the point
B to lie at irffinity in the given direction.
We draw through 4’ a straight line m in
this direction ; if then AB’ meets m in &,
and A4'C meets r in @, we join QR mecting
B'C in P; and draw through P a parallel
to m; this parallel will cyt » in the re-
quired point C'. ' N

I1. Suppose she point A4 to lic at in- Fig. 106.
finity ; the problem is then :

GQiven four points B', C, A', B on a hyperbola and the
direction "of one asymptote, to find the point of intersection of
the curve with a given siraight line r drawn parallel to this
asymptote (Fig. 107). ° .

Solution. Draw through B’ a straight line parallel to the
given direction. If this line meut A’B in &, and if A’C mect
7 in @;join @R cutting B'C in P. Then if BP he joined, it
will cut r in the required point C". ¢

III. Suppose the two points A’and B both to lie at infinity.
The problem then becomes :

[y PR

\
\
\‘,, H
%
i
I
J
.
/
/
L=
=

* BRIANCHON, loc. cit., p*38 ; PoNCRLET, loc. cit., Artl. 209,
NuwroN, Principiu, prop. 22 ; MACLAURIN, De linearum geometricarum pro-
prietatibus generalibus (London, 1748), § 44. .

1514 X .
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. Given three points A , B', C on a hyperbola and the direc-
tions of both asymptotes, to find the second point of intersection
of the curve with a given straight line r drawn through A
(Fig. 108).

Solution. Through the point @, where the given straight
line » meets a straight line drawn through C parailel to the

Fig. 107. Fig. 108,

direction of the first asymptote, draw a parallel to AB’. Let
P be the point where this parallel cuts B'C'; then a parallel
through £ to the sccond asymptote will cut 7 in the required
point C’.

1V. 1r the two points 4 and B’ both lie at infinity, the
problem is :

Given three points C , A’, B of a hyperbola and the direc-
tions of both asymplotes, to find the
point of infersectiox of the curve
with a given straight line r drawn
parallel to one of the agymptoles
(Fig. 109).

Solution. Through @, the point of
mtersection of r and CA’, draw a
parallel to 4'B; let P be the point

Tie. 109. where this parallel meets the straight

_line drawn through C parallel to the

other asymptote. Then if BP be joined, it will cut 7 in the
required point C'. '

V. If, lastly, the points B', C', A’, B are finite and the
straight line AC’ lies at infinity, the problem becomes the
following :

Given four points'B', C, A', B of a hyperbola and the

-
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direction of one asymptote, to find the direction of the other
asymptote (Fig. 110).

Solution. Through the point R, in which A’B meets the
straight line drawn through
B’ in the given direction,
draw a parallel to C4’; let
P be the point where this
parallel cuts B'C. Then if
BP be joined, it will be
parallel to the required di-
rection. Fig. 110,

It will bo a useful exercise .
for the student to deduce the constructions for these parti-
cular cases from the general construction ; in order to do this
it is only necessary to remember that o join a finite point
to a point lying at infinity in a given direction we merely draw
through the former point a parallel to the given direction.

163. Particular cases of the problem of Art. 161 (left)

I. Supposé the point ac’ to lie at infinity ; ;) “then the
problem becomes the following :

Given five tangents a , ', ¢, a’, b to a conic, to draw the
tangent which is pamtlel to one of them, to a, fof example
(Fig. 111).

Solution. Draw through the point a'c a straight line ¢
parallel to @ ; join ab’ and a'b
by the stra.lghtnhne 7, and join
the points ¢r and bc by
the straight line p. Then if
through ‘the point pb a parallel
be drawn to a, it will be the
required ,angent.

From a given point in the .
plane of a conic two tangents Fig. 111
at most can be drawn to the
curve (Art. 23); so that from a pdint lymg on a given
tangent only one other tangent can be drawn. If then the
conic is a parabola, it cannot have a pair of parallel tangents.
(This has already bgen seen in Art. 1567 (1).)

II. Suppose the straight ine b to lie at infinity ; the
problem is then : ‘

K2
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Given four tangents a, V', ¢, a' lo a parabola, to draw
Jrom « given point H lying on one of them, a, another
langent to the curve (Fig. 112).

v Solution. Through the point
A ab’ draw a straight line r
=X parallel to @’ ; join the points
! \\ Il and a’c by ‘the straight line

N4 !
o T\ q, and the points gr and b'c
' \ by the straight line p. The
\ straight line drawn through
oI p|arallel to p will be the
v required tangent.
111, If the straight line a
lies at infinity, we have the problem
Given four langents V', ¢ , @', b to a parabola, to draw the
langent which is parallel to a given straight line (Fig. 113).
Solution. Through a’b draw
7 \‘/ ~ the straight line  parallel to

Fig, 212

s b, and through'a’c draw the

e \.\.. straight line ¢ parallel to

/ ' " the given direction ; join the

) /'l/ points gr, 0’c by the straight
V T line p. The straight line

through pb parallel to the
given direction is the tangent
required. ‘

LV. Ifin problem I1 the point 7 assume different positions
on a, or if in 11[ the given straight line assume different
directions, we arrive at the solution of the problem

To construct by means of ils langents the parabola which s
determined by four given tangents. .

Tig. 113,



CHAPTER XVI

DBDUCTIONS FROM TIIE TILEOREMS OF PASCAIL
AND BRIANCHON

164. WE have alrcady given some propositions and con-
structions (Arts. 161-163) which follow immediately from
the theorems of Pascal and Brianchon, by supposing some of
the clements to pass toginfinity. Other corollarics may be
deduced by assuming two of the xix points oresix tangents to
approach indefinitely near to ong another *, -

If AB'CA’BC’ arc six poinss on a conic, Pascal’s theorem
asserts that the pencils A(A'B'CC’) and B(4'B'CC’), for
example,arc projective with onc another. To the ray A B of
the first pencil corresponds in the second the tangent at B3, so
that we may. say that the group of four lines

AA', AB', AC, AB
is projective with the group )
BA', BB, BC, tangent at B. .
But this amounts evidently to saying that the point (”,
which was at first taken to have any arbitrary position on

the curve, has come to ¥e indei- ¢ n
nitely near to the point B. Instcad —

then of the inscribed hexagon we L
have now the figure made up of the \ T
inscribed pentagon AB'CA’B and NV
the tangent b at the vertex B (Fig. b/
114); and DPascal’s theorem be-,
comes th8 following :

If a pentagon is inscribed in a Fig. 114.
conic, the points of intersection R , @
of two pairs of non-consecutive sides (4B' and 4'B , AB and
CA4’), and the point P where the fifth side (B'C) meets the
tangent at the opposite vertex (B), are collinear.

This corollary may also be deduced from the construction (Art. 84,
right) for two projective pencils® Three pairs of corresponding rays

* Canxor, loc. cit., pp. 435, 456,
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are here given, viz. 44’ and BA’, AC and BC, AB' and BB'. We
cut the two pencils by the transversals c4’, CB respectively ; if B
be the point of intersection of 4’B and AB’ then any pair of corre-
sponding rays of the two pencils must cut the transversals c4', CB’
respectively in two points which are collinear with B. In order
then to obtain that ray of the second pencil which corresponds to
AB, viz. the tangent at B, we join R to the point of intersection
Q of CA’ and 4B, and join QR meeting CB’ in P; then BP is
the required ray b, But this construction agrees exactly with the
corollary enunciated above.

165. By help of this corollary the two following problems can be
solved :

(1). Given five poinis A, B',C, 4", B cy a conic, to draw the tangent
at one of them B (Fig. 114)

Solution. Join @, the point of mtorsechon of AB and C'A to R,
the point of intersection of AR’ and 4'B; if P is the point "where
QR tneetsB'C, then BP will be the reqmrcd tangent *,

Particular cases.

Given four points of a hyperbola and the direction of one asymp-
tote, to draw the tangent at one of the given points. (This is
obtained by taking one of the points A4 , B’, C, A’ to lie at infinity.)

Given four points of a hyperbola and the direction of one asymp-
tote, to draw that asymptote. (B at infinity.)

Given th-ee points of a Lyyperbola and the directions of both
asymptotes, to draw the tangent at one of the given points. (Two
of the four points 4 , B, A’ at infinity.)

Given three pomts of a hyperbola and the dircctions of both
asymptotes, to draw one of the asymptotes. (B and one of the other
points at infinity.)

(2). Given four poinds 4 , B, 4, © of @ conic and the tangent al
one of them B, to consiruct ithe conic by points ; for example, lo find
the point of the curve which lies on a qiven straight lihe r drawn through
4 (Fig. 114).

Solution. Let R be the point where 4'B meets 7, and @ the
point where 4B meets C4’; and let QR cut the given tanfent in P.
The point B’ where C'P cuts the given straight line » will be the one
required.

%y supposing one or more of the elements of the figure to lie at
infinity, e.g. one of the points 4 , 4’, ('; or two of these points;
or the point A4 and the line r; or the point B; or the point B and
one of the other points; or the point B and the given tangent ; we
obtain the folluwing particular cases :

To construct by points a hyperbola, having given

three points of the curve, the tangent at one of these points,
and the direction of one asymptote ;

: two points, the tangent at one of them, and the directions of
both asymptotes ;

* MACLAURIN, loc. cit., § 40,
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or: three points and an asymptote ;
or: two points, one asymptote, and the direction of the other
asymptote.

Given three points of a hyperbola, the tangent at one of them,
and the direction of an asymptote, to find the direction of the other
asymptote.

To construct by points a parabola, having given three points of
the curve (lying at a finite distance) and the direction of the point
at infinity on it.

166. Returning to the hexagon AB'CA’B(’ inscribed in
a conic, let not only C’ be taken
indefinitely near to B, but also C
indefinitely near to B’e The figurc
will then be that of an inscribed
quadrangle AB’A’B together with the
tangents at B and B’ (Fig. »15), and
Pascal’stheorem becomes the following :

If a quadrangle is inscribed in a
conic, the points of intersection of the
two pairs of epposite sides, and the point
of intersection of the tangenis ut a pair
of opposite vertices, are three collinear
points.

This property coincides with one already
obtained elsewhere (Att. 85, right). TFor
considering the projective pencils of which BA and B'A, BA’ and
B'A’,... are corresponding rays, it is seen that the straight line
which joins the point of intersection @ of B4 and B'A’ to the point
of intersection R of B'A and BA' must pass through the point of
intersection P of the rays which correspond in the two pencils
respectively to the straight line joining their centres B and B'.

167. By help of the foregoing corollary the following problems can
be solved :

(1). Given four points A , B', A’, B of a conic and the tangent BP
at one of them B, to draw the tangent at another of the points B’
(Fig. 115).

Solution. Let AB and A’B’ meet in @, and AB’ and A'Bin R ;
and let QR meet the given tangent in /%, Then B'L will be the
required tangent *.

By supposing one of the given points, or the given tangent, to
lie at infinity, the solutions of the following particular cases are
obtained : y

To draw the tangeff at a given point of a parabola, having given

* MACLAURIN, loc. cit., § 38.

Fig. 115.
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in addition two other points on the curve, the tangent at one
of them, and the direction of one asymptote ; or, one other point,
the tangent at this, and the directions of both asymptotes;
or, one other point, one asymptote, and the direction of the other
asymptote. N

To draw the asymptote of a hyperbola when its direction is known,
having given in addition three points on the curve and ghe tangent
at one of them ; or, two points on the curve, the tangent at one of
them, and the direction of the second asymptote; or, two points
on the curve and the second asymptote.

To draw the tangent at a given point of a parabola, having given
two other finite points on the curve, and the direction of the point
at infinity on it. o .

(2). To construct a conic by points, havipg given three points A , B, B
on the curve and the tangents BP , B'P at two of them ; 1.e. to deter-
mine, for example, the point 4’ in which an arbitrary strakght line
r drawn tlaough B is cut by the conic (Fig. 116). .

Solution. Join the point of inksrsection I of the given tangents

to the point I where r cuts AB'; and let
" P ¢ PR cut AB in Q. If B'Q be joined, it will

T TTTATT cut 7 in the required point 4'.

NN \ , By supposing one of the points 4, B, B’
7/r~ or one of the lines BP , B'P, r to lie at
n"f{ SNVA infinity, we shall obtain the solutions of
/ the following particular cases :

( \ To construct by points a hyperbola,

' ; hdving given two points on the curve, the
\ \ / . tangents at these, and the direction of one
\ o asymptote ; or, one point on the curve,

S the tangent there, onc asymptote and the

s direction of the sccond asymptote ; or, one
Fig. 116. point on the curve and beth asymptotes.
To construct by points a parabola,having
given two points on the curve, the tangent at one of them, and the
direction of the point at infinity on the curve. ¢

168. The tangents at the other vertices 4 and A’ of the
quadrangle 4BA’B’ (Fig. 116) will also intersect on the
straight line joining the points (4B, A'B’) and (4B’, A'B).
Hence the theorem of Art. 166 may be enunciated in the
following, its complete form :

If @ quadrangle is snscribed in a conic, the points of inter-
section of the two pairs of oppasite sides, and the points of
intersection of the tangents at the two pairs of opposite vertices,
are four collinear points.

If two opposite vertices of the' quadrangle be taken, to lie at
infinity, this becomes the following :
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If on a chord of a hyperbola, as diagonal, a parallelogram be
constructed so as to have its sides parallel to the asymptotes, the
other diagonal will pass through the point of intersection of the
asymptotes.

169. THEOREM. The complete quadrilateral formed by four
tangents tda conic, and the complete quadrangle formed by their
four points of contact, have the same diagonal triangle.

In the last two figures write C, D, ', ¢! in place of
A', B', R,Qrespectively. Intheinscribed quadrangle ABCD

Fig. 117.

(Fig. 117) the point of intersection of the tangents at A4
and C, that of the tangents at B and D, the point of inter-
section of the sides AD, BC, and that of the sides AB, CD all
lie on one straight Iine KG. Tf the same poinis 4,8, c,D
are taken in a different order, two other inscribed quadrangles
ACDB and ACBD arc obtaised, to each of which the
theorem of Art. 168 may be applied. Taking the quadrangle
ACDB, it is seen that the point of interfection of the tangents
at A and D, that of the tangents at C and B, the point® of
intersection of the sides AB, O’D and that of the sides AC,

BD all lie on one stralght hnc FU’ So too the qua,drangle
ACBD gives four points lying on one straight line £F ; viz.

the points of intersection of the tangents at 4 and B, of the
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tangents at C and D, of the sides AD,CB,and of the sides
AC,BD *,

The three straight lines EG ,GF , FE thus obtained are the
sides of the diagonal triangle EFG (Art. 36, [2]) of the com-
plete quadrangle whose vertices are the points 4 ,B,C,D;
and since the same straight lines contain also she points
in which intersect two and two the tangents a,b,c,d at
these points, they are also the diagonals of the complete
quadrilateral formed by these four tangents. The theorem
is therefore proved.

170. In the complete quadrilateral a b ¢d the diagonal f,
whose extremities arc the points &c, bd , cuts the other two
diagonals g and e in E and @ respectively; these two points
arertherefore harmonically ‘conjugate with regard to ac and bd
(Art. 56). The correlative theorem is: The two opposite
sides of the complete qradrangle A BCD which meet in F
are harmonically conjugate with regard to the stfa,ight lines
which connect F' with the two other diagonal points £ and G
(Art. 57). Summing up the preceding, we nmiay enunciate
the following proposition,(Fig. 117) :

If at the vertices of a (simple) quadrangle ABCD , inscribed
in a cont, tangentsa , b , ¢ , d be drawn, so as to form a (simple)
quadrilateral circumscribed to the conic, then this quadrilateral
possesses the following properties yith regard to the quadrangle :
(1) the diagonals of the two pass through one point (F) and form
a harmonic pencil ; (2) the points of intersection of the pairs of
opposite sides of the two lie on one straight line (EG) and form
a harmonic range ; (3) the diagonals of the quadrilateral pass
through the poinls of intersection of the pairs of opposite sides
of the quadrangle .

171. By help of the theorem of Art. 169, when we ar% given four
tangents @, b, ¢, d to a conic and .the point of contact 4 of one of
them, we can at ouce find the points of contact of the three others ;
and when we_are given four points 4,B,C.D on a conic and the
tangent @ at one of them, we can draw the tangents at the three
other points §. .

Solution. Draw the diagonal Draw the diagonal triangle
triangle EF(' of the complete EFG of the complete quadrangle

* MACLAURIN, loc. cit., § 50 ; €CaRrNoT, loc! cit., pp. 453, 454.
1 CHASLES, Sections conigues, Art. 121.
1 Macravriy, loc. cit., §§ 38, 39,
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quadrila.terg.l abed; then AG, ABCD; then the straight lines
AF, AE will cub b, ¢, d respec- joining ag, af, ae to B,C, D re-
tively in the required points of spectively will be the required
contact B, C, D. tangents,

172. The theorem of Art. 169 may be enunciated with
regard to,the (simple) quadrilateral formed by the four
straight lines a,b,c,d; it then takes the following form,
under which it is seen to be already included in the theorem
of Art. 170 * :

In a quadrilateral circumscribed to a conic, the straight lines
which join the points of contact of the pairs of opposite sides pass
through the point of intersection of the diagonals (Fig. 118).

This property coincides with one alrcady proved with regard
to two projective ranges (Art. 85, l¢ft). For . .
consider the projective ranges onea and c¢ as
bases, in which ab and cb, ad and cd,... are
correspondipg points ; the straight line§ which
connect the pairs of points ab and c¢d, cb and
ad respectively, must intersect on the straight
line which conmects the points corresponding
in the two ranges respectively to ac; but this
is the straight line joining the points ofscontact
of a and c.

If the conic is a hyberbola, and we covsider
the quadrilateral which is formed by the asymp-
totes and any pair of tangents, the foregoing
theorem expresses that the diigonals of such
a quadrilateral are parallel to the chord which Vig. 118.
joins the points of£ontact of the two tangents +.

173. The theorem of Art. 172 gives the solution of the problem :

To construct a conic by tangents, having given three tangents a,b,¢
and the points of contact A and C of two of them ; to draw, for
cxample, through a given point H lying on @ a second tangent to
the curve (Fig. 118).

Solution. , Join the point ab to the point of intersechion of AC and
I (be) ; the joining line will meet ¢ in a point which when joined
to I gives the required tangent d.

If one of the points 4, C or one of the given tangents be supposed
to lie at infinity, the solution of the folloying partiular cases is
obtained :

To construct by tangents a hyberbola, having given one asymptdte,
two tangents to the curve, and the point of contact of one of them ;
or, both asymptotes and one tangent.*

- ’

* NEwTON, loc. cit., Cor. ii. to lemma xxiv.
+ Arorvonius, loc. cit., iii. 44.
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To construct by tangents a parabola, having given the point at
infinity on the curve, two tangents, and the point of contact of one
of them ; or, two tangents and the points of contact of both.

Given four tan gents to a conic and the point of contact of one of
them, to find the points of contact of the others.

174. Tf in Pascal’s theorem the points 4’, B’, ¢’ be taken
to lie indefinitely ncar to 4,B,C
respectively, the figure becomes
that of an inscribed triangle
ABC together with the tangents
at its vertices (Fig. 119); and
the theorem reduces to the
following : »

In a triangle inscribed in a
. canic, the tangents at the vertices
Fie. 119, . meet the respectively opposite sides

) wn three collinear points.

175. This gives the solution of the probler :

Given three points A, B, C of a conic and the tangents at Lo of
them A and B. to draw the tang('nt at the third point C (Fig.-119).

Solution. liet P, Q be the points where the given tangents at
4, B cut BC,CA xeqpochvely if PQ cut AB in R, then CR is the
tfmgont xcquned

The following are particular cases :

(fiven two poinls on a hyperbolg, the tangents at these points,
and the direction of one asympto%e, to construct the asymptote
itself.

Given one asymptote of a hyperbola, one poinf on the curve, the
tangent at this point, and the direction of the second asymptote, to
construct this second asymptote.

Given both asymptotes of a hyperbola and one point ont the curve,
to draw the tangent at this point.

(From the solution of this problem, it fellows that the segment
determined on any tangent by the asymptotes is bisected at the
point of contact.)

(iven two points on a parshola, the direction of the point at
infinity on the curve, and the tangent at one of the given points,
to draw the Pangent at, the other given point.

176. The inscribed triangle. ABC and the triangle DEF
formed by the tangents (Fig 119) possess the property that
their respectlvc sides BC ‘and EF, CA and FD, AB and DE
intersect in pairs in three collihear points. The triangles are
therefore homological, and consequently (Art. 18) the straight
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lines AD, BE, CF which connect their respective vertices pass
through one point 0. Thus we have the proposition :

In a triangle circumscribed to a conic, the straight lines which
join the wvertices to the points of contact of the respectively
opposite sides are concurrent.

17’51. By Relp of this proposition the following problem can be
solved :

Given three tangents to a conic and the points of contact of two of
them, to determine the point of contact of the third.

Solution. Let DEF (Fig. 119) be the triangle formed by the
three tangents, and let 4, B be the points of contact of KF, FD
respectively. If 4D and BE intersect in O, then FO will cut the
tangent DE in the required point of contact (.

Particylar cases. .

Given one asymptote of a hyperbola, two tangents, and, the point
of contact of one of them, to determine the point of contact of ‘the
other. :

Given both asymptotes of a hyperbolg, and one tangent, to deter-
mine the point of contact of the latter.

Given two tangents to a parabola and their points of contact, to
determine the direction of the point at infinity on the curye.

Given two tangents to a parabola, the point of contacy of one of
them, and the direction of the point at infinity on the curve, to
determine the point of contact of the other given tangent.

178. As a particular case of the theorem of Art. 176, consider
a parabola and the circumscribing triangle formed by the tangents at
any two points 4, B, and the straight line at infinity, which is also
a tangent. If the tangents ated M D
and B meet in O (Fig. 120), the X*— B
straight line joining C to the \
middle point D of the chord 4B r
will be parallel to the direction in R
which lies, the point at infinity
on the curve.

Again, if any point I be taken P
on 4B, and parallels M , MQ R Tig. 120.
be drawn to* BC, AC respectively
to meet AC,BC in P,Q; and if MR be drawn parallel to DC
to meet PQ in R; then PQ will be a tangent to the parabola,
and R its point of contact.

179. Just as from Pascal’s theorent a series of special
theorems have been derived, relating to the inscribed pen-
tagon, quadrangle, and triangle, so also from Brianchon’s
theorem can be deduced a series of correlative theorems
relating to the circumscribed’ pentagon, quadrilateral, and
triangle.
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Suppose e.g. that two of the six tangents a,b’,¢,a’,b,¢’
which form the circumsecribed hexagon (Art. 153, left), b and
¢’ for example, lie indefinitely near to one another. Since
a tangent intersects a tangent
indefinitely near to it in its point
of contact (Arts. 146, 149), the
hexagon will be replaced by the
figure made up of the circum-
scribed pentagon ab’ ca’b together

Fig. 181. with the point of contact of the
side b (Fig. 121). Brianchon’s
theorem will then become the follbwing :

1f « pentagon is circumscribed to a conic, the two diagonals
which coftnect any two pairs of opposite vertices, and the straight
line j _7ommg the fifth vericx to the point of contact of the opposite
side, meet in the same povat.

This thcorem expresses a property of projective ranges which has
already (Art. 85, left) been noticed.

For consider the two projective ranges determined by the other
tangents dn ¢ and b as bases. Three pa.lrs of corresponding points
are given, viz. those determined by &', V', and ¢. Project the first
range from the point ca’ and the second from cb’; this gives two
pencils in perspective of which corresponding pairs of rays intersect
on the straight line » which joins the points ab’, ba’. In order then
1o obtain that point of the second gange which corresponds to the
point ab of the first, viz. the point of contact of the tangent b, we
draw the straight line ¢ which joins the points ca’ and ab, and then
the straight line p which joins ¢b’ and ¢r; then pb is the point
required. But this construction agrees exactly with the theorem in
question.

180. By means of the property of the circumscribed pentagon
just established the following problems can be solved :

(1). Given five tangents to a conic, to determine the point of contact
of any one of them * .

Particular case. Given four tangents to a parabola, to determine
their points of contact, and alsc- the direction of the point at infinity
on the curve.

(2). To coftstruct by dangents ¢ conic, having given four tangents
and the point of comau of one of tlze'm

Particular cases.

To construct by tangents a hyberbola of which three tangents and
one asymptote are given.

To construct by tangents a parabola, having given three tangents

* MACLAVRIN, loc. cit., § 41.
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and the direction of the point at infinity on the curve; or three
tangents and the point of contact of one of them.

181. The corollaries of Brianchon’s theorem which relate to the
circumscribed quadrilateral and triangle have alrcady been given
(they are the propositions of Arts. 172 and 176) ; they are correlative
to the theorems of Arts. 166 and 174, just as those of Arts. 164 and
179 are correlative to one another.

It will be a very useful exercise for the student to solve for himself
the problems enunciated in the present chapter : the constructions
all depend upon two fundamental ones, correlative to one another,
and following immediately from Pascal’s and Brianchon’s theorems.

182. The corollaries to the theorems of Pascal and Brianchon show
that just as a conic is uniquely determined by five points or five
tangents, so also it is uniqucly determined by four points and the
tangent at one of them, by four tangents and the yoint of contact
of one of them, by three points and the tangents at two of them,
or by three tangents and the points of contact of two of ‘them. ' It
follows that .

(1). An infinite number of conics cary be drawn to pass through
three given points and to touch a giver straight line at one of these
points ; or to pass through two given points and to touch at them
two given straight lines ; but no two of these conics can have another
point in commonh. '

(2). An infinite number of conics can be drawn to touch a given
straight line at a given point, and to touch two other given straight
lines ; or to touch two given straight lines at two given points ; but
no two of these conics can have another tangent in common.

If then two conics touch a given straight line at the same point
(¢.e. if the conics touch one another at this point), they cannot have
in addition mo1e than two common tangents or two common points ;
and if two conics touch two given straight lines at two given points
(¢.e.if two conics tduch one another at two points) they cannot have
any other common point or tangent.

Thus if two conics touch a straight line « at a point 4, this point
is equivalefit to two points of intersection, and the straight line a is
equivalent to two common tangents.



CHAPTER XVII

DESARGUES’ THEOREM

183. TuEOREM. Any (rans-
versal whatever meels a conic and
the opposite sides of an inscribed
quadrangle in three conjugale pairs
of points of un tnvolution.

'

This is known as DL-SARGUESo
theoremn *.
Let QRST (Fig. 122) ¥e a

quadrangle inscribed in & conic,

Fig. 192,

and let s be any transversal cut-
ting the conic In P ané £’, and
the sides QT,RS,QR, TS of the
quadrangle in A,A',B,B’ re-
spectively.

Y

CorriLATIVE THEOREM. The
langents from an arbitrary point to
« conic and the straight lines which
Join the same point to the opposite
verlices of any circumseribed quad-
rilateral form three conjuyate pairs
of rays of an involution.

Let grst (Fig. 123) be a quad-
rilateral circumscribed about a

Fig. 123.

conic; from Jany point S let
tangents p,p be drawn to the
comc and let the straight lines
a,d,b,b bedrawn which join
S to the vertices qt,rs,qr,tsof
the quadyilateral respectlvely

* Desarovss, loc. cit., pp. 171, 176.
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The two pencils which join
the points P, R, P', T of the
conic to @ and S respectively are
projective with one another (Art.
149), and the same is therefore
true of the groups of points in
which these pencils are cut by
the transversal. That is, the
group of points PBP'A is pro-
jective with the group PA'P'B’,
and therefore (Art. 45) with
P'B'PA’; consequently (Art.
123) the three pairs of points

PP', A4', BB’ *

are in inVolution.

184. This theorem, like that of
Pascal (Art. 153, right), cnables
us to construct by points a conic
of which fivepoints P, Q, R, S, T
are given. For if (Fig. 122) an
arbitrary transversal s be drawn
through P, cutting QT, RS, QR,
TSin A, A’, B, B' respectively;
and if (as in Art. 134) the point
P’ be found, conjugate to P in
the involution determined by the
pairs of points 4, 4’ and B, B’ ;
then will 2’ be another point oy
the conic to be constructed.

185. The pair of points C', ¢’
in which the transversal cuts the
diagonals @S and RT of the
inscribed (?Aadrangle belong also
(Art. 131, left) to the involution
determined by the poirts 4, 4’
and B,B.,

Moreover, since the points
A, A’ and B, B’ suffice to deter-
mine the involution, the points
P, P’ are a conjugate pair of
this involution for every conic,
whatever be its nature, which
circumscribes the quadrangle
QRST. T

Thus :

Any transversal meets the conics

1514
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The two groups of points in
which ¢ and s are cut by the
tangents p, r, p’, ¢t are projec-
tive with one another (Art. 149),
and the same is therefore true
of the pencils formed by joining
these points to S. That is, the
group of rays pbp'a is projec-
tive with the group pa’p’d’, and
therefore (Art. 45) with p'b’'pa’ ;
consequently (Art. 123) the three
pairs of rays

pp’, aa’, bb’
are in involution.

9

This #sheorem, Kk® that® of
‘Brianghon (Art. 153, left), en-
a,blt?\xs to construct by tangents
a cBnic of which five tangents
p,q,7,s,t are given. For if
(Fig. 123) an arbitrary point S
be taken on p, and thig point be
joined to the points gt , rs, qr , s
respectively by the rays a, a’,0,5";
and if (Art. 134) the ray p' be
constructed, conjugaté to p in
the involution determined by the
pairsofraysa, e and b, b’ ; then
will p’ be another tangent to the
conic to be constructed.

The pair of rays ¢, ¢ which
connect S with the points of
intersection gs and 7t of the
opposite sides of the circum-
scribed quadrilateral belong also
(Art. 131, right) to the involu-
tion defermined by%he rays a , @’
and b, b'.

Moreover, since the rays a , o’
and b, b’ suffice to determine the
involutioy, the ray$ p , p’ are a
conjugate pair of this involutiqn
for every conic, whatever be its
nature, which is inscribed in the
quatirilateral grst.

Thus :
The pairs of tangents drawn
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circumseribed about a yiven quad-
rangle in pairs of points fornving
an involution.

If the involution has double
points, each of these is equivalent
to two points of intersection I
and P’ lying indefinitely near to
one another ; and will therefore
be the point of contact of the
transversal with some conic cir-
cumscribing the quadrangle.

There are therelore either two
conics which pass through four
given points @, R, §, T and
touch a given straight line s (not
passing through any of the given
points), or there is no co.’ic which
satisfies these conditions.v

186. If, from among th- six
points AA’, BB, PP ot an
involution, five are given, the
sixth is determined (Art. 134).
If then in Fig. 122 it is sup-
posed that the conic is given,
and that the quadrangle varies
in such a way that the points
4, A’, B remain fixed, then also
the pmnt B will remain invari-
able ; consequently :

If a variable quadrangle move
in such @ way as to remain ahways
inscribed in a given conic, while
three of s sides turn each round
one of three fired collinear points,
then the fourth side will turn round
a fourth fired point, collinear with
the three given ones.
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Jrom any point to the comics
tnscribed in a given quadrilateral
Jorm an involution.

If the .involution has double
rays, cach of these is equivalent
to two tangents p and p’ lying
indefinitely near to one another ;
and will thercfore be the tangent
at S to some conic inscribed in
the quadrilateral.

There are therefore cither two
conics which touch four given
strzight lines ¢, 7, s, ¢ and pass
through a given pomt S (not
lying on any of the given lines),
or there is no conic which satisfies
these conditions.

If from among the six rays
ad’, W', pp' of art involution,
five are given, the sixth is
determined  (Art. 134). If
then in Fig. 123 it is supposed
that the conic is given, and
that the quadrilateral varies in
such a way that theraysa,a', b
remain fixed, then also the
ray I’ will remain invariable;
consequently:

If a variable quadrilateral move
wn such a way as to remain always
circumscribed to a given conic,
while three of s vertices slide
each along one of three fixed con-
current stratght lines, then the
Jourth vertex will slide along a
Jourth fi.ed straight line, concur-
rent with the three given ones.

187. The theorem of the preceding Art. (left) may be ex-

tended to the casc of any inscribed polygon having an even
number of sides. Suppose such a polygon to have 2# sides,
and to move in such a way that 2 n —1 of these pass respec-
tively through as many fixed points all lying on a straight
line s (Fig. 124). Draw the dmgonals connecting the first of
its vertices with the 4th , 6t , 8th |, 2 (n —1)th vertex, thus
dividing the polygon into n—1 51mple quadrangles. In the
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first of these quadrangles the first thrce sides (which are
the first three sides of the polygon) pass respectively through
three fixed points on s ; therefore also the fourth side (which
is the first diagonal of the polygon) will pass through a fixed
point on s. In the second quadrangle the first threc sides
(the first diagonal and the fourth and fifth side of the
polygon) pass respectively through threc fixed points on s ;
therefore the fourth side (the second diagonal of the polygon)

Fig. 124,

will pass through a fixed point on s» Continuing in the same
manner, we arrive at the last quadrangle and find that the
fourth side of this (¢.e. the 2 nth side of the polygoR) passes
through a fixed point on s. We may therefore enunciate the
general theorem : »

If a variable polygon of an even number of sides move in such
a way as to remasn always inscribed in a given conic, while all
its sides but one pass respectively through as many fixed points
lying on a straight line, then the last side also will pass througlh
a fixed point collinear with the others *.

If tangents can be drawn to the conic from the fixed
point roung which the last side turn$, and if cach of these
tangents is considered as a position of the last side, the two
vertices which lie on this side will coincide and the polygon
will have only 2 » —1 vertices. Thg point of contact of each
of the two tangents will therefore be one position of one of
the vertices of a polygon of 27 —1 sides inscribed in the
conic so that its sides pass respec{ively through the 27 —1

given collinear points. .

* PONCELET, loc. cit., Art. 513.
L2 .
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188. The solution of the correlative theorem is left as an
exercise to the student : the enunciation is as follows :
If a variable polygon of an even number (2 n) of sides moves

Fig. 125

s0 as to remain always circum-
scribed to a given comic, while
all its vertices but one slide along
as many fixed straight lines radiat-
tng from a centre, then the last
vertex also will slide along w fixed
straight line passing through the
same centre (Fig. 125).

If the straight line on which
this last vertex slides«cut the
conic in two points, and if the
tangents at these be drawn, each
of them will be one position of
a side of a polygon of 2n—1
sides circumscribed about the

conic soythat its vertices lie each on one of the 2 » —1 given

concurrent straight lines.

189. If in Fig. 122 it be sup-
posed thtt the points S and T lie
indefinitely near to one another
on the conic, or in other words
that ST is the tangent at S, then
the quadrangle QRST reduces to
the inscribed triangle QRS and
the tangent at S (Fig. 126), so
that Desargues’ theorem becomes
the following :

If a triangle QRS is inscribed
wn a conie, and if a transversal s
meet two of iz sides in A'and A’,
the third side and the tangent at
the opposite verlez in B and I,
and the conic stself in P and P,
these three puirs of points are in
involution.

190. This thcorem gives a
solution of the problem : Given
fwe points P, P, Q, R, S on,
a conic, to draw the langent at any
one of them S.

If in Fig. 123 the tangents
s and ¢ be supposed to lic indefi-
nitelynear to one another, so that
st becomes the point of contact of
the tangent s, then the quadri-
lateral grst reduces to the circum-
scribed triangle grs and the point
of contact of s (Ifig. 127), so that
the theorem correlative to that of
Desargues becomes thefollowing:
If a triangle grs is_circum-
scribed about a conic, and if from
any point S there be drawn the
straight lines a , o “to two of its
verlices, the strmqkt linesb,b'tothe
third vertex and the point qf contact
of the opposite side, and the tan-
genis p , p' to the conic, then these
three pairs of raysareininvolution.
Thistheorem givesa solution of
the pl:oblem Given fie tangents
» ¢ 4 5 S to a contc, to find the
pomt of contact of any one of
them s.



191]

Forif 4, A, B (Fig. 16) arc
the points in which the straight
line PP’ cuts the straight lines
@8, SR, RQ respectively, we con-
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Forifa,d’, b(Fig. 127) are the
rays joining the point pp’ to the
points gs , sr , rq respectively, we
construct (as in Art. 134) the ray

Fig. 126.

struct (as in Art. 134) the point
B’ conjugate to B in the involu-
tion determined by the two pairs
of points 4, 4’ and P, P’ ; then
B'S will be the required tangent.

191. If in Fig. 126 it be now
supposed in addition that the
points @ and R also lie inde;
finitely near to onc another on
the conic, 4.e. that QR is the
tangent at ), then the inscribed
quadrangle QRST is replaced by
the two tangents at @ and S and
their chordeof contact @S counted
twice (Fig. 128).

Since the, straight lines QT,
RS now coincide, 4 and A4’ will
also coincide in one point, which
is consequently one of the double
points of the involution deter-
mined by the pairs of conjugate
points P, P’ and B, B'. Inthis
case, then, Desargues’ theorem
becomes the following : .

If a transversal cut two tangents
to a conic in B and B', their chord

¥ig. 127.

I’ conjugate to b in the involu-
tion determined by thestwo pairs
ofraysa,a’ and p, p'’; thenl's
will be the required point of con-
tact.

If in Fig. 127 it be=iow sup-
posed ‘in addition that the tan-
gents ¢ and 7 lie indefinitely near
to one another, ¢.e. that gr is the
point of contact of the tangent g,
then the circumscribed quadri-
lateral grst is replaced by the
points of contact of the tangents
g and s and the point of intersec-
tion ¢s of these tangents counted
twice (Fig. 129).

Since the points ¢t, rs now
coincide in a single point g¢s, the
rays a and o' will also coincide
in a single ray @, which is conse-
queytly one of the double rays of
the involdtion determined by the
pairs of conjugate rays p, p’ and
b,b'. The theorem correlative to
that of Desargues then becomes
the following :

If a given point S be joined to
lwo points on @ conic by the
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of contact in A, and the conic iself
wn P and P', then the point A 1s
a double point of the involution
determined by the pairs of points
P,P and B, B'.

Or, differently stated :
If a variable conic pass through
two given poinds P and P’ and

Fig. 128.

touch two yiven straight lines, the
chord which joins the points of
contact of these Lwo straght lines
will always pass through a ficed
point on PP,

If the tangents QU , ST vary
at the same time with the conie,
while the points P, P’, B, B’ re-
main fixed, the chord of contact
@8 must still always pass through
one or other gf the double points
of the involution determined by
the pairs of points P,/’and B, B'.
If then four collinear points P,1”,
B, B’ are giyen and any copic is
drawn through P ané I, and
then the pairs of tangents from
B and B’ to this conic; then if
each tangent from B is taken to-
gether with cach tangent from
B, four chords of contact will be *
obtained, which intersect one an-
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straiglit Uines b, V', and to the
point of iniersection of the tan-
gents al these points by the straight
line a; and if from the same
point S there be drawn the two
tangents p , p’ to the conic; then
a is a double ray of the involution
determined by the pairs of rays
p,p and b, b,
Or, differently stated :

If a variable conic touch two

given straight lines p and p' and

Fig. 129.

pass through tiwo given points, the
tangents at these two points will
Mways inlersect on a stratght line
passing through pp'.

1f the points of contact of g and
s vary at the same time with the
coni¢, while the straight lines
P, 7', b,V remain fixed, the point
of intersection ¢s muststillalways
lic on onc or other of the double
rays of the involutioh determined
by the pans of rays p, p’ and b, V',
If then four concurrent straight
lines p, p’, b, b’ are given and any
conic is drawn touching p and p’,
and then the two pairs of tan-
gents to this conic at the points
where it is cut by b and ¥';
then if tho tangents at the two
points on b are combined with
the tangents at the two points on
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otl_ler two and {wo in theedouble
points of the involution deter-
mined by P, P’ and B, B' *.

192. From the theorem of the
last Article (left) is derived a
solution of the problem: Given
JSour poinis P, P', Q , S on a conic
and the tangent at one of them Q,
to draw the tangent at any other
of the given points S (Fig. 128).

For if A,B are the points in
which PP’ cuts QS and the given
tangent®respectively, and we con-
struct the point B’ conjugate to
B in the involution determined
by the pair of points P,I” and
the double.point 4; then the
straight line SB’ will be the tan-
gent required.

DESARGUES’ THEOREM

151

V', each with each, four points of
intersection will be obtained,
which lic two and two on the
double rays of the involution de-
termined by p, p" and b, ",

From the theorem of the last
Article (right) is derived a solu-
tion of the problem : Given four
tangents p , p', q , s lo a conic and
the point of contact of one of them
q, to determine the point of contuct
of any other of the given tangents
s (Fig. 129). ~ ¢

For if ¢ , b are the rays which
connect pp’ with ¢s and with the
given point of” contact respec-
tively, gnd we construct thg ray
V' cogﬁgate to b in the involu-
tiongdetermined by the pair of
ray’s p,p’ and the double ray « ;
then b’ will be the required
point of contact.

193. Consider again the theorem of Art. 191; and S.'l'pp()sc that
the conic is a hyperbola, and that ite asymptotes are the tangents
given (Fig. 130). The chord of contact

@S lies in this case entirely at infinity ;
so that the involution (PP, BB',...) has
one double point at infinity, and therefore
(Arts. 59, 125) the other d8uble point
is the common point of bisection of ‘the
We conclude that :

If a hyperbola and its asymptoles be cut
by a transversal, the segments intercepted by
the curve and by the asymptotes respectively

segments PP', Bp',...

have the sume widdle point.
From this it follows that

Fig. 130.

PB=DB'P'and PB'=sBP't, |
which give$ a rule for the construction of a hyperbola when the two
asymptotes and a point on the curve are given .

194. Consider once more the
theorem of Art. 191 (left), and
suppose now that the points I
and P’ are indefinitely near to onz
another, ¢.e. let the transversal
be a tangent to the comic (Fig.

* BRIANCHON, loe. cit., pp. 20, 21.
1 Ibid., ii. 4.

Consider once more the theorem
ofs Art. 191 (vight), and suppose
now that the tangents p and p’ lie
indefinitely near to one andther,
t.e. let the point S lie on the
¢onic itself (Fig. 132). The tan-

t ApoLLoNIUS, loc. cit., ii. 8, 1G6.
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131). Its point of contact P will
be the second double point of the
involution determined by the pair
of points B, B’ and the double
point 4 ; consequently (Art.125)
P and 4 are harmonic conjugates

Fig. 131

with regard to B and B'; and
we conclude that :

In o tr)angle UBB' circum-
scribed to a conic, any side BB’
is divided Larmonically by «ts
point of cextact P and the point
where 1t meels the chord @S joining
the points of contact of the other
two sides.

195. From 4 a second tangent
can be drawn to the conic ; letits
point of contact be O. Since the
four points P, 4,B,B’, which have
been shown to be harmonic, are
respectively the point of contact
of the tangent AB, and the-three
points where this tangent cuts
three other tangents 04,QB,SB’ |
respectively, it follows that the
tangents AB, A, QB , SB’ will
be cut by every other tatigent in
four harmonic points (Art. 149) ;
1.e. they are four harmonic tan-
gents (Art. 151). And since the
chord of contact QS of the con-
jugate tangents QB , SB’ passes
through A the point of intersec-
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gent to’the conic at S will be the
second double ray of the involu-
tion determined by the pair of
rays b, b’ and the double ray a ;
consequently (Art. 125) p and @
are harmonic conjugates with

Fig. 132.
-«

regard to b and b’ ; and we con-
clude that :

In a triangle ubb' inscribed in
a conic, any two sides b and b
are harmomic conjugales with re-
qgard to the tangent p at the vertex
wn which they meet and the straight
line joining this vertex to the point
of  intersection of the tangents q
and s at the other two vertices.

The straight.line a cuts the
conic in a second point ; let the
tangent at this be o. Since the
fourrays p, e, b, b’, which have
been shown to be harmonic, are
respectively the tangent at S, and
the straight lines which join S to
threc other points on' the conic
(the points of contact of 0, ¢, and
s), it follows that the straight
lines connecting these four points
with any other point on the conic
will form a harmonic pencil (Art.
149); 4.e. the four points are
harmonic (Art. 151). And since
the point of intersection of the
tangents ¢ and s.lies on the chord
of contact of the tangents p and



~.

197]

tion of the tangents at I* and 0,
we have the theorem :

If the chord of contact of ome
pasr of tangenis to a conic pass
through the point of tntersection of
another pasr of tangents, then each
pair 1s harmonically conjugale

“with regard to the other.

And conversely :
If four tangents to a conic are

‘harmondc, the chord of contact of

each pair of conjugate tangents
passes through the point of inter-
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0, we have the theorem :

If the point of intersection of
the tangents at one pair of points
on a conic lie on the chord joining
another such pair of points, then
each pair is harmonically conju-
gale with regard to the other.

And conversely :

If four points on a conic are
harmonic, the point of intersection
of the tangents at gach pair of con-
Jugate points Uies on the chord

section of the other pair. joining the other pair.

196. These two correlative propositions can be combined into one
by virtue of the property already cstablished {Arts. 345, 149) ¢hat
the tangents at four harmpnic points ¢4 a conic arc themselves
harmonic, and converscly, We may thfn enunciate as follows :

If a pairwf tangenls to a conic in « point lying on the chord
of contact of another pair, then also the second pair will meet in a point
lying on the chord of contact of the first ; and the four tangents (and
likewise their puints of conlact) will form a harmonic systenh *.

Thus in Fig. 131 QS passes thiough A, the point of intersection
of PA and 04, and similarly OP passes through U, the point of
intersection of QB and SB’; and the pencil U (@SP4) is harmonic,
and likewise the pencil 4 (OPQU). -

In Fig. 132 the point ¢s lies on a, the chord of contact of 0 and p,
and similarly the point op lics gn the straight line  which joins the
points of contact of ¢ and s; and the.range u (gsap) is harmonic,
and the range a (opqu) also.

197. Example.c Suppose the conic to be a hyperbola (Fig 133).
Its asymptotes are a pair of tangents whose
chord of contact @S is the straight line at
infinity ; consequently the chord joining the
points of contact of a pair of parallel tangents
will pass through the noint of intersection
U of the asymptotes; and conversely,*if
through U a transversal be drawn, the tan-
gents at the points P and O, whers it cuts
the curve, will be parallel. The point U
will lie midway between P and O, since in,
general UVPO (Fig. 131) is a harmonic
range, and in this case ¥ lies at infinity.

Any tangent to the curve cuts the asymptotes in two points B
and B’ which are harmonically conjufiate with regard to the point

* .

* DE 1A Higg, loc. cit., book i. prop. 30. STEINER, loc. cit., p. 159, § 43 ;
Collected Works, vol. i. p. 346.

Fig. 133.
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of contact > and the point where the tafgent meets the chord of
contact of the asymptotes ; but this last lies at infinity ; therefore
P is the middle point of BB'. Thus

The part of a tangent to a hyperbola which is intercepted between
the asymptotes is bisecled at its point of contact *,

This proposition is a particular case of that of Art. 193.

198. TueorEM Y. If @ quadrangle is inscribed in a conic, the
rectangle contained by the distances of any point on the curve from
one pair of opposite sides is to the rectangle contained by its distances
[from the other pair in a constant ratio.

In Fig. 122, the pairs of points £ and P’, 4 and 4’, B and B’
being, by Desargues’ theorem, in involution, the anharmonic ratios
(PP'AB) and (/”PA'B’) are equal to one another, or

PA PB _Pr'A’ PBe. PB PA’
P'A°PB PA” "PB  PB P4’ .

Bpt PA . P’'A is equal to the ratio of the distances (measured in .
any the same direction) 8¢ the points P and P’ from the straight lino
QT, and the other ratios in\he foregoing®equation may be interpreted
similarly ; we have therefor

(4) (B) _(B)  (4)

(4') " (B) (B) " (4)"
or (. () (. (4y

(B) . €B')  (B) . (B)

where (4), (4'), (B), (B’) denote the distances of the point P from
the sides O7', RS, QR, ST respectively of the inscribed quadrangle
QRST, and (4)', (4')', (B)', (B')’ denote similarly the distances of
the point P’ from these sides respectively. (These distances may be
measured cither perpendicularly or dhliquely, so long as they are all
measured parallel to one another.) The ratio
, (4) (4)/(B) (B) .
is therefore constant for all points £ on the conic; which proves
the theorem. .

199. TuroreM. If « quadrilaleral is circumscribed abqut a conie,
the rectangle contuined by the distances of one pair of opposite vertices
Jrom any tungent is to the rectangle contained by the istances of the
other pavr frony the same tangent wn a constant ratio 1.

In Fig. 123 let the vertices gr, qt , st , sr of the circumscribed
quadrilateral qrst be denoted by R, T, T,, R, respectively ; let the
points where the tangents p, p’ meet the side ¢ be called P, P’
respectively §, and let the points where these same tangents meet the
side s be called P, I’ #respectively. Since by the theorem corre-
lative to that of Desargues, the pairs of rays p and p’, ¢ and o/,

* Arorroxtus, loc. cit., ii. 319. ,

1 Mo this CuasLEs has given the name of Parrus' theorem, since it corresponds
to the celebrated © problema ad quatuorslineas’® of thi§ ancient geometer. Cf.
Apergu historique, pp. 37, 338. .

1 CHasLrs, Sections coniques, Art. 26. § P’ i not shown in the figure,
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b and ¥, are in involition, the anharmonic ratios (bapp') and
(Va'p'p) are equal to one another. Hence by theorem (2) of
Art. 149,
(RTPP)=(T\R,P,'P,))

=(R,T\P,Py") by Art. 45;
RP RP' . R,Dy R P/
TP TP~ TP, T,P
RP.I,P,_RP.T,P,
TP.R\P,” TP .R P/

But RP: TP is equal to the ratio of the distances (measured in
any the same direction) of the points R and T frony the straight line
p; so also T\P,: R P, is the ratio of the distances of the points
T, and R, from the same straight line p. The foregoing equation
therefoge expresses that the ratio .

RP.T.P,: TP . R.P )
is constant for every tangent p to th?.lonic; whi¢n proves the
theorem. .

whence



CHAPTER XVIII

SELF-CORRESPONDING ELEMENTS AND DOUBLE ELEMENTS

200. ConsIDER two projective flat pencils, concentric or
non-concentric, Through their common centre or through
their two centres O and O’ draw a conic or a circle, and
let this cut the rays of the first peacilin 4, B, C,... and
those of the sécond in 4’ B', (",.... Project the.e two
series of poz:¢s from tv:0 new points 0, O’y (or from the same
point) lying on the ¢ynic; the two projecting pencils
0, (ABC..\) and 0', (A'L'7"...) are by Art. 149 projective
with the two given pencils O (4BC...) and O’ (4'B'C"...)
respectively ; and are therefore projective with one another.

The two series of points ABC ... and A'B'C’ ... are said to
Jorm two projective ranges qn the conic *.

I. Now project these two ranges (Fig. 134) from two of
their corresponding poiuts, say from 4’ and 4. The pro-
jecting pencils

A 4,B,C0,..)and 4 (4, B, (C,...)

will be projective with onc another ; and since they have the
self-corresponding ray AA’, they are
in perspective. Corresponding pairs
of rays will therefore (Art. 80) inter-
sect on a fixed straight line, so that
AB and A'B, AC' and A'C, AD' and
A'D ..., will meet on one straight line
s. If any point be taken on s, the
straight lines joining it to 4 and A’
will cut the conic again in another pair of corresponding
points of the ranges 4BCD ... and A'B'C'D’ ....

If instead of A’ and A any other pair of corresponding
points had been taken as centres of projection, say B’ and B,
the same straight line s would have been arrived at. For

-

* BELLAVITIS, Saggio di Geomelria derivata (Nuovi Saggi dell’ Accademin di
Padova, vol. iv. 1838, p. 270, note).
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since AB'CA'BC(' is a‘hexagon inscribed in a conic, it follows
by Pascal’s theorem that the point of intersection of B'C
and BC’ must lie on the straight line which joins the point of
intersection of 4’B and AB’ to that of A’C and AC’ (Art. 153,
right).

II. Any point M in which the conic and the straight line s
intersect is a self-corresponding point of the two ranges
ABC...and A’B'C'.... For if M, M’ be corresponding

Fig. 136.

points of the two ranges, it has been seen that A'M, AM'
must intersect on s; if then M lie on s, M’ must coincide
with M ; i4.e. a pair of corrcqpondmg points of the two
ranges are united at M. P

The two ranges will therefore have two self-corresponding
points, or only one, or wone at all,
according as the straight line s cuts the
conic in two ppints (Fig. 135), touches
it (Fig. 136), or does not cut it (Fig. 137).

1I1. From what precedes it is clear
that two projective ranges of poinis on
a conic are determined by three pairs of
corresponding pointd A and A', B and
B, C and C'. For in order to find
other pairs of corresponding points,
and the self-corresponding points (when e, 137
such exist), we have only to construcs i
the straight line s which passes through the points of ihter-
section of the three pairs of opposite sides of the hexagon
AB'CA’'BC’ (Figg, 98, 134, 135). The self-corresponding
points will then, be the point$ where s cuts the conic, and any
number of pairs of corresponding points can be constructed
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by help of the property that any pair D and D’ are such that
the lines A’D and 4D’ (or B’D and BD’, or C'D and CD’)
intersect on s *.

201. Instead of projective ranges of points on a conic we may
consider projective series of langents to the same. Let o, o' be two
projective ranges of points (either collinear or lying on different
straight lines as hases). Describe a conic to touch o and o, and
draw to this conic, from cach pair of corresponding points 4 and 4,
Band B, C and (,... the tangents « and &', b and ¥', ¢ and ¢',....
If now thesc two serics of tangents are cut by two other tangents
o, and o'}, two new ranges of points will be obtained, which are
projective with the given ranges vespectively (Art. 149), and are
therefore projective with one another.

Two series of wangents to @ ¢onic are said to be projective zvith one
another when they are ent by any other tangent to the curve in two
projective ranges. R

1. Suppose the first serietsof tangents to be cut by the tangent o',
and the second by the tangpnt ¢. The two projective ranges so
formed are in perspective, since they have the self-corresponding
point aa’ ; the straight lines which join the pairs of corresponding
points a’b.and al’, «’c and ac’,... will thercfore pass through one
point S. This point does not change if another pair of tangents
b’ and b are taken as transversals ; for by Brianchon’s theorem the
straight lines which join the three pairs of opposite vertices ¢'d and
ab’, d'c and_ac’, U'e and be? of the circumseribed hexagon ab'c a'be’
must meet in a point (Art. 153, left).

IL. If the point S is such that tangents can be drawn from it to
the conic, each of them will be a seff-corresponding line of the two
projective series of tangents abe... and a'b’c’... .

[The proof of this is analogous to that of the corresponding pro-
perty of two projective ranges of points on a conic (Art. 200, II).]

TTL. Two projective series of tangents to a conic are determined
by three pairs of corresponding lines @ and «', b and b', ¢ and ¢'.
For in order to find other pairs of corresponding lines, and the self-
corresponding lines (when such exist), we have only to construct
the point of intersection S of the diagonals which join two and two
the opposite vertices of the circumscribed hexagon ab’c a’be’. The
self-corresponding lines will be the tangents from S to the conic,
and any pair of corresponding lines  and d’ may be constructed by
means of the property that the points «'d and ad’ (or b'd and bd’,
or ¢’'d and ¢d’, ...) are ccllinear with S. .

IV. A range of points 4, B, (,... on a conic and a series of
tangents «, b, ¢, ... to the same are said to be projective with one
another, when the pencil formed by joining 4 , B, C, ... to any point
on the conic is projective with the range deteymined by @, b,¢, ..
on any tangent to the conic. :

* STEINER, loc. cil., p. 174, § 46, iii. ; Colleccted Works, vol. i. p. 357.
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A range of Eoints A,B .0, ... on a conic, or a series of tangents
a, b, c, ... to the same, is said to be projective with a range of points
on a straight link, or a pencil (flat or axial), when this last-mentioned
range or pencil is projective with the pencil formed by joining
ABC ... to any point on the conic or with the range determined by
a, b, ¢, ... on any tangent to the conic.

V. These definitions premised, we may now include under the
title of one-dimensional geomelric form not only the range of collinear
points, the flat pencil, and the axial pencil, but also the range of
points on a conic and the series of tangents to a conic *; and with
regard to these we may enunciate the gencral theorem : Two one-
dimensional forms which are each projective with a third (also of one
dimension) are projective with one another (cf. Art. 41).

VI. From these definitions it follows also that theorem (3) of
Art. 149, may be enunciated in the folJowing mannar :

Any series of tangents to a conic is 'Jrqjectivc with the range formed
by their points of contact. / »- '

VIL. Let 4, B,C, ... and A', B', (", ;. be two projective ranges
of points on a conic, and let a, b, ¢, ... anu'a’, V', ¢/, ... be the tangents
at these points. The scries of tangents a, ), ¢, ... and o, V', ¢/, ...
are projective with the series of points of contact 4, B, C, ... and
4', B, (', ... respectively, and are therefore projective with one
another. Let ¢ be the straight line on which the pairs of straight
lines such as 4B’ and A’B, AC" and 4!C, BC' and B'C .. intersect ;
and let S be the point in which meet the straight lines joining pairs
of points such as «b’ and a'b, ac’ and a'c, be’ and b'e, ... . If s cuts the
conic in two points M and N, these must be the self-corresponding
points of the ranges ABC ... and A'B'C" ... ; the tangents m and n
at M and N respectively muss therefore be the self-corresponding
lines of the projective scries abe ... and a'b’¢’... ; consequently the
straight lines m and » will meet in S.

VIII. From the foregoing it follows that for the consideration of
a series of tangents can always be substituted that of their points

of conmcb‘ and vice versa.

202. Instead of considering any two projective pencils as
in Art. 200, take a. involution of straight lines radiating
from a pomt 0. Suppose these to be cut by a conic passing
through O in the pairs of points 4 and 4’, B and B’, C and
C’,..., and let these points be joined to any other point O,

“on the conic. Since by hypothesis(Artg. 122, 123) the pencils
O (AA'BC..)) and O (A’AB'C'...) are projective with one
* Theintroduction of these new one-dimensional forms enables us now to add

to the operations previously made use of (séction by a transversal straight lino
and projection by straight lincs radiatipg from a point) two others, viz. section of
a flat pencil by a conip passing through the centro of the pencil, and projection of

a range of collinear points by means of the tangents to a conic which touches the
base of the range.
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another, the pencils O, (A4'BC ...) and O, (A'AB'C"...) are
so too (Art. 149); and therefore the rays issuing from O,
form an involution also. In this case we say that the two
projective ranges of points ABC ... and A'B'C’ ... on the conic
form an involution ; or that there is on the conic an involution
formed by the pairs of conjugate points AA', BB', CC', ... *.

I. Similarly, if there is given an involution of points on a straight
line o and if from the pairs of conjugate points there be drawn
tangents ¢ and o', b and V', ¢ and ¢/, ... to a conic touching o, these
will be cut by any other tangent to the conic in an involution of
points ; in this~case we say that aa’, bb', cc’, ... form an snvolution
of tangents to the conie (cf. Art. 201).

II. If several pairs of tangents aa’, bb', ¢’ ... to a conic form
an involution, their points @ contact A4’, BB’, CC’, ...“form an
invelution 2lse, and conversely (Art. 201, VI).

203. Of the six poin'g 4, B, (', A’, B, ¢’ on a conic
considered in Art. 200, let C' lie indefinitely near to 4, and
C indefinitely ncar to A’. The projective ranges (4BC ...) or
(ABA'...) and (A'B'C"...) or (A'B’4...) will then form an
involutioh (4A4’, BB',..) and the inscribed hexagon is
replaced by the figure made up of the inscribed quadrangle
AB'A’B and the tangents at the opposite vertices 4 and A’
(Figs. 115; 138). We conclude that

An involution of points on a conic is determined by two pairs
AA’, BB, “

I. In order to find other pairs of conjugate points, it is
only necessary to construct the straight line s which joins the
point of intersection of AB’ and A'B to that of ABand A'B’ ;
1.e. to draw the straight line joining the points of intersection
of the pairs of opposite sides of the inscribed quadrangle
AB'A’B. The points where s cuts the conic are the double
points. Pairs of conjugate points will be constructed by
remembering that any pair C and C’ are such that the
straight lines AC and A'C’ (or AC' and A'C, or BC and
B'C’, or B'( and B(") intersect on s.

1I. The tangents dt a pair of conjugate points, such as
A and A’, B and B’,... likewise intersect on the straight
line s (Art. 166). . _ ’

III. Since the pairs of sides BC' and RC", CA and ("4,

* Stavupr, Beilrige zur Geomelrie der Lage (Niirnherg, 1856-57-60), Arts. 70
sqq.
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AB and A'B’ of the tiiangles ABC, A’B'C" intersect in three
points lying on a straight line s, the triangles.are homological
(Art. 17)*, and the straight lines
AA’', BB', CC' will meet in one
point S. But AA’ and BB’ suffice
to determine this point ; accord-
ingly :

Any pair of conjugate points of
the involution are collinear with a
Jized point 8 ; or

Every stracght line drawn through
8 to cut the conic determines on it
a pair- of conjugate points of the
involution.

IV. It has been scen, that if s .
cuts the conic in two points M and
N, these are the double points of
the involution. The tangents at
M and N will therefore meet in S.

V. Conversely, the pairs of points in which a conic is cut by
the rays of a pencil whose centre S does not lie on the curve form
an involution. L

For if 4 and 4’, B and B’ are the points of intersection
of the curve with two ofethe rays, these two pairs 44’
and BB' determine an involutioh such that the straight
line joining any pair of corresponding points always passes
through a fixed point, viz. §. If the involution has double
points, these are the intersections of the conic with the
straight fine s which joins the point of intcrsection of AB and
A'B’ to that of AB’ and A’B.

VI. If frem different points ok a straight line s pdirs of tangents
a and o', b and b, ¢ and ¢/, ... be drawn to the conie, these form an
involution. Forif 4 and 4’, B and B’, (' and ("', ... are the points of
contact of the tangents ¢ and o', b and ¥, ¢ and ¢/, .;. respectively,
and § is the point of intersection of th& chosds 44’ and BB’, then in
the involution determined by the pairs 4 , A" and B, B’ the straight
line joining any other pair of conjugate points will pass through 8.
The point C and its conjugate lic therefore on a straight line passing
through S, and thg tadgents at thesc points must meet on the

L3

* The triangles A’BC and AB’C’, AB’C and 4’BC’, ABC’ and A’B’C are
likewise homological in pairs,

1514 . M
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straight line joining the points aa’ and bb” ¢.e. on s; the conjugate
of C is therefore C’. This shows that 4 and 4, Band B’, C and C’
form a range of points in involution, and that consequently @ and o',
b and &', ¢ and ¢ form a series of tangents in involution.

VII. If M and N are the double points of an involution 44’,
BB’, CC’, ... of points on a conic, it has been seen that 4B, A'B’,
MN are three concurrent straight lines (the same is the case with
regard to AB', A'B, MN). In consequence then of theorem V,
above, we conclude that :

If AA' and BB' are two pairs of conjugate elements of an involu-
tion, and MN the double elements, then MN, AB, and A'B' (and
similarly MN, AB’, and A’'B) are three pairs of conjugate elements
of another involution.

VIII. The straight line ¢ cuts the conic (see below, Art.
254) when the point S lies cutside the conic (Fig. 138),"that is,

when the arcs AA’ and BB’ do not overlap one another;
when these arcs overlap}, the point 5 lies within the conic and

s

Fig. 139.

the straight line s does not cut the latter (Fig. 139). We
therefore arsive again.at the property already proved in
Art. 128, viz. that ‘

An involution has two double elements when any two pairs of
conjugate elements are such that they do not overlap ; and it
has no double elements when they are such that they do overlap.

In no case can an involution, properly so called, have only
onc double element. For if s were a tangent to the conic,
8 would be its point of contact, and of every pair of conjugate
points one would coincide with S (cf. Art. 125).

204. If (MNAB...) and (MNA'B'...) are two projective
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ranges of points on a conic, M and N will be the self-corre-
sponding points, and the straight line M N will pass through
the point of intersection of AB’ and
A'B (Art. 200). Now let B’ be sup-
posed to lie indefinitely ncar to 4
and similarly B to A4’, so that the
straight lines 4B’ and A’'B become
in the limit the tangents at 4 and
A’ respectively (Fig. 140). Since now
MNAA' and MNA’A are groups of
corresponding points of two projec-
tive ranges, the two pehcils mnaa’
and mrua’e formed by joining tkem
to any point O on the conic will be projéctive ; Lnd therefore
mnaa’ is a harmonic peneil (Art. 83). We thus arrive again
at the second theorem of Art. 194, (right) ; viz.

If four points M , N, A, A’ on a conic are harmonic, the
tangents at one pair of conjugate points, say A and A, intersect
on the chord MN joining the other pair ;

and its correlative (Art. 195, left).

If four tangents to a conic are harmonic, the point of inter-
section of one pair of conjugates lies on the chorl of contact of
the other pair.

¥rom the former of thede it follows that if through the
point of intersection S of the tangcnts at M and N straight
lines be drawnecutting the conic in 4 and A’, B and B’, C
and (', ... respectively, any of thesc pairs of points will be
bharmonicgally conjugate with regard to M and N. The
tangents at 4 and A’, B and B,
C and C',... will therefore intersect
in pairs oy the straight line MN.

In other words :

If from any point there be drawn
to a conic two tangents and a secan,
the two points of contact and the two
pounts of intersection form a harmonic Fig. 141
system.

The points (44'), (BB’), (‘0’0'), form an involution of
which M and N are the double points (Art. 203, III, IV).
We therefore arrive again at the property of an 1nvolut10n

M2 :

« Fig. 140,
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that if it has two double elements these are separated har-
monically by any pair of conjugate elements (Art. 125).

205. Suppose now that the conic is a circle (Fig. 141). From the
similar triangles SAM, SMA',
AM : MA'::8M :84',
and from the similar triangles SAN, SNA'
AN :NA'::SN:84';
oo AM:AN:: A'M: A'N, (since SM = SN),
or AM .A'N=AN .A'M,
But by Ptolemy's theorem (Euc. vi. D),
AA' . MN=AM.A'N+AN. A'M.
If then M, N, A, A’ arc four harmonic points on a circle,
LAA' MN=AM.A'N=AN.A'M. o
206. The properties established in Art. 200 and the following
Artitles lead dt once to ihe solution of the important problem :
To construct the self-corresponding elements of two superposed pro-
Jective forms, and the double elements of an tnvolution.
L. Let two concentric projective pencils be given, which are deter-

Fig. 142.

mined by three pairs of corresponding rays (Fig. 142) ; t.as required
to construct their self-corresponding rays.

Through the common centre O describe any circle, cutting the
three given pairs of rays in 4 and A’, B and B’, (! and C’
respectively. Let AB’, A’B meet in R, and AC’, 4'C in Q; if
the straight line QR cut the circle in two points M and N, then
OM , ON will be the required self-corresponding rays.

II. Let A end A', B and B', C and C' (Fig. 143) be three pairs
of corresponding points' of two collinear ranges; 1t is required to
construct the self-corresponding points.

Describe any circle touching the common base o of the two ranges,
and to this circle draw from the given points the tangents a and a’,
b and ¥, c and ¢’. Let 7 be the straight line which joins the points
ab’, a'b, and ¢ that which joins the points ac’, a’c. If the point gr
lie outside the circle and from it the tangents »; and » be drawn to
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the circle, then the points om, on in which these meet the base will

be the required self-corresponding points of the two ranges.
Otherwise (Fig. 144) :

Draw any circle whatever in the plane and take on it any point

2

~
e

-

"'—0-—0.\_._(‘

Fig. 144"

\
0. From O project the given points upon the circumference of the
circle, and let 4, and 4,/, B, and B, C; and ;' be the projections
of 4 and A4', B and B’, C and ’g’ respectively. Join 4,B,", 4,'B,
meeting in R, and 4,C,, 4,'C; meeting in @ (or B,C,, B,'C,
meeting in P). If the straight line PQR cut the circle in two points
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M,, N,, and these be projected from theé point O back upon the
given base o, then their projections M , N will be the required
gelf-corresponding points of the given ranges *.

IIT. In (1) let the two pencils be in involution (Fig. 145), and let it
be required to find the double rays.

Two pairs of conjugate rays suffice now to determine the
pencils.  Draw through the centre O any circle cutting the given

oFig. 145,

rays in 4 and A’, B and B’ respectively. Let AB', A'B mect in R,
and AB , d'B’ in Q; if the straight line QR cut th» circle in two
points M and N, then OM , ON will be the required double rays of
the involution. '

IV. Let A and A', B and B’ be two given pasrs of conjugales of an

involution of poinls on a straight line ; it is required to fifd the double
points (Fig. 146).

Draw any circle in the planc and take on it any point O. From
0 project the given points upon the circumference of the circle, and
let 4, and 4,'. B, and B,’ be the projections of 4 and 4’, B and B’
respectively. TLet 4,By, A,’B, meet in R, and 4,B,, 4,'B;’ in Q.
1f QR cut the circle in M, , Ny, and these points be projected from
O back upon the given straight line, then their projections M, N
will be the required double points.

* STEINER, loc. cit., pp. 68 and 174, §§ 17 and 46 ; Collected Works, vol. i.
pp- 285, 356.
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* Otherwise :

Describe a circle touching the base 4B ... (Fig. 147), and draw to
this circle from the points 4 and 4’, B and B, the tangents a and o',
b and ¥', respectively. Let r be the straight line which joins the 4

Fig. 147.

L

points ab’, a’b, and ¢ that which joins the points ab, a'b’. If the
point gr lic outside the circle, the tangents m and » from this point
to the circle will cut the base linc of the involution in the required
double points. -

207. THEOREM. A pencil in involution is either such that
every ray is at right angles to its conjugate, or else it contains
one and only oge puir of conjugate rays including a right angle.

Consider again Art. 206, 1IL; if the point of inter-
section § of the straight lines AA', BB',... is the centre of

e ¥

A
Fig. 148. Fig. 149,

the circle (Fig. 148) then A4’, BB, ... are all diameters, and
therefore each ray 04 ,0B,... will be at right angles to its
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conjugate OA’,0B’,.... In this cage then the involution
is formed by a scries of right angles which have their common
vertex at O.

But if S is not the centre of the circle (Fig. 149), draw
the diameter through it ; if C and ' &re the extremities of
this diameter, the rays OC,0C" will include a right angle.
But these will bc the only pair of conjugate rays which
possess this property, since through S only one diameter can
be drawn.

208. This proposition is only a particular case of the
following one &

Two superposed involutions (or such as are conlained in the
same one-dimensional form) have always a pair of ccnjugate
elements in common,gxrcept in the case where the involutions
have double elements and the double elements of the one overlap
those of the other.

Take two involutions of rays having a common centre O,
and let a circle drawn through O cut the pairs of con-

Fig. 150. Fig. 151.

jugate rays of the first involution in the pairs of points
(44', BI',...) and those of the second in (GG', HH',...).
Let S be the point of intersection of AA’, BB, ... and T that
of GG', I{H',.... 1f the straight line ST cut the circle in
two points I’ and ', these will be a conjugate pair of each
involution, since they are collinear with 8 and with 7' also.
Let us now examine in what cases 87 will cut the circle.

In the first place, it, will-certainly do so if one at least of
the points 8, T' lies within the circle (Art. 203, VIII), 1. e. if
one at lcast of the iuvolutions has no double elements,
(Figs. 150, 151).

Secondly, if both the pomts-S T lle outside the circle,
i.e. if both the involutions have double clements, then the
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straight line S7' may ur may not cut the circle. If OM, ON
are the double elements of the first involution, OU , OV
those of the second, the rays OF , O’ must be harmonically
conjugate both with regard to OM ,ON and with regard to
OU,OV; but (Art.70}in order that there should exist a pair of
clements which are at the same time harmonically conjugate
with regard to each of the two pairs OM, ON and OU, OV,

/ U B
Fig. 152. Fig. 133.

it is necessary and sufficient that these two,pairs should
not overlap. Tf then these pairs do not overlap, 87' will cut
the circle (Fig. 152) ; whegeas if they do overlap, 87" will
not cut the circle (Fig. 153). The two involutions have
therefore a common pair of conjugate clements in all cases
except this last, viz. when they both have deuble elements
and these overlap.

L]

[In Figs. 150, 151 and 152, are shown cases of two involutions
having a common pair of conjugate elements £ and £'; Fig. 153
on the other hand illus.rates the case where no such pair exists. |

209. The preceding problem, viz. that of determining the common
pair of conjugate elements of two involutions superposed one upon
the other, depends upon the following, viz. to determine (in a range,
in a pencil, or on a conic) a pair of elgments which are harmonically
conjugate with Yegard to each of two given ptirs. This problem has
already been solved, for the case of a range, in Art. 70 ; the following
is another solution :

Suppose that we have to deal with a range of points lying ¢n
» straight line. Take any circle and a point U on it, and project the
given points from O upon the ciicumference; let M, Nand U, V
be their projections (Fig. 152). Let the tangents at M and N to the
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circle meet in S, and the tangents at U &nd V in T. If the pair
MN does not overlap the pair UV, then ST will cut the circle in
two points E and E’, which when projected back from O upon the
given straight line will give the points required.

210. The double points of the involution determined by the pairs
A, A’ and B, B’ are the common pair of conjugate elements of two
other involutions ; one of these is determined by the pairs 4, B
and 4’, B', the other by the pairs 4, B’ and 4’, B (Art. 203, VII).

From this follows a construciion for the double points of an involution
of collinear points which is determined by the pairs A , A’ and B, B'.
Take any point G outside the base of the involution and describe
the circles GAB ,GA’'B’ ; they will meet in another point, say in H.
Similarly let K’ be the second point of intersection of the circles
‘GAB', GA'B. Every circle passing through ¢ and H meets the base
in a pair of conjygate points of the involution 4B, 4'B’ (Art. 127) ;
80 too every cirele passing through G and K gives a pair of cdnjugate
points of the *finvolution AB’, A’B. If then the circle GHK be
described and it meet the base, the two points of intersection will
be the double elements of the involution 44’, BB’ *.

211. It follows from the fcregoing that the determination of the
sclf-corresponding points of two projective ranges ABC ... and
A’'B'C'...on a conic (and consequently of the self-corresponding
points of any two superposed projective forms) reduces to the con-
struction of the straight line s on which intersect the pairs of straight
lines AB’ and A'B, AC' and’4’C, BC' and B'C, ... Similarly the
determination of the double points of an involution 44’, BB, ...
depends on thé construction of the straight line s on which intersect
the pairs of straight lines AB and A’B’, AB' and A'B, ... or the
pairs of tangents at 4 and 4’, Band B, ....

Conversely, if any straight line s (which does not touch the conic)
is given, an involution of points on the conic is thereby determined ;
for it is only necessary to draw, from different points of s, pairs of
tangents to the conic, and the points of contact will be pairs of
conjugate points of an involution.

But, on the other hand, in order that two projective ranges of
points ABC ... and A'B'C’ ... may be determined, there must be
given, in addition to the straight line s, a air of conjugate points 4
and 4’ also; then the straight lines joining 4 and 4’ to any point
on s will cut the conic in a pair of corresponding points ‘B’ and B.

Two projective ranges of points determine an involution ; for they
determine the straight line s, which determines the involution. If
the two rangks have two seH-corresponding points, these will also
be the double points of the involution.

* CuasLEs, Qéomélrie supérieure, Art. 263,



CHAPTER XIX

PROBLEMS OF THE SECOND DEGREE

212. ProBLEM. Given five
ponts 0,0, 4, B, C on a conic,
to determine the points of inier-
section of the curve with a given
straight line s.

Solution. Join any twe of
the points 0,0’ to cach of the
others 4, B, C (I‘lg 154) ; the
pencils 0 (/1 , C,..) and

Fig. 154,

0'(4,B,C,...)will be projective,
and will cut the transversal s
in points forming two collincar
projective ranges.

A point M which corresponds
to itself in these two ranges will
also be a point on the conjc, since
a pair of corresponding rays of
the two pencils mnst meet in M’
The points of intersection of the

ProBLEM. (iven five tangents
0,0,a,b,ctoa conic, to draw
a pair of tangenis lo the curve
Jrom a given pownt S.

Consider the points where two
of the tangenfs o, o’ are met
by the ophers @, b, ¢ (Fl"‘ 155) ;
the ranges o (a b ...) and

’ Fig. 155,
o' (a,b,c,...) will be projective,
and if projected from S as centre
wil] give two concentric projec-
tive pertils.

Any ray m which corresponds
to itself in these two pencils will
alro be a tangent to the conic,
since a pair of corresponding
points of the two ranges o and
o' must lic on m. The tangents
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conic with the straight line s are
therefore found as the self-corre-
sponding points of the two colli-
near ranges which are determined
on s by the three pairs of corre-
sponding rays 04 and 0’4 , OB
and O'B, OC and O'C. There
may be two such self-correspond-
ing points, or only one, or none
at all ; consequently the straight
line s may cut the conic in two
points, or it may touch it, og it
may not meet it at all. The con-
struction of the self-correspond-
ing points themselves may be
effected by either of the methods
explained in Art. 206, II.

213. In a similar manner the
problem may be solved if tlere
be given four points 0,0', 4, B
on a conic and the tangent o at
one of them O ; or three points
0, 0, 4 and the tangents o and
o’ at two of them O and (. In
the first case the two pencils are
determined by the three pairs of
rays o and 'O, 04 and 0’4,
OB and O'B; and in the second
case by the three pairs o and
00,00 and o', 04 and O'A.

If however there be given five
tangents, or four tangents and
the point of contact of one of
them, or three tangents and the
points of contact of two of
them, we may begin by first
constructing such of the points
of contact of the tangents as
are not already given (Arts. 180,
171, 177) ; the problem will then
reduce to one of the cases given
above.
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from 8 to the conic are therefore
found as the self-corresponding
rays of the two concentric pencils
which are determined by the rays
joining 8 to the three pairs of
corresponding points oa and o'a,
ob and 0'b, oc and o’c. There
may be two such self-correspond-
ing rays, or only one, or none at
all ; consequently there can either
be drawn from the point S two
tangents to the conic, or S is a
point on the conic, or else from S
no tangent at all can be drawn.
The " construction of the self-
corresponding rays themselves
may be effected by the method
explained in Art. 206, 1.

In a similar manner the pro-
blem may be solved. if there be
given four tangents 0, o', a, b to
a conic and the point of contact
O of one of themn o; or three
tangents o0, o', @ and the points
of contact O and O’ of two of
them o and o'. In the former
case the three pairs of points
which determine the two ranges
are O and o'o, oa and o'a, 0b
and o'b; in the latter case they
are 0 and oo, oo’ and O', oa
and o'a. .

If however there be given five
points on the conic, or four points
and the tangent at omne of them,
or three points and the tangents
at two of them, we may begin
by first constructing such of the
tangents at the ponts as are
not already given (Arts. 165,
171, 175) ; the problem will then
reduce to one of the cases given
above.

214. In the construction given in Art. 212 (left) suppose that the
conic is a hyperbola and that the given straight line s is one of the
asymptotes (Fig. 156). The collinear projective ranges determined

on s by the pencils O (4, B, C,.

.)and 0’ (4,B,C,...) will have
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in this case one self-corfesponding point, and this (being the point
of contact of the hyperbola and the asymptote) will lic at an infinite
distance. But in two collinear ranges whose
gelf-corresponding points coincide in a single
one at infinity, the segment intercepted
between any pair of corresponding points is
of constant length (Art 103). We therefore
conclude that

If from two fixed points O and O’ on a
hyperbola there be drawn two rays to cut one
another on the curve, the segwment PP’ which 7.
these intercept on either of the asymploles is Fig. 156.
of constant length * .

215. If in Art. 212 (left), the straight line be taken to lie at
infinity, the problem becomes the following : .

Giiven five points O, 0', A , B, C on a conic, to delermine the points
at infinity on wt (Fig. 157). ! : '

Consider again the proiective pencils O (4 , B, C,...) and
0'(4,B,,..), which determine on the straight line at infinity s

Fig. 157.

two collinear ranges whose self-corrcsponding points are the required
points at infinity on the conic. Since each of these self-gorresponding
points must lie not only at the intersection af a pair of corresponding
rays of the two pencils but also on the line at infinity s, the corre-
sponding rays which meet in such a point must be parallel to bne
another ; the problem therefore reduces to the determination of the
pairs of corresponding rays of the two pencils which are parallel to
one another, *

* BriaNcmox, loc. cit., p. 36.
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In order then to solve the problem we draw through O the parallels
04’', OB, 0C' to 0’4, O'B, O'C respectively, and then construct
(Art. 206, I) the self-corresponding rays of the two concentric pencils
which arc determined by the three corresponding pairs 04 and 04/,
OB and OB’, OC and OC'. 1If there are two self-corresponding rays
OM and ON, the conic determined by the five given points is a
hyperbola whose points at infinity lie in the directions OM , ON;
i.e. whose asymptotes are parallel to OM and ON respectively.

If there is only one self-corresponding ray OM, the conic deter-
mined by the five given points is a parabola whose point at infinity
lies in the direction OM.

If there is no self-corresponding ray, the conic determined by the
five given points is an ellipse, since it does not cut the straight line
at infinity. "

If in the first ease (Fig. 157) it is desired to construct the asymp-
totes themselves of the hyberbola, we consider this latter as deter-
minced by the two points at infinity and three other points, say
A, B,and C; in other words, we regard the hyperbola as generated
by the two projective pencils, one of which consists of rays all
parallel to OM, and the other of rays all parallel to ON, and which
are such that one pair of corresponding rays meet in 4, a second
pair in B, and a third pair in C. The rays which correspond in the
two pencils respectively to the straight line at infinity (the line
joining the centres of the pencils) will be the asymptotes required.

Let then a , b, ¢ (Fig. 157) be the rays parallel to OM which pass
through 4 , B, C respectively, and let a’, I, ¢’ be the rays parallel
to ON which pass through the same points respectively. Join the
points ab” and a’b and the points b¢’ and b’c, and let K be the point
of intersection of the joining lines ; the straight lines drawn through
K parallel to OM and ON will be the required asymptotes.

216. ProBLEM. Given five points A,B,C, D, E on a conic, to
draw the tangents from a qien point S to the conic.

This problem also can be made
to depend on that of Art. 212
(left), by making use of the pro-
perties of the involution (Art. 203)
obtained b cutting the conic by
transversals drawn through S.

Join S4 , SB (Fig. 158) ; these
straight lines will cut the conic
again in two new points 4’ and B’,
which can be determined (making
use of the ruler only, and without
drawing the curve) by means of
Pascal’s theorem (Art. 161, right).

TFig. 158. (In the figure the points 4’ and

B’ have been constructed by means

of the hexagons ADCBEA’ and BECADB’ respectively. Now let
the point of intersection of 4B and 4’B’ be joined to that of 4B’
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and A'B; the joining line s will pass through the points of contact
of the tangents from S (Art. 203). The problem therefore reduces
to that of determining the points of intersection of the conic and
the straight line s (Art. 212, left).

217. The problem, To find the points of intersection of a given
straight line s and a conic which is delermined by five given tangents,
may similarly be made to depend
on that of Art. 212 (right), by
making a construction (Fig. 159)
analogous to the foregoing one.

And the problem, To draw
through a given point a straight
line which shall divide a given
triangle into two parts hawng to
one another a given ratio, may be
solved by reducing it to the follow-
ing construction : To draw from
the given point a tangent to a
hyperbola of which the asymptotes
and a tangeut are known.

These are left as exercises to the Fig. 159.
student.

218. ProBLEM. To construct To construct a conic which shall
a conic which shall pass through toucn four given straight lines
Jour given points @ , B, S, T, gq,r,s,t,and shall pass through
and shall touch a given straight a given point S which does not lic
line s which does not pass through on any of the given lines.
any of the given points. :

Fig. 160. " fig. 161

Solution. Let A, A', B, B Let a,a’,b,b’ be the rays
be the points where the sides joining the point S to the ver-
QT , BS, QR, ST respectively tices ¢, rs, g7, st respectively of
of the quadrangle QRST cut. the quadrilateral grst (Fig. 161).
the straight line s (Fig. 160). Construct the double rays (if
Construct, the double points (if such exist) of the involution
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such exist) of the involution de-
termined by the pairs of points
A and 4’, Band B'.

If there are two double points
M and N, cach of them will be
(Art. 185, left) the point of con-
tact with s of some conic cir-
cumscribed about the quadrangle
QRST. Each of the conics
QRSTM, QRSTN therefore gives
a solution of the problem ; and
these conics can be constructed
by points by help of Pascal’s

*theorem (Art. 161, right).

1f however there are no double
points, therc is no copic which
satisfies the ‘conditions of the
problem.
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determined by the pairs of rays
aand o', band V',

If there are two double rays
m and n, each of them will be
(Art. 185, right) a tangent at
S to some conic inscribed in
the quadrilateral grst. © Each of
the conics grstm, grstn therefore
gives a solution of the problem ;
and these conics can be con-
structed by tangents by help of
Brianchon’s theorem (Art. 161,
left).

If however there are po double
rays, there is no conic which
satisfies the conditions of the
proplem.

219. If in the foregoing A:t. (left) the straight line ¢ be taken to
lie at infinity, the problem becomes the following: «

To construct a parabola which shall pass through four given points
Q,R.S,T. “

To solve it, take any point O (Fig. 162), and through it draw
the rays a, «’, b, J' parallel respectively to the straight lines
QT, RS, QR, ST ; and construct the double rays (if such exist)
of the invoiution determined by the pairs of rays ¢ and a’, b and b'.
Each of these double rays will determine the direction in which lies
the point at infinity on a parabolaepassing through the four given
peints ; the problem therefore reduces to
the last problem of Art. 165. If however
the involution has no’double rays, no
parabola can be found which satisfies the
conditions of the problem.

Through four given points therefore can
be drawn cither two parabolas or none ;
in the first case phe other conics which
"pass through the given points are ellipses
and hyperbolas ; in the second case they
are al' hyperbolas. The first case occurs
when each of the four points lies outside
the triangle formed by the other three
(t.e. when the quadrangle formed by. the
four points is non-reentrant) ; the second
case when one of the four points lies within the triangle formed by
the other three (¢.e. when the quadrangleformed by the four points
is reentrant). ]

220. If in Art. 218 (right) one of the stra.i;ght lines ¢, r,s,1tlies
at infinity, the problem hecomes the following:

Fig. 162.
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To construct a pambold which shall touch threc given straight lines
and shall pass through a given point.

221. ProBLEM. To construct
a conic. which shall pass through
three given points P, P', P" and
shall touch two gipen straight lines
q and s, neither of which passes
through any of the given points.

Solution. This depends on the
theorem of Art. 191 (left). Join
PP', and consider it as a trans-
versal which cuts the conic in
P and P’, and the pair of tan-
gents ¢ and s in the two peints
Band B’ (Fig. 163). If 4 and 4,

To construct a conic which shall
touch three qiven straight lines
p, P, p" and shall pass through
two given points @ and S, netther
of which lies on any of the given
strazght lines.

The solution depends on the
theorem of Art. 191 (vight). Con-
sider pp’ as a point from which
the tangents p aad p’ have been
drawn to the conic, and the rays
b and b’ to the two points @ and
S (Fig. 161). AU ¢ and «; are

Fig. 163,

are the double points of the in-
volution determined by the two
pairs of points Pand P’, Band B',
the chord of contact of the conic
and the tangents ¢ and s must
gass through one of these points,

y the theorem quoted above.
Repeat the same reasoning for
the case of the transversal PP’
which cuts ¢ and s in D and D";
if C and C, are the double points
of the involution determined by
the two pairs of points P and P*,

D and D", the chord of'conta,cl;c

must similarly pass through
C or Cy. The problem admits
1514

N

Yig. 164.

the double rays of the involution
determined by the two pairs of
rays p and p’, b and V', the point
of intersection of the tangents at
@ and S to the conic must lic on
one of these rays, by the theorem
quoted above. Repeat the same
reasoning {or the case of the point
pp”y from which are drawn the
rays d %and d” to the points
Q and S; if ¢ and ¢, are the
double rays of the involution'de-
tegmined by the two pairs of rays
p and 2", d and ¢”, the point of
intersection of the tungents must
similarly lie on ¢ or ¢;. The
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therefore of four solutions ; wviz.
when the two involutions
(PP’, BB) and (PP", DD")
both have double points, there
are four conics which satisfy the
given conditions. If the double
points arc 4 , 4, and C, C,;
respectively, the chords of con-
tact of the four conics and the
tangents ¢ and s are AC, 4,C,
AC,, and 4,C,. Of each of these
conics five points are known, viz.
P, P', P", and the two points
‘of intersection of AC' (or of 4,(,
or AC,, or 4,C,, as the case may
be) with ¢ and s; they can
accordingly bé counstructed by
points by means of Pascal’s
theorem (Art. 161, right).
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problem admits therefore of four
solutions ; viz. when the two in-
volutions (pp’, bb’) and (pp”, dd”)
both have double rays, there are
four conics which satisfy the
given conditions, If the double
rays are a, a, and ¢, ¢, respec-
tively, the points of intersection
of the tangents at @ and S to
the four conics are ac, a,c, ac,,
and a,¢,. Of each of these conics
five tangents are known, viz.
p, p’, p”, and the two straight
lines which join ac (or a,c, or ac;,
or a, ¢y, as the case may be) to
Q and S ; they can accordingly
be constructed by tangents by
meaps of Brianchon’s theorem
(Art. 161, left).

222. ProBLEM. To construct a polygon whose vertices shall lie on

given. strai

ght lines (each on each), and whose sides shall pass through
given points (each through each *). .

Fig- 165.

Solution. For the sake of simplicity suppose that it is required
to construct a quadrilateral, whose vertices 1 , 2 , 3 , 4 shall lie
respectively on four given straight lines s, , sy, 85, 8,, and whose
sides 12, 23, 34 , 41 shall pass respectively through four given points
S125 a3 , 34, Sy (Fig. 165). The method and reasoning will be the
same as for a polygon of any number of sides. Take any points
4,, B, C4,... on s, and project them from S,, as centre upon s,; and

* PoxceLkT, loc. cit., p. 345,

t
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let 4y, By, Cs,... be their projections. Project Ay, By, (... from
Sgg a8 centre upon sy, aund let 45, By, Cy, ... be their projections.
Project 43, By, Cj,... from S,, as centre upon s,, and let 4,, B,, C4,...
be their projections. Finally project 4,, B,, C,,... from S, as centre
upon §;, and let 4, B, (... be their projections.

The points Sy, Sy, 834, Sy are the centres of four projectively
related pencils; for the first and sccond are in perspective (since
their pairs of corresponding rays 4,4,, B,B,,... and 4,4,, B,B;,...
intersect on s,), the second and third are in perspective (pairs of
corresponding rays intersect on s;), and similarly the third and fourth
are in perspective (pairs of corresponding rays intersect on s;). Con-
sequently (Art. 150) pairs of corresponding rays of the first and
fourth pencils (such as 4,4, and 4,4) will intersec on a conic ; or
in other words the locus of the first vertex of the variable quadri-!
lateral whose second, third, and fourth vertices (4, , A;, 4,) slide
respectively on three given straight lines (s, , 5, ¢,) and whose sides
(4,44, A, A5, A3A,, A,A) passrespectively through fotlr given points,
is a conic*. This coni¢ passes through the points Sy, , Sy, the
centres of the pencils which generate it ; in order therefore to deter-
mine it, three other points on it must®be known ; the intersections
of the threepaits of corresponding rays 4,4, and A, d, BB, and BB,
C,C; and C,C will suffice. It is then only necessary further to con-
struct (Act. 212) the points of intersection M and N of the straight
line s, with the conic determined by these five points ; either M or N
can then be taken as the first vertex ot the required quadrilateral.

This construction may be looked at from another point of view.
The broken lines 4,4,4,4,4 , B\B,B.B B, and ('/( g( L4 may be
regarded as the results of so many attempts made to construct the
required quadrilateral ; these attempts however give polygons which
are not closed, for 4 does not in general coincide with 4, , nov B
with B, , nor C with (,. These attempts and all other conceivable
ones which might similarly be made, but which it is not necessary
to perform, give on the straight line s, two ranges A4,8,C; ... and
ABC... ; one being traced out by the first vertex and the other by
the last vertex of the open polygon. These ranges are projective
with one another, since the second has been derived from the first
by means of projections from Sy, , Sy, Sgq, Sy as centres, and sec-
tions by thetransversals s,, s;, 8, ;. Kach of the self-corresponding
points therefore of the two ran ges will give a solution of the problem ;
for, if the first vertex of the polygen be taken there, the last vertex
will also fall on the same point, and the polygon will be closed.

In the following examples also the meghod remains the same,
whatever be the number of sides of the polygon which it is
required to construct. \

* This theorem, viz. that ¢if a simple pyglygon move in such a way that its
sides pass respectively through given poinis and all its verticos except one slide
respectively along given straight lines? then the remaining vertex will describe
a conie,’ is due to%IAGLA URIN (Phil. Trans., London, 1735). Cf. CHASLES, 4 pergu
historique, p. 1560.

N 2
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223 ProsreM. To inscribe in a given® conic @ polygon whose sides
pass respectively through given points.

Solution. Suppose that it is required to inscribe in the conic a
triangle whose sides pass respectively through three given points
Sis Sa, Sy (Fig. 166). Let us make three trials. Take then any
three points 4 , B, C on the conic; join them to S, and let the
joining lines cut the conic again in 4, , B, C;; join these points
to S, and let the joining lines cut the conic again in 4,, By, C,;

finally join these points to S; and let

the joining lines cut the conic again
in 4, B, ('. Since the point
finally arrived at, 4’ or B’ or (”
does not in general coincide with

the coryesponding starting-point 4

or B or C, we shall haveg, instead

of an inscribed triangle as required
by the problem, three polygons
4A4,4,4', BB,B,B’, CC,C,(’ which

are not closed. But since, by a
! series of projections: from S,
Sy, S; in succession as centres, we have passed from the range
A,B,(C,.. to the range 4,, B,, C,, ..., from this last to 4,,
By, Cy, ..., and from this to A4’, B, (', ..., it follows that the
range of points 4, B, C, ..., with which we started is projective with
the range of points 4°, B', (", ..., with which we ended (Arts. 200, 201,
203). The proplem would be solved if one of the points in the latter
range coincsded with its correspondent in the former. If then the
two projective ranges ABC ... and A'B’(Y... have self-corresponding
points, cach of these may be taken us the first vertex of a triangle
which satisfies the given conditions. We have therefore only to
determine (Art. 200, 11) the straight line on which intersect the three
pairs of opposite sides of the inscribed hexagon “4B'CA’BC’, and
to construct (Art. 212) the points of intersection M and N of this
straight line with the conic; each of them will give a solution of
the problem . ce

224. By a similar method may be solved the correlative problem :

To circumscribe about a given conic (i.e. ome which s either
completely drawn or deleimined by five tangents) a polygon whose
vertices lie respectively on given straight lines.

Suppose that it is required to circumscribe about the conic a
iriangle whose vertices lie respectively on the straight lines
81, 83,8 (Nig. 167). [Take:any point 4 on the conic and draw
the tangent a at it; from the point where this tangent cuts
8, draw another tangent @, (let its point of contact be 4,) ; from
the point where a; cuts s, draw a third tangent a, (let its point
of contact be 4,); finally, ftom the poixt where a, cuts s; draw
the tangent o', and let its point of contact be A4’. The problem

* 1. e. either completely traced or determined by five given points.
1 PoNcCELET, ]oc. cit., p. 362. ¢
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would be solved if the point A’ coincided with 4, ¢.e. if the tan-
gents o' and a coincided with one another. Suppose that other
similar trials have been made, taking other arbitrary points B,
C, ... on the conic to begin with; then we shall arrive in succession
at the ranges of points 4,B,C,..., 4,, B,, C,, ..., 4,, B,,(C,. .
and 4’, B, (', ..., which are all projectively related to one
another. For the first range is
projective with the second (Art.
203), since the tangents at 4 and
4,, Band B,, C and (y,...
always intersect on s, ; and for
similar reasons the second and
third, and the third and fourth,
are projective with one another;
consequently (Art. 201) the $ame
is true of the fourth and the
first. Since the problem would
be solved if A’ coincided with A4,
or B’ with B, ..., each of the
self-correspending points of the
projective vanges ABC ... and
A'B'(M... may be {aken as the
point of contacu of the first side of
a triangle which satisfies the given
conditions. We have therefore
only to make three trials (Art. 200),
7.e. to take any three points 4 , B, ( on the coni® ayd to derive
from them the corresponding points A’, B, (; and then to con-
struct the points of intersection of the conic with the straight line
which joins the points of intersection of the three pairs of opposite
sides (the Pascal line) of the inscribed hexagon AB'C'A’BC™,

225. The particular case of the problem of Art. 223 in which the
given points S, , S, , ... lie all upon one straight line s must be con-
sidered separately. 1f the number of sides of the required polygon
is even, the theorem of Art. 187 may be applied ; in this case the
problem has either no solution at all, or it has an infinite number of
solutions. Suppose it required, for example, to inscribe in the conic
an octagon of which the first seven sides pass respectively through
the points ST, S,, ... S;, then by the theorem just quoted the last side
will pass through a fixed point S on s : this point S is not arbitrary,
but its position is determined by those of the points S, S, , ... S,.
If then the last of the given points Sy €oincides with §, there are an
infinite number of octagons which satisfy tife given conditions. But
if S, does not coincide with S, there is no solution. '

If the number of sides of the required polygon is odd, the problem
becomes determinate. Suppose it is sequired to inscribe in the conic
a heptagon (Fig. 124) whose sides,pass respectively through the given

Fig. 167

* PoncEeLEr, loc. cit., p. 354
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collinear points S, , S, , Sy, ... §;. By the'theorem of Art. 187 there
exist an infinite number of octagons whose first seven sides pass
through scven given collincar points and whose eighth side passes
through a fixed point S collinear with the others. If among these
octagons there is one such that its cighth side touches the conic, the
problem will be solved ; for this octagon, having two of its vertices
indefinitely near to one another, will reduce to an inseribed heptagon,
whose sides pass respectively through seven given points. If then
tiangents can be drawn from the point S to the conic, the point of
contact of cach of them will give a solution (Art. 187). According
therefore to the position of the point S with reference to the conic,
there will be two solutions, or only one, or none,

In Fig. 126 i¢ shown the case of this problem where the polygon
Lo be inseribed is a triangle *.

The solution gf the correlative probiem, to circumscribe about a
given conic a polygon whose verlices lie respectively on given rays of
a pencil, is left as an ckercise to the student. This problem also is
cither indeterminate or impossible if the pelygon is one of an even
number of sides ; it is determinate and of the second degree if the
polygon is one having an odd number of sides (Figs. 125, 127).

226. LeMymA.  If Lo conies cut one another in the points A , B |
¢, ', and if from A and B
respectively o straight lines
! AFF', BUG" be drawn culting

the first conic tn F and G, and
the second in F' and (', then
- the chords F(! , F'(/ awill enter-
sect in @ point Il lying on the

o chord CC’ (Tig. 168).

The transversal CC' cuts
the first conic and the oppo-
site sides of the inscribed
yuadrangle ABGF in six
points of an involution (Art.
183, left); and the same is
{rue with regard to the second

Fig. 168. conic and the inscribed quad-

s rangle ABG'F'. But the two

involutions must coincide (Avt. 127), since they have two pairs of
conjugate points in common, v¢z. the points C, (! in which the
transversal cuts both the conics, and the points in which it cuts
the pair of opposite sides AELF', BGG', which belong to both quad-
rangles. The involution$ will therefore have every pair of conjugate
points in common, and therefore the transversal CC’ will meet FG
and F'G" in the same point If, the conjugate of the point in which
it meets ABT. «

¥ Parrus, loc. cit., book vii. prop. 11
+ This may also he proved very simply by applying Pastal’s theorem to each
of the hexagons AFGBCC, AF'Q'BCC’ in turn. .

4
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227. Theprecedinglentma, which is merely a corollary of Desargues’
theorem, leads at once to the solution of the two following problems,
one of which is of the first, and the other of the second degree.

I. PROBLEM. Given three of the points of intersection A , B, C of
two contcs, and in addition two other points D , I of the first, and two
other points F , G of the second, to determine the fourth point of inter-
section of the two conics (Fig. 168).

Take two of the given points of intersection A4 and B, and join
AF, BG. These straight lines will cut the first conic again in points
F', @ respectively which can be determined by the method of Art.
161 (right). Join FG , F'G’, and let them meet in H. By the fore-
going lemma H will lie on the chord joining the other two points
of intersection of the conics. This chord will therefore be H(, and
it remains only to determine the point ¢’ where HC cuts cither of
the conica ; C* will be the réquired fourth point of intersection of the
conics. °

II. PROBLEM. Given two of the poinis of ihiersection, A , B, of two
conics, and in addition dhe three points D, I, N of the first and the
three points F , G , M of the second, to determine the other two points
of inlersection of the conics (Fig. 168).,

Join A} and B@, and let them meet the first conic again in
F', @ respectively ; join FG' , F'(’, and let them meet in H. 'The
point H will lic on the chord joining the two required points.
Again, join AM, and let it meet the first conic again in M’; join
GM , G'M’', and let these meet in K ;e then the point K also will lie
on the same chord. The required points therefore lie on HK, and
the problem reduces to the determination (Art. 21@€) of the points
of intersection (!, €’ of the conics with HK *. ©

228. The solution just givengf problem IT holds good equally when
the points 4 and B lie indefinitely near to one another, i.e. when the
two conics touch a given straight line at the same given point.

In this case two conics are given which touch one another at a
point 4, and the straight line HK is constructed which joins their
remaining points of intersection C and (’. If HK passes through
A, one ofethe points C or (' must coincide with 4, since a conic
canuot cut a straight line in three points. When this is the case,
three of the four points of intersection of the conics lie indefinitely
near to one another, and may be said o coincide in the point 4 ;
and the coflics are said to osculate at the point A. The construction
gives a point H of the chord which joins 4 to the fourth point of
intersection C of the conics. It may happen that this chord coin-
cides with the tangent at 4 ; in this cgse 4 represents four coincident
points of intersection of the two conics (ot rather, four such points
lying indefinitely near to one another). '

229. Let now the lemma of Art. 226 be applied to the casc of a
conic and a circle touchjing it at a goint 4. At A draw the normal

* QGASKIN, The yeometrical comtru:ction of a conic section, dc. (Cambridge,
1852), pp. 26, 40.
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to the conic (the perpendicular to the tangent at 4), and let it cut
the conic again in F and the circle again in F'. On AF as diameter
describe a circle ; this circle, which touches the conic at 4 and cuts
it at F, will cut it again at another point (f such that AGF is a right
angle. Join AG and let G’ be the point where it cuts the first circle,
Join FG , F'(7’ ; by the lemma they will intersect on the chord HK ;
but they are parallel to one another, since AG'F’ also is a right
angle. Thus for any circle whatever which touches the conic at A, the
chord of intersection 11K with the conic has a constant direciion, viz.
that parallel to FG.

Tt HR passes through A4, the conic and the circle osculate at this
point. If then a parallel through 4 to FG' cut the conic again in
O, the circle which touches the conic at A and cuts it at € will be
the osculating circle (circle of curvature) at 4 *,

[Tn the particular case where A is a vrtex (Ar’r 297) of the conic,
F will be the other vertex, F(f the tangent at F , AC the®tangent
at A, and C wil' coincide with 4. It is scen then that the osculating
circlé at a vertex of a conic has not only three but four indefinitely
near points in common with the conic.}

Conversely, the conic can he constructed which pasges through
three given points .1, P, Q and has a given circle for, its osculating
cirele a,t one of these ]mmlq 1.

For joiw AP, AQ, and let them cut the given cicele in P | @’
respectively ; and join PQ, Q) meeting in U, [ AU be joined
and cut the cirele again in €', #he required conie will pass through (/.
It is therefore determined by the four points 4, I, @, ( and the
tangent at 4 (whicl is the sume as the tangent to the circle there).

230. The proposition correlative 1o the lemma of Art. 226 may be
enunciated as follows :

If a and b are a pair of common mm]rnts {0 two conics, and if from
tico points taken on @ and b respectively the tangents f, g be drawn to
the first conic and the tangents f’, g’ lo the second, then the points fy and
f'q" will be collinear with the point of inlersection of the second pair of
common tangents to the conies.

This proposition enables us to solve the problems evhich are
correlative o T and T1 of Art. 227 ; iz given {three (or wo) of the
common tangents to two conies, and in addition two (or three)
tangents to the first and two (or threc) tangents to the second, to
determine the remaining common tangent (or the twd remaining
common tangents) to the conics.

231 ProviLeM.  (iven eleven points A, B, ¢, D, E; A,, B, C,
Dy, E; P to construct by ppints the conic which passes through P
and through the four poinis of intersection of the two conics which are
determined by the ponts A , B, C, D, K and Ay, B,,Cy, Dy, E,
respectively.  The conics are .supposml not to be traced, nor are t/mr
points of intersection given .

Solution. Draw through P any Pransversa] and construct (Art.

* PONCELET, loc. cit., Arts. 334-337. + PoNCELET, “Toc. cit., Art. 380.
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212, left) the points M and M’ in which it cuts the conic ABCDE
and the points N and N’ in which it cuts the conic 4,8,C,D,k,.
Since these two conics and the required one all pass through the
same four points, Desargues’ theorem may be applied to them. If
therefore (Art. 134, left) the point P’ be constructed, conjugate to
P in the involution determined by the pairs of points M and M’,
N and N', this point P’ will lic on the required conic. By causing
the transversal to turn about the point P, other poinfs on the
required conic may be obtained.

232. PROBLEM. Gliventen points A, B,C, D, E ; A,, B,, (', D, E,
and a straight line s ; to construct a cowic which shall touch s and
shall pass through the four points of intersection of the fwo conses
which are determined by the points A, B, C, D, E and d,, B,, Gy, D,, I,
respectively.  The conics are supposed not to be traced, nor are theig
points of wntersection given. ®

Solution. Construct (Art. 212) the points of intersection M and M’
of s with the conic ABCDE, and the point¥ of intessection N and
N* of s with the conic 4,B,(',D,E,, and then (Art. 134) the double
points of the involution d¥termined by the two pairs of points
M and M’, N and N’. I P is onc of ghese double points, it will he
the point of cqntact (Art. 185) of s with a conic drawn through the
four points of Intersection of the conies ABUDE and A,B,¢,D,E,
to touch 5. The problem thus reduces to that of the' preceding
Article.

233. The correlative constructions give the solutions of the corve-
lative problems : wiz. to construct a conic which passes {hrough
a given point (or which touches a given straight lin®), and which is
inscribed in the quadrilateral formed by the four common tangents
to two conics ; the conics being supposed each to be determined by
five given tangents, but not to be completely traced ; and their four
common tangents being supposed not. to be given.

234. ProsLEN. Through a given point S to draw a straight Tine
which shall be cut by four given straight lines a , b , ¢ , d in_four points
having a given anharmonic ratio.

Solutiom It has heen scen (Art. 151) that the straight lines
which are cut by four given straight lines in four points having a
given anharmonic ratio arc all tangents 1o one and the same conic
touching the given straight lines ; and thatif A, B, (' are the points
where d cufS a, b, ¢ respectively, and D is the point of contact of d,
the anharmonic ratio (4B('D) is equal to that of the four points in
which the straight lines @, b, ¢, d are cut by any other tangent to
the conic. Accordingly, if on the stgaight line d that point 1 be
constructed (Art. 65) which gives with the*points

ad(=A),bd(=B),cd(=0) !
an anharmonic ratio (4BCJ)) equal 10 the given one, and if then the
straight lines be constructed (Art. 213, right) which pass through §
and touch the conic determined by the four tangents ¢, b, ¢, d and
the point of contact D of d, cach of these straight lines will give
a solution of the proposed problem.
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If one of the straight lines @, b, ¢, d lie at infinity, the problem
becomes the following :

(fiven three straight lines a , b, e and a point S, to draw through 8
a strasght line such that the seqment intercepled on it between a and b
may be to that intercepted on it between a and c in a given raiso.

To solve this, construct on the straight line a that point 4 which
is so related to the points ab (=B) and ac(=C) that the ratio
AB : AC has the given value ; and draw from S the tangents to the
parabola which is determined by the tangents @ , b, ¢ and the point
of contact 4 of a.

The correlative construction gives the solution of the following
problem : On a given straight line s to find a point such that the
rays joining it to four given points 4, B, C, D form a pencil having
@ given anharmonic ratio.

235. ProBLEM, (iven two projective‘ranges of points lying on the
straight lines w ,w’ respectively ; “to find two correspondiny*segments
MP , M'P" sucn that the angles MODP , M'O'P’ which they subtend at
two fixed points O , O' respectively may be given in sign and magnitude.

Solution. Take on ' two points 4 and D’ such that the angle
A'0'D" may be equal to the saond of the given angles ; let 4 and D
be the points on » which correspond respectively to A’ and D', and
let A, be a point on « such that the angle 4,0D is equal to the first
of the givén angles. The problem would evidently be solved if 04,
coincided with O.1; sinee in this case the angles AOD and-A'0'D)’
would be equal to the given angles respectively. If the rays
0'4,04,0'D'.0D, 0.1, he made to vary simultaneously, they will
trace out penchs which ae projectively related. For those traced
out by O’A’ and ('D' respeetively are projective, and similarly
those traced out hy 04, and OD respactively, since the angles 4'0'1)'
and 4,00 ave constant (Arl. 108); and the pencils traced out by
0A and O’ A’ respectively, and by OD , O'D’ respectively, are pro-
jective since the given ranges on w and «’ are so. Consequently the
pencils generated by Ol and 0., respectively are projective, and
their self-corresponding rays give the solutions of the problem. If
three trials be made of & similar kind to the foregoing®one, three
pairs of corresponding rays 04 aud 04, , OB and OB, , OC and OC;
will be obtained ; let the self-corresponding rays of the concentric
projective pencils determived by these thred pairs be constructed
(Art. 206, T). If one of these self-corresponding rays nleet u in M,
and if the point £ be taken on u such that the angle MOP is equal
to the first of the given ones, and if then on ' the points M’, P’ be
found which correspond to 3 , I’ respectively, the angle M'O'P’
will be equal to the secod of the given angles, and the problem will
be solved.

236. ProBLEM. (iven two projective ranges of points A,B,C,...
and A', B', C',... lying on the straight lines,u and u' respectively, to
find two corresponding segments which shall be equal, in sign and
magnitude, 1o 1o given seqments.

Solution. Take on u' a segment A'D' equal to the second of the
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given ones, and let 4D e the segment on u which corresponds to
A'D’. Take on u the point 4, such that 4,D is equal to the first
of the given segments; then the problem would be solved if 4,
coincided with 4. If the points 4, A’, D', D, A, be made to vary
simultaneously, the ranges traced out by A and A’ respectively will
be projective with one another, as also those traced out by D and D’
respectively (by reason of the projective relation existing between
ABC ...and A’B'C’...); and the ranges traced out by A and D
respectively, and similarly those traced out by A4’ and D’ respec-
tively, will be projective with onc another, since they are generated
be segments of constant length sliding along straight lines (Art. 103).
Consequently also the ranges traced out by A4 and 4, are pro-
jectively related, and their self-corresponding points give the solu-
tions of the problem. It is therefore only necessary to obtain threg
pairs of corresponding poifits 4 and 4', B and B, ¢ and (', by
making ‘three trials, and then to construct the self-corresponding
points of the ranges determined by these thiee pairs(Art. 206, IT).

287. The student cannot have failed to remark that the mcthod
employed in the solution of'the preceding problems has been in all
cases substantially the same. This mgthod is general, uniform, and
direct ; and itgmay be applied in a more or less simple manner to all
problems of the second degree, 7.¢. to all questions which when treated
algebraically would depend on a quadratic equation. It consists in
making three trials, which give three pairs of corresponding clements
of two superposed projective forms ; the self-corresponding elements
of these systems give the solutions of the problem. This method is
precisely analogous to that known in Arithmetic as the { rule of false
position,” and it has on that account been termed a geometric method
of false position *, .

238. Problems of the second degree (and those which are reducible
to such) are solved, like all those occurring in elementary Geometry,
by means of thesruler and compasses only, that is to say by means of
the intersections of straight lines and circles . But again, the solu-
tion of any such problem can be made to depend on the determination
of the sekf-corresponding elements of two superposed projective
forms, which determination depends (Art. 206) on the construction
of the self-corresponding points of two projective ranges lying on
a circle whose position and size is entirely arbitrary. It follows
that a singf circle, described once for all, will enable us to solve all
problems of the second degree which can be proposed with reference
to any given elements lying in one plane (the plane in which the
circle is drawn) . This circle once degeribed, any such problem will

-

* CuasLES, Géom. sup., p. 212. !

t A problem is said to be of the first degree when it can be solved with help of
the ruler only, i.e. by the interscctions of gtraight lines, See LAMBERT, loc. cil.,
p- 161 ; BriaNcHoN, loc. cit., p. 6 ; PoNcELE, loc. cit., p. 76.

t PoNcELET, loc. cit., p. 187 ; STEWER, Dic geomelrischen Constructionen aus-
gefihrt mittelst der geraden Linie und eines festen Kreises (Berlin, 1833), p. 67 ;
Colloctcd'Workﬂ, vol. i. pp. 461-522 ; STAUDT, Geom, der Lage, § 23.
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reduce to that of constructing three pairs ‘of points of the two pro-
jective systems whose self-corresponding clements give the solution of
the problem. This done, we proceed to transfer to the circumference
of the circle, by means of projections and sections, these three pairs of
points. This will give three pairs of points on the circle ; taking
these as the pairs of opposite vertices of an inscribed hexagon, we
have only further to draw the straight line which joins the points
of intersection of the three pairs of opposite sides (the Pascal line) of
this hexagon.

It is hardly necessary to remark that instead of the solution of
such a problem being made to depend on the common elements
of two superposed projective forms, it may always be reduced to
the determinatio. of the double clements of an involution (Art. 211).
a The following Articles (239 to 249) contain cxamples of problems
solved by means of the method just explained.

239. ProBLEM. Given (Fig. 169) two projective ranges of points
lying, on the sraight lines w and u' respectively, and two other
projective ranges of points lying on the straight lines v and v' respec-
tively ; it is required lo draw through & given point O two straight
lines s and &', which shall cwé w and ' wn @ pair of corresponding
points and also v and v’ in a pair of corresponding povpls.

Through O draw any straight line cutting «', v" in 4’, P’ respec-
tively; let 4 be the point on w which
corresponds to A', and let I be the point
on e»swhich corresponds to 2. The problem
would be solved if the straight lines OA
- and OP coincided with onc another. If
these straight lines be made to change
their positiens simultancously, they will
trace out two concentric projective pencils
L (determined by three trials of a similar

Fig. 169. kind to the one just madej; and the self-
corresponding rays of these pencils will
give the solutions of the problem.

240. In the preceding problem the straight lines « and «’ might
be taken to coincide, and similarly v and . 1f all four straight
lines coincided with one another, the problem would become the
following : R

Given two projeclive ranges w, w' and two other projéetive ranges
v, v all lying on one straight line, o find a pair of points which shall
correspond to one another when regarded as points of the ranges u , v’
respectively, and likewise whensreqarded as points of the ranges v, v’
respectively. -

241. ProBLEM. Between two given straight lines u and u, to place
a segment such that it shall sublend given angles at two given points
0 and S (Fig. 170). . .

Draw any ray 5S4 to meet » in 4 draw S4, to meet u, in 4, so
that 4S84, may be equal to the second of the given angles; join
04,, and draw 0A’ to meet u in 4’ so that 4’04, may be equal
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to the first of the given angles. Then the problem would be solved
if 04 coincided with OA’. 'Three trials of a similar kind to the one
just made will give three pairs of corresponding rays (04 and 04’,
OB and OB’, OC and O(") of the two projective pencils which would

Fie. 170.

be traced out by causing OA and 0A’ to change their positions
simultancously ; the self-cotresponding rays O3 and ON of these
pencils will give the solutions (MM, spd NN,) of the problem.

242. ProuLEm.  Given two projective ranyes w and w' ; if a pair of
corresponding points A and A’ of these ranges be taken, it 4s required
to find another pair of corresponding points M and M’ sach that the
ratio of the length of the segment AM lo that of the seqment A" M’ may
be equal to a given number \. .

Let A and A’, B and B’, ' and (' be three pairs of corresponding
points of the two ranges. On w take two new points B”, (" such that
AB"=\. A'B’ and AC"--X\. A'(!. The points 4, B, & determine
a range which is similar (Art 99) to the range 4, B, (“,..and
therelore projective with A, B,C,,... The collincar ranges
A,B", (", ...and 4, B, (, ... have already one self-corresponding
point in A4 ; their other sell-corresponding point M (Art. 90) will
give the solution of the problem, since AM =AM"=X.A'M'. This
problem is therefore of the first degree.

243. ProBLEM. Gven two collinear projective ranges ABC ... and
A'B'C... , to find a pair of corresponding points M and M’ such that
the seqgment MM’ shall be bisected at a given point O.

Take three points A", B”, C" such that () is the middle point of cach
of the segnfents 44", BB", CC" ; the points 4", B", C" determine
a range which is equal to the range 4BC ... , and therefore projective
with the range A’B’(".... Construct the self-corresponding points
of the collinear projective ranges A'B(’... and A"B"C"... ; if M’ or
M" is one of them, then MM’ will have it% middle point at O, and
will be a segment such as is required. \

244. ProBLEM. Given a straight line and two points E , F on it ;
to determine on the straight line twoepoints M and M’ such that the
segment MM' may be equal in length to a given segment, and the
anharmontc ratio (EFMM') equcﬂ to a given number.

Take gn the given straight line any three points 4, B, C; then
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find on it three points A°, B’, (" such that the anharmonic ratios
(LFAA') , (EFBB') , (EFC(') may each be equal to the given
number ; and again three points 4", B", C" such that the segments
AA", BB", (" may cach be equal in length to the given segment.
The ranges ABC ... and A’B'("... will be projectively related (Arts.
79, 109), and the same will be the case with regard to the ranges
ABC ... and A"B"C"... (Art. 103) ; therefore A'B'C’... and 4A"B"C"...
will be projective with onc another. If these ranges have self-
corresponding points, and if M’ or M” is one of them, the segment
MM' and the anharmonie ratio (EFM M') will have the given values,
and the problem is solved.

245. ProBLEM. T'o wnscribe tn @ given triangle PQR a reclangle
of given area (Fig. 171).
< Suppose MSTU to be the rectangle required ; if MS’ be drawn
parallel to PR, a parallelogram MSLPS’ Will be formed which is equal
in_area to the rectangle; so that for the given problem may be
substituted thé following equivalent one :

To find on the base QR of « given triungle PQR a point M such that

if MS , MS' be drawn parallel

; {o the sides I’Q PR to meet

N 3 PR, PQin S 4N respectively,
/ N /[N the rectangle contained by PS
$ M SN TTNo  and P8 shall be equal to a

given square k2.

Take any point 4 on QR,
draw 4D parallel to PQ to
meet, PR in D, and take on
P’Q a point D' such that

' the reclangle contained by
P’ and PD" may be equal to
&%; then draw D’'A’ parallel
to PR to mett QR in 4’. If

the points 4 and 4’ coincided with one another, the problem would
be solved.

Now let the poinis 4, D, D', A’ be made to vary simultaneously ;
they will trace out ranges which are all projective with one another.
For since D is the projection of 4 made from the point at infinity on
PQ, and A’ the projection vf ' made from the point at infinity on
PR, the first and second ranges are in perspective, and the third and
fourthlikewise. Butthe second and third rangesare projective with one
another, since the relation PD.PD’ =k?shows (Art.74) that the points
D and D', in moving simultaneously, describe two projective ranges
such that the point P, regarded as belonging to either range, corre-
sponds to the point at infinity regarded as belonging to the other *,

* If the two ranges be called % and »’, and the construction of Art. 85 (left)
be referred back to, it will be seen that the auxiliary range u” lies in this case
entirely at infinity. If then a pair of corggsponding points D and D’ have been
found, and we wish to find the point £’ which corresponds o any other point £

of PR (=u), we have only to join D’E, and to draw DE’ parallel to D’E to
meet PQ (=v’) in £, .

S/ A \\\\/ -
D SRR A -
L7 o LA g \I\ *&
S - /<
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Three similar trials give three pairs of points similar to 4 and
A'; if the self-corresponding points of the ranges determined by
these pairs be constructed, they will give the solutions of the problem.

Instead of taking the point A quite arbitrarily in the three trials,
any particular positions may be chosen for it, and by this means the
construction may often be simplified. This remark applies to all the
problems which we have discussed. With regard to the present one,
it is clear that if 4 be taken at infinity, its projection D will also lie
at infinity ; consequently )’ will coincide with P, and therefore 4’
with R. Again, if 4 be taken coincident with @), its projection D
will coincide with P, and consequently D', and therefore also 4, will
pass off to infinity, We have thus two trials, neither of which
requires any construction ; the pairs which results from them are
composed respectively of the point at infinity and R, and of @ and
the point; at infinity. If thé pair given by the third trial be called
B, B, and if 4, A’ stand for any pair whatever, we have (Art. 74)

QA .RA'=(B.RB, . .
and therefore, if M is a %elf-corresponding point,

oM .%M—-QB .RB,
from which she sclf-corresponding poiiets could be found. But it is
better in all casgs to go back to the general construction of Art. 206.
In this case the three pairs of conjugate points of the two ranges
which are given'are : Band B’ ; the point at infinity and B ; @ and
the point at infinity. Let then any circle be taken, and a point O on
its circumference ; from O draw the straight lines OB, OB’, OR , 0,
and a parallel to QR, and let these ent the civele again in B, B/,
R,, Q,, and [ respectively *. Join the point of interséetjon of B; R,
and B,’ I with that of B, I and B,' @, ; il the joining line cut the
circle in two points A, and Np, the straight lines which join these
to O will meet QR in the sell-corresponding points M and N, and
these give the solutions of the problem.

246. ProBLEM? To construct a polygon, whose sides shall pass
respectively through given points, and
all whose vertices except one shall lie *— ——
respectively®on given straight lines ;
and which shall be such that the angle v
wncluded by the sides u‘lhich meet in

O A 1

the last vertex is equal to a given .
L)
angle. -
Suppose, for example, that it is A

required to construct a triangle Tk A
LMN (Fig. 172) whose sides MN , + 7. T
NL , LM shall pass through the Fig. 172. \
given 1l)loints 0, V, U respectively,

and whose vertices M , N shall lie on the given straight lines u, v
respectively ; and whichshall be such that the angle ALLN is equal
to a given angle. .

* Of these points only I is marked in the figure.
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Through O draw any straight line to cub u in 4 and v in B ; join
BYV, and through U draw the straight line UX making with BV an
angle equal to the given one. Let UX mecet u in 4’; the problem
would be solved if the point 4’ coincided with 4. If therays 04, U4’
be made to vary simultaneously, they will determine on » two pro-
jective ranges; the solutions of the problem will be found by
constructing the self-corresponding points of these ranges.

247. The following problem is included in the foregoing one :

A ray of light emunating from a given povnt O s reflected from n
given straight lines tn succession ; to determine the original direction
which the ray must have, in order that this may make with its direction
after the last reflexion a given angle.

Let u,,u,, .\ u, be the given straight lines (Fig. 173). If the

ray Od, strike u, at 4,, then by the
.0, law of reflexion the incident and re-
A\ . flected rays will make equal angles

. - — P with u,; but the incident ray passes
// " ~A,_.xo through the fixed point O ; therefore the
o —— ’\\\7”" “ reflected ray will always pass through
T o~ )\“ ¢he point O, which is symmetrical to

’\ o 0 with regard to u* So again, if

.\ the ray aftee one reflexion strikes w, at

L Ay, it will be reflected according to

Fig. 173. the same law; consequently the ray

wfter two reflexions will pass through
a fixed point. 0, which is svnnnetrical to 0, with regard to u,; and
so on. Thewaths of the rhy before reflexion, and after one, two,...n
reflexions form thevefore a polygon O4,4,d, ... , whose n+1 sides
pass vespectively through n+ 1 fixed points 0, 0,,0,, ... 0,, and
which is such that n of its vertices lic respectively on n given straight
lines w;, uy, ... u,; while the angle included by the sides which
meet in the last vertex is to be equal to a given ungle. Thus the
problem reduces, as was stated, to that of Art. 246.

248. Prosriy. To construct a polygon whose vertices shall lie
respectively on given straight lines, and whose sides shall stibtend given
anyles at given points respeclively.

Suppose it is required to construct a triangle whose vertices 1,2, 3
shall lic on the given straight lines wu, , u, , uy respectively and whose
sides 23, 31, 12 shall subtend at the given points 8, , S , S; respec-
tively the angles wy, wy, vy which are given in sign and magnitude
(Fig. 174). On u, take any point 4 ; join 48,, and make the angle
AS,B equal to og; let S,B cwt u, in B.  Join BS; ; make the angle
BS,C equal to w, and ‘let S,C cut uyin C. Join C'S,; make the
angle CS,4’ equal to oy, and let 8,4’ cut u, in A’. The problem
would be solved if S,4’ coincided with S,4. If S,4 be made to turn
about S,, the other rays S;4 +S,B, 8,B .8,C, S;C, and 8,4’ will
change their positions simultancogsly, and will trace out pencils

* i.e. a point O, such that 00, is bisccted at right angles by u,.
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which are all projectively related. For the ranges traced out by
S3d and S;B respectively will be projective (Art. 108) since the
angle AS,B is constant ; the ranges traced out by S;B and S,B
respectively are projective since they are in perspective ; and so on.
The solutions of the problem will therefore be given by the seli-
corresponding rays of the concentric projective pencils which are
generated by S;4 and 8,4’ respectively.

In the same manner is solved the more general problem in which
the straight lines joining S; , S, , ... to the vertices of the polygon are
no longer to include given angles, but are to be such that together
with pairs of given straight lines meeting in S;, S, , ... respectively
they form at each of these points a pencil of four rays having a given
anharmonic ratio. If at each of the points theepencil 8 to be
harmonic, and the given straight
lines such as to include a right angle,
the problem can be enunciated as
follows (Art. 60) :

To construct a polygor whose ver-
tices shall lie respectively oh given
straight lines, and whose sides shall o
subtend at givep points angles whose
bisectors are given.

249. The same method gives the
solution of the problem :

To construct a polygon whose sides *® Fig. 174.
shall pass respectively through given
points, and which shall be such that the pairs of adjatent sides divide
given segments respectively in given anharmonic ratios *.

Particular cases of this problem may be obtained by supposing
that each pair of adjacent sides is to intercept on a given straight
line a segment given in magnitude and direction; or a segment
which is divided by a given point into two parts having a given
ratio to one another .

Us

* That is #o say, two adjacent sides arc to cut a given straight line, on which
are two given points 4 , B, in two other points €', D such that the anharmonio
ratio (4 BCD) may be equal to a given number.

t CrasLEs, Géom. sup., pp. 219-223; and TowwskND, Modern Geometry
(Dublin, 1865), vol. ii. pp. 257-275. .

1514 (o]



CHAPTER XX

POLE AND POLAR

250. Ler any point S be taken in the plane of a conic
(Fig. 175), and through it let any number of transversals be
drawn to cut the conic in pairs of points 4 and A’, B and B’,
C and (',.... The tangents ¢ and a’, b and b’, ¢ and ¢’ at
these points will, by Arts. 203, 204, intersect in pairs on
& fixed straight line s, on which lie also the points of contact

of the tanbgents from S to the conic

(when the position of § is such that

tangents can.be drawn). Further,

the pairs of chords 4B’ and A'B,

AC" and A'C, ... BC' and B'C, ...

AB and A'B’, AC and A'C',...

BC and B'C’, ... willénterseet on s.

=/ Another property of the straight

finc s may be noticed. In the

complete quadrangle AA'BE,

cach of the straight lines A4’

and BP' is divided harmonically

-by the diagonal point § and

the point where it is cut by the

straight line s which joins the

other diagonal points (Art. 57);

consequently 4 and A’ {and simi-

larly B and B’, (! and (", ...) are harmonic conjugates with

regard to N and the point where A4’ (or BB’, CC',...) is
cut by s.

The straight line s determined in this manner by the
point S is called the polar of S with respect to the conic ;
and, reciprocally, the poiat § is said to be the pole of the
straight line s.

The polar of a given point S is therefore at the same time :
(1) the locus of the points of intersection of tangents to the
conic at the pairs of points where it is cut by any transversal
through S ; (2) the locus of the points of intersection of pairs

Fig. 1%



250-2] POLE AND POLAR 195

of opposite sides of quadrangles inscribed in the conic such that
their diagonals meet in S ; (3) the locus of points tuken on any
transversal through S such that they are harmonically conjugate
to 8 with regard to the pasr of points in which the transversal
18 cut by the conic ; (4) the chord of contact of the tangents from
8 to the conic, when 8 has such a position that it is possible to
draw these * 1.

251. Reciprocally, any given straight line s detormines a
point 8, of which it is the polar For let A and B (Fig. 176)
be any two points on the conic ; the tangents a and b at
these points will cut s in two points from ‘which %an be
drawn two other tangenés @’ and b’ to the conic. Let Y
and B’ be the points of contact of these, and let AA’, BB'
meet in S ; then the polar of S will pass through the points
aa’ and b0, and must thegefore coincide with s.

If then from any point on s a pagr of tangents can be drawn
to the conic, their chord of contact will pass through S.

Fig. 176.

(]

252. The complete quadrangle A4’BB’ and the cem-
plete quadrilateral aa’bb’ (Fig. 176) have the same diagonal
triangle (Art. 169). The verticeg of this triangle are S, the

* Arorronivus, loc. cit., lib. vii. 3§ ; DEsAraUEs, loc. cit., pp. 164 sqq. ;

DE vA HiIrg, loc. cit., 'bovks i. and ii.
1 (4) follows from (3) by what has been proved in Art. 71. °

02
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point of intersection F of 4B and }l'B', and the point of
intersection E of AB’ and A'B; its sides are s, the straight
line f joining the points ab and a'd’, and the straight line e
joining the points ab’ and a'b. Thus if from any two points
taken on the straight line s pairs of tangents a and o', b and b’
be drawn to the conic, the diagonals of the quadrilateral aba'b’
will pass through S.

253. The straight linesa, a’, b, b’ (Fig.177) form a quadri-
lateral circumscribed about the conic, onc of whose diagonals
is s, and whose other two
diagonals meet in S. Thus if
from gny point on s a pair
of tangents be drawn to the
conic, they will be harmonically
conjugate* with regard to s and
the straight line joining the point
to S (Art. 56). ‘

254. If then a tonic is given,
cvery point in it$ plane has its
polar and every straight line has
ils pole *. The given conic, with
reference to which the pole and

Fig. 177. polar arc considered, may be
called the auailiary conic.

I. If a point in the planc of a conic is such that from it
two tangents can be drawn to the curve, it is said to lie
outside the conic, or to be an external point ; if it is such that
no tangent can be drawn, it is said to lie ¢nside the conic, or
to be an internal point. If then the pole lics dutside the
conic (Art. 203, VI11I) the polar cuts the curve, and it cuts
it at the points of contact of the tangénts from the pole to
the conic 7. ‘

If the pole lies inside the curve, the polar does not cut the
conic. ,

IL. If a point on the conic itself be taken as pole and a
transversal be made to revolve round this point, one of its
points of intersection with the conic will always coincide with
the pole itself. Since then the polar is the locus of the points
where the tangents at these pcints of intersection meet, and

* DEsaRraUES, loc. cit., p. 190. t Sec also Art. 250, (4).
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in this case one of the tangents is fixed, it follows that the
polar of a point on the conic is the tangent at this point ; or
that if the pole is a point on the conic, the polar i. 8 the tangent
al this point.

ITI. Reciprocally, if every point of the polar lies outsido
the conic, the pole lies inside the conic ; if the polar cuts the
conic, the pole is the point where the tangents at the two
points of intersection meet ; and if the polar touches the
conic, the pole is its point of contact.

255. If two points are such that the first lies on the polar
of the second, then will also the second lie on the polar of the first.

Consider Fig. 176 ; lefy £ be taken as pole and let ¥ bé
a point xymg on the polar of E. If the tlalgﬁt line EF cuts
the conic, it will cut it in two points which are harmonically
conjugate with regard toy £ and F (Art. 250 [3]); conse-
quently one of the points K, F' will lic inside and the other
outside the conic, and by Art. 250 it 3) again, if F be taken as
pole, £ will bé a point on its polar.

If the straight line £F does not cut the conic, the chord
of contact of the tangents from £ will pass through F,
since this chord is the polar of £ ; therefore by Art. 250 (1)
E will lic on the polar of /.

The above proposition may also be expressed in e follow-
ing manner :

l f a straight line f pass through the pole of unother straight
line e, then willalso e pass through the pole of f.

For let K, F be the poles of e, f respectively ; since by
hypothes1s E lics on the polar of F, therefore # will lie on the
polar of E* that is to say, e will pass through ¥, the pole of f.

Two points such as £ and F, which possess the property
that each lics on the polar of the other, are termed conjugate
or reciprocd! points with respect to the conic. And two
straight lines such as e and f, each of which passes through the
pole of the other, are termed conjuqate or reciprocal lines with
respect to the conic.

The foregoing proposition may thon be enunciated as
follows :

If two points are conjugate to“one another with respect to
a conic, their polars also are® conjugate to one another, and
conversely.
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256. The same proposition can bé put into yet another
form, wz.

Every point on the polar of a given point E has for its polar
a siraight line passing through K.

Every straight line passing through the pole of a given
straight line e has for its pole a point lying on e *.

In other words, if a variable pole F' be supposed to describe
a given straight linc ¢, the polar of F will always pass through
a fixed point E, the pole of the given line ; and conversely,
if a straight line f revolve round a fixed point £, the pole of
S will describe @ straight line e, the polar of the given point E.
" Or again : the pole of a given streuight line e is the cenire of
the pencil fornied by the polars of all points on e; and the
polar of a given point B is the locus of the poles of all straight

lines passing through E .

257. PrOBLEM. Given a punt
S, to construct its polar with
respect to @ given conic.

I. Let the conic be determined
by five points 4,B,(, D K
(Fig. 178).

R
N, 'L/ _\\\.

\\ ,\‘)‘\; = “t/ /l

Fig. 178.

Join 84,88, and find the
points A’, B’ where these cut the
conic again respectively (Art.261,
right). The straight linc s which
joins the point of intersection of
AB' and A'B to that of 4B and

A'B" will be the polar of the
given point (Art. 250 [2]).

*DEsARQUES, loc. cil., p. 191.

Given a straight lyne s, (o con-
struct 1ts pole w;th respect 10 @
given conic.

I. Let the come be determined
by five tangents ¢ , b ,¢c,d, e
(Ifig. 179).

Fig. 19.

From the points sa, sb draw
the second tangents a, v respec-
tively to the conic (Art 161,
left). The point S in which the
diagonals of the quadrangle aba'd’
intersect one another will be
the pole of the given straight
nline.

1 l’oncnm'f', loc cit., Art. 195.
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IL. Let the conic be determined
by five tangents «,b,c,d,e
(Frig. 180).

“Fig. 180.

Through S dmw two trans-
versals « and v, and construct
their poles I/ and ¥ (as on the
right-hand side above) ; U/ V will
be the polar of S (Art. 256). To
simplify matters the transversal
u may be drawn through the
point ab; il then the secomd
tangent ¢’ be drawn to the conic
(Art. 161) from the point ue, U
will be the poifit of intersection
of the diagonals of the quadri-
lateral acbe’. So too if the
transversal » be drawn through
the point ac for example, and the
second tangent b’ be dgawn to the
conic from the point vb, then V
will be thepoint of intersection
of the diagonals of the quadri-
lateral abcb’.

POLE AND POLAR
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II. Let the conic be deter-

mined by five points 4, B, C,D,E
(Fig. 181).

ok

Fig, 181.

On s take two points U and
¥, and consiruct their polars u
and » (as on the left-hand side
abbve) ; the point uv will be the
pole of s (Art. 256). To simplify
matters the poin® {may be taken
on the straight line AB; if then
Uc he ]mnn(l, and the second
point. (/' in which it meets the
conic he construeted, « will be the
straight line joining the points of
intersection of the pairs of oppo-
site sides of the quadrangle
ACBC’. 8o too if V be taken on
the straight line AC for example,
and VB be joined, and its second
poiné of intersection B’ with the
conic be constructed, then v will
be the straight linc joining the
points of intersection of the pairs
ofs opposite sides of the quad-
rangle "ABCB'.

258. Let K and F (Fig. 182) be a pair of conjugate points
and let G be the polesof EF ; then G will be conjugate both
to E and to F, so that the three points £ , F' , G are conjugate

to one another two and two.

Every sule therefore of the
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triangle EFG is the pole of the opposité vertex, and the three
sides are conjugate lines two and two.

A triangle such as EF@, in which each vertex is the pole
of the opposite side with regard to a given conic is called
a self-conjugate or self-polar triangle with regard to the conic.

259. To construct a triangle self-conjugate with regard to a given
contc.

One vertex E (Fig. 182) may be taken arbitrarily ; construct its
polar, take on this polar any point F, and construct the polar of F.
This last will pass through E, smice E and F are conjugate points ;
if G be,the poixt where it cuts the polar of E, then E and @,

Fig. 182.

F and G, will be pairs of conjugate points; and therefore EFG is
a self-conjugate triangle. '

In other words : take any point K and draw through.it any two
transversals to cut the conic in 4 and D, B and C respectively ;
join AC, BD, meecting in F, and 4B, CD mecting in G ; then EFG
18 a self-conjugate triangle. .

Or again, one side ¢ ma;; be ‘taken arbitrarily, and its pole E con-
structed ; if through E any straight line £ be drawn, and its pole
(which will lie on e) be constructed and joined to the pole of e by
the straight line g, then efy will be a triangle such as is required ;
for the straight lines ¢, /', ¢ are conjugate two and two.

Thus, after having taken the side & arbitrarily, we may proceed as
follows : take two points on e and from them draw pairs of tangents
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aand d,band c, to the cQnic ; join the points ac, bd by the straight
line f; and the points ab, cd by the straight line g ; then will efg be
a self-conjugate triangle.

260. From what has been said above the following
property is evident :

The diagonal points of the complete quadrangle formed by any
four points on a conic are the vertices of a triangle which is self-
conjugate with regard to the conic. And the diagonals of the
complete quadrilateral formed by any four tangents to a conic
are the sides of a triangle which % self-conjugate with regard to
the conic *. ‘ -

Or, in other words :

The triangle whose vertices are the diagonal points of a com-
plete quadrangle is self-conjugate with "regard®to any conic
circumscribing the qulidraggle. And the triangle whose sides
are the diagonals of a complete quadrilateral is self-conjugate
with regard to any conic inscribed in the quadrilateral.

261. From the properties of the circumscribed quadrifateral and

the inscribed quadrangle (Arts. 166 to 172) it follows moreover
that : .
If EFG (Fig. 182) is a triangle self-conjugate with regard to
a given conic, and AB( i€ a triangle inscribed in $he come, such
that two of its sides ('4, AB pass through two of*the vertices
F , G respectively: of the othgr triangle, then will the remaining
side BC pass through the remaining vertex &, and every side of the
inscribed triangle will be divided harmonically by the corresponding
vertex of the sglf-conjugate triangle and the side which joins the
other two vertices of it.

The three straight lines £4 , FB, GC meet in one point D on the
conic ; the,two triangles are therefore in perspective, and the three
pairs of corresponding sides FG' and BC , GE and (4, EF and AD,
will meet in three collinear points.

Hence it follows thas a self-conjugate triangle EFG and a point 4
of a conic datermine an inscribed quadrangle ABCD, whose diagonal
triangle is EFG. The points B, (', D are those in which the
straight lines AG', AF , AE cut the conic again.

The enunciation of the correlative property is left to the student f.

262. Of the three vertices of the triangle EFQ, one always
lies inside the conic, and the two others outside it. For if £
is an internal point, it polar does not cut the conic, and con-
sequently F and @ are both qxternal to the conic. If, on the

* Dnug!otms, loc. cit., p. 186. 1 PoxNceLEer, loc. cit., p. 104.



202 POLE AND POLAR 262

other hand, ¥ is an external point, its polar cuts the conic,
and F and G are harmonic conjugates with regard to the two
points of intersection ; of the two points F and G therefore,
one must be internal and the other external to the conic.

From this property and that of Art. 254, I, we conclude
that of the three sides of any self-conjugate triangle, two
always cut the curve, and the third does not.

263. (1). On every straight line there are an infinite number
of pairs of points which are conjugate to one another with respect
to a given conic, and these form an involution *.

(2). €hrouglt every point pass an infinite number of pairs of
Siratght lines which are conjugate to gne another with respect to
a given conic, and these form an involution *. .

(3). If a paint destribes a range, its polar with respect to a
given conic will trace out a pencil which is projective with the
giwven range. And, conversely, if a straight line describes a
pencil, ils pole with respect to a given conic will trace out
a range whick is projective with the given pencil’f.

To prove these theorems, consider Fig. 183¢ and suppose
in it the conic and the three points 4, B, G to be glven
Let the point C' be <;upposed to move along the conic.
Then the rays AC, BC will trace ofit two pencils which are
projective with one another (Art. 149 [1]); and therefore
the ranges in which these pencile cut the polar of ¢ will be
projectivc also ; that is to say, the conjugate points ¥ and B
will describe two collinear projective ranges. In these ranges
the points F and £ correspond to onc another doubly, since
the polar of I passes through F, and the polar of F passes
through K ; consequently the ranges in question‘are in in-
volution.

From what has been said it follows aiso that the pairs of
conjugate lines GF , (£ in like manner form an ¢nvolution,
and that the range of poles F , F,... is projective with the
pencil of polars GF , G ,

264. If the stralghb hne ‘EF cuts the conic, the two points
of interscction are the double points of the involution formed
by the pairs of conjugate poles. The centre of the involution
lies on the diameter which passes through the pole G of the
given straight line (Art. 290). « .

* Desaruves, loc. cit., pp. 192, 193. t Mos1us, Baryc. Calc., § 290.
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If the point G is exfernal to the conic, the tangents from @
to the conic are the double rays of the involution formed by
the pairs of conjugate polars.

Tig. 183.
]

Consequently (Art. 125) :

A chord of a conic is harmonically divided b o any pair of
points lying on it which aresconjugate with respect to the conic ;
and .

The pair Q[ tangenls drawn from any pmnt to a conic are
harmonic congugates wilh respect o any pair of straight lines
meeting in the given point which are conjugate with respect to
the conic.*

1f the point G lies at infinity, the pairs of conjugate straight
lines form an involation of parallel rays, the central ray of
which is asdiameter of the conic (Arts. 129, 276).

265. TueorREM. If two complele quadrangles have the same
diagonal points, their eight vertices lie either four and four
on two straight lines or else they all lie on a conic.

Let ABCD and A'B'C'D’ (Fig. 184) be two ¢quad-

rangles having the same diagonal points £ , F', G ; so that
BC ,AD ,B'C’, A'D' all meet in E
CA4,BD,C'A’ ,oB'D' w » I,
AB,CD,A'B',C'D" ,, , G
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(1). In the first place let the eight 'vertices be such that
some three of them are collinear.
Suppose for example that A’ lies on
AB. Since AB and A’B' meet in G,
therefore B’ also must lie on AB;
and since the straight lines GE , GF
are harmonically conjugate with
regard bothto AB ,CDand to 4'B’,
C'D’, and AB coincides with 4'B’,
therdore also CD coincides with
Tig. 184 C'D’'. Thus the four points C, D,
C’, D' are gollinear, and the eight
points A, B,C D , A, B’ ¢’, D' lie four and four ‘on two
straight lmeb .

(2). But if this casc be excluded, z e. if no three of the cight
vertices lie in a straight ]mo then a conic can be drawn
through any five of them.' Let a conic be drawh through
A,B,C,D, A" (Fig. 185); then shall B', ¢', D’ lic on
the same conic. For since & , F, (¢ are the didgonal points
of the inscribed quadrangle ABUD G is the pole of EF, and
therefore ¢ and the point where its polar EF meets the
transversal (/B’ 4" are harmonically conjugate with regard
to the points where this transversal cuts the conic. But
enc of these last points is
A’, therefore the other is
B’ ; for since £, F, @G are
also the diagonal points of
the quadrangle A'B'C'D’,
the points A’ and B’ are har-
monically conjugate with
regard o ¢ and the point
where EF cuts A’B’. Ina
similar manner it can be

Fig. 185. shown that ¢’ and D’ also

o ! lic on the same conic. The

cight vertices 4 ,B,C, D, A’, B', C’, D' therefore lie on
a conic, and the proposition is proved.

Since the straight lines AB and 4’B’ meet in @, therefore
AA’ and BB’, as also AB’ and' A'B, will meet on EF, the
polar of . This property gives the mecans of constructing
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the point B’ when the points A ,B,C ,D, A’ are given.
The point ¢’ will then be found as the point of intersection
of A'F and B'E, and the point D’ as that of B'F, A'E,
and C'G.

266. Suppose now that two conics arc given which are
inscribed in the same quadrilateral. Let the four common
tangents which form this quadrilateral be a , b, ¢, d, and let
their points of contact with the conics be 4, B, C, D and
A', B', (', D’ respectively. By the theorem of Art. 169, the
triangle formed by the diagonaldof the circumscribed quadri-
lateral abed has for its vertices the diagondl points of the
inscribed quadrangle ABCD and also those of the inscribed
quadrdngle A'B'C'D’'; thus ABCD and "A’'B'C'D)’ have
the same diagonal points. Accordingly, by the theorem of
Art. 265, the eight potnts 4.B,C,D, A', B, C', D’ lie either
four and four on two straight lines, or they lie all on a conic.

267. By writing,as usual, line for point, and point for line,
the proposxtlons correlative to those of Arts. 265 and 266 can
be proved, vi%.

If two complete quadrilaterals have the same threc diagonals,
their eight sides either pass four and four through two points, or
else they all touch a conié. .

If two comics intersect in four points, the cight tangents to
them at these poinis either pass four and Jour through two points,
or they all touch a conic *.

268. If theye be given the (lmgona,l poinits £, F, ¢/ and
one vertex A of a quadrangle ABCD, the quadrangle is
completely determined, and can be constructed. TFor D is
that point on A £ which is harmonically conjugate to A4 with
respect to £ and the point where F( cuts AE ; so C is that
point on AF which is harmonically conjugate to 4 with
respect to ¥ and the point where GE cuts AF ; and B is that
point on AG which is harmonically conjugate to A with
respect to G and the point where EF cuts A(.

But if there be given the didgonal points E, F, G of
a quadrangle ABCD and the conic with respect to which
EFQG is a self-conjugate triangle, the quadrangle is not com-
pletely determined. :For we may take arbitrarily on the
conic a point A as one vewtex of the quadrangle ABCD ;

* Stavpm, loc. cit., p. 293.
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then the other vertices B, C, D are the second points of
intersection of the conic with the straight lines AGQ, AF, AE
respectively. Hence it follows that :

All conics with respect to which a given triangle EFG 18 self-
conjugate, and which pass through a fixed point A, pass also
through three other fixed points B , C , D.

269. ProBLEM. To construct a conic passing through two given
points A and A', and with respect to which a given triangle EFG
shall be self-conjugale. \

Solution. Congtruct, in the manner just shown, the three points
B, C, D"which form with A4 a complete quadrangle having £, F,
and ¢ {for its diagonal points. Fiyve poipts 4, 4’, B, C', D on the
conic are then known, and by means of Pascal’s theorem any*numbet
of other points vn it mey be found. Or we may construct the three
points B, (', D’ which form with A’ a complete quadrangle having
E, F, and (/ for its diagonal points ; the eight points 4, B,C, D,
A', B, ¢, I’ will then all lie on the conic required.

270. Consider again the problem (Art. 218) of descriding a conic
to touch four given straight lines «,b, ¢, d and 1o pass through
) a given point S (Fig. 186). The
diagonals of the quadrilateral abed
form a triangle KFG which is self-
conjugatewith regard to the conic;
consequently, if the three points
P,Q,R be constructed which
toggther with S form a quadrangle
having E, F, and G for its diagonal
points, the three points so con-
siructed will lig also on the
required conic. Now it may
happen that there is no conic
which satisfies the pgoblem, or
again there may be two conics
which satisfy it (Art. 218, right) ;
in the secotd case, since the con-
struction for the points I’,'Q, R is linear, the two conics will both
pass through these points. Thus :

If two conics inscribed in the sume quadrilateral abed pass through
the same point S, they will intersect in three other points P, Q , R ; and
the triangle formed by thesdiagonals of the circumscribed quadrilateral
abed will coincide wilh that formed by the diagonal points of the
inscribed quadrangle PQRS.

In order to find a constructiqn for the points P, @, R, consider
the point P for example which lies on KS (Fig. 186). It is seen
that the scgment SP must be divitled harmonical]ly by E and its
polar FG (Art. 250) ; but the diagonal (ab) (cd) which passes through

Vig. 186.
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E is also divided harmo'nically, at E and F, We have therefore
two harmonic ranges, which are of course projective (Art. 51) and
which are in perspective since they have a self-corresponding point
at E; therefore the straight lines P (ub), 8 (cd), and FG, which
join the other pairs of corresponding points, will meet in a point
(Art. 80). We must therefore join S to one extremity of one of the
diagonals passing through E, for example to the point cd, and take
the point where the joining line meets #G'. This point, when joined
to the other extremity ab of the diagonal, will give a straight line
which will meet ES in the required point I *,

271. The propositions and constructions corvelative to those of
the last three Articles will form u#eful exercises for the student.
They are the following : - )

All conies with respect to which a given triangle is self-conjugate,
and whicl touch a Sixed straigh¥ Line, touch three other fixed straight lines.

To construct @ conic to touch two given stravght lines, and with
respect to which a given triangle shall be salf-conjuyurr.'

If two conics circumséribing the same quadrangle have @ common
tangent, they have three other common tangents.

To construct the three remaining common langenls o two conics
which pass through four given points and touch a given straight line
(Art. 218, left). |

Fig. 187.

272. Let ,LABCD (Fig. 187) be a complete quadrilateral whose
diagonal points are £, F, and (. let also

L and P be the points where F(' meets A1 and BC respectively.

M and @ ’ %, GE ,, PBDand CA ”
NandR o ,, ” EF ,, CDand AB »

The six points so obtained arc jhe vertices of a complete quad-
rilateral. For the triangle EF( is in perspective with each of the
triangles 4BC, DCB, CDA, BAD, the centres of perspective being
D, A, B, C respectively ; whence it follows that the four triads of
points PQR, PMN, LQN, and LMR lic on four straight lines (the
axes of perspective).

These four axes form a quadrilatersl whose diagonals LP, M@, NR
form the triangle EFG. Accordingly, a conic inscribed in the

* BriancHoN, loc. cit., p. 456 ; MACLAURIN, De lin. Geom., § 43.
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uadrangle 4BCD and passing through L will pess also through
%J", P, and R (Art. 270); similarly a conic can be inscribed in
the quadrangle ABDC to pass through R, M, N, and Q; and
a conic can be inscribed in the quadrangle ACBD to pass through
Q,P,M,and L.

It will be seen that for each of these conics the four tangents
shown in the figure (the four sides of the complete quadrangle ABCD)
are harmonic, and that the same will therefore be the case with
regard to their points of contact (Arts. 148, 204). TFor take one of
the sides of the quadrangle, for example AB ; a consideration of the
complete quadrangle CDEF Nhows that this side is harmonically
divided in R and (. Now tIN points 4, B, G are the points of
interseation of the tangent AB with the other three tangents, and
R is the point of contact of AB; therefore the four tangents are
cut by any other tangent to the conic n four harmonic pgints *.

273. If ABCD is a pprallelogram, the points E, G, M, ¢) pass off
to infinity, and LNPR also becomes a parallelogram. Of the three
conics considered above the first will ip thi¢ case be an ellipse which
touches the sides of the parallelogram &BCD at their middle points ;
the second a hyberbola whick touches the sides 4B and C'D at their
middle points and has AC and BD for asymptotes; and the third
a hyperbola having the same asymptotes and touchf‘"lg the sides AD
and BC at their middle points.

274. From that corollaty to Brianchon's theorem which
has reference,to a quadrilateral cireumseribed about a conic
(Art. 172) We have already, in Art. 173, deduced a method
for the construction of tangents to a conic when we are
given three tangents a , b, ¢ and the points of contact B, C
of two of them (Fig. 183). We take any point £ on BC and
join it to the points ab , ac by the straight lines g , f , respec-
tively ; if the point in which g meets ¢ be joined to that in
which f meets b, the joining line d will be a tangent to the
conic.

The four tangents @ , b , ¢ , d form a cemplete quadrilateral
two of whose diagonals'g= (ab) (cd) and f= (ac) (bd) intersect
in B ; therefore also (Art. 172) the chords of contact AD and
BC of the tangents a and d , b and ¢ respectively will intersect
in E. The straight lincs joining £ to the points ab and ac,
being two of the diagonals of the quadrilateral abed, are con-
jugate lines with respect to the conic ; consequently :

If a triangle abe is circumescribed about a conic, the straight

* STRINER, loc. cit., p. 160, § 43,4 ; C(“lectud Works, val. i. p. 347 ; StavuDT,
Beitrige zur Geometrie der Lage, Art. 329,
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lines which join two of its verlices ab and ac to any point E on
the polar of the third vertex be are conjugate to one another with
respect to the conic. *

And conversely :

If two straight lines (c and b) touch a conic, any two conjugate
straight lines (f and g) drawn from any point (E) on their chord
of contact will cut the two given tangents in points such that the
straight line (a) joining them touches the conic.

275. Let us now investigate the correlative property. Sup-
pose three points 4 , B, C on & conic to be given, and the
tangents b , ¢ at two of these points (Fig. 183). If a stralght
line e dra.wn arbitrarily through the point be cut AB in ¢ aiid
ACin ¥ ; then if GC and ¥ B be joined they w1ll intersect in
a point D lying on the conic.

The four points A% B, , C form a complete quadrangle
two of whose dlagona,l points lic gn e; therefore (Art. 166)
the point bc and the point of
intersection of the tangents at
A and D wiil lie on e. The
points G and F, being two of
the diagonal points of the
quadrilateral ABCD, are con-
jugate withrespect to the comc
consequently

If a triangle ABC (Fig. 188) is Fig. 188.
inscribed in a conic, the points F
and G in which two of the sides are cut by any straight line
drawn through the pole S of the third side are conjugale to one
another wih respect to the conic.

And conversely :

If two given points (B, C) on a conic be joined to two con-
Jugate points (@ , F) which are collinear with the pole (S) of the
chord (BC) joining the given points, then the joining lines will
indersect iy a point (A) lying on the conic.




CHAPTER XXI

THE CENTRE AND DIAMETERS OF A CONIC

276. LET an infinitely distant point be taken as pole, and
through it let a transversal be drawn (Flg 189) to cut the
) conic in two points 4 and
v ’7[‘ A’'. The segment AA’ will
|
|

N A 7 be harmonically divided
s El«\ “ ',}\l}“ﬁ/\/ by the pole and the point

wio—h N[>, | whereit is cut by the polar
'/ [ A h

{ (Art. 250) ; this point will
N therefore be the middle
Fig. 189. " point of AA' (Art. 59).

That is to say :

If any number of parallel chords of a conic e drawn, the
locus of their middle points is a straight line ; and this straight
line is the polar of the point at infinity in which the chords inter-
sect *. ‘ v

2717. This-straight linc is termed the diameter of the chords
which it bisects. If the diameter meets the conic in two
points, these will be the points of contact of the tangents
drawn to the conic from the pole, 4. e. of those tangents which
arc parallel to the bisected chords. If the tangents at tho
extremitics A and A’ of one of these chords be drawn, they
will meet in a point on the diameter. If A4’ ard BB’ arc
two of the bisccted chords, the straight lines AB and A'B’,
AB’and A’B will intersect in pairs on the diameter (Art. 250).

If, conversely, from a point on the diamcter can be drawn
a pair of tangents @ and a’ to the conic, their chord of contact
AA' will be bisccted by the diameter ; and if through the
same point there be frawn the straight line whith is har-
monically conjugate to the diameter with respect to the two
tangents, this straight linc will be parallel to the bisected
chords. If from two points on the digmeter there be drawn
two pairs of tangents a and ¢’, b and b’, the straight line

* AroLroxtus, Conic., lib. i. 46, 47, 48 ; lib. ii. 5, 6, 7, 28-31, 34-37.
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joining the points ab and a'6’ and that joining the points ab’
and a’b will both be parallel to the bisected chords (Art. 252).

278. To each point at infinity, that is, to each pencil of
parallel rays, corresponds a diameter. The diameters all pass
through one point ; for they are the polars of points lying on
one straight line, viz. the straight line at infinity ; the point
in which the diameters intersect is the pole of the straight
line at infinity (Art. 256).

279. Since every parabola is touched by the straight line
at infinity, and the point of conwact is the pole of this straight
line (Art. 254, II), it follows (Art. 278) that Al dianseters of
a parabola are parallel tg one another (they all pass through
the potnt at infinity on the curve) ; and conversely, every
straight line which cuts a parabola at infinity i8 a diameter of
the curve. ¢ .

280. If § is any point from which a pair of tangents a and
a’ can be drawn to the conic (Fig. 189), the chord of contact
AA’, the polar of S, will be bisected at I by the, diameter
which passes through 8 ; for S and the point at infinity on
AA’ are conjugate points with respect to the conic. If the
diameter cuts the curve in M and M’, the tangents at these
points are parallel to AA4”, and MM’ is divided lga,rmonically
by the pole S and the polar 44’ (Art. 250).

If then the conic is a phrabola (Fig. 190) the point M’
moves off to infinity, and therefore M
is the middle point of the scgment SE ; L
thus P\

The straight line which joins the middle f}}:

s .
v

point of a thord of a parabola to the pole
of the chord is bisected by the curve *.
281. When the cunic is not a para-
bola, the straight line at infinity is no Fig. 190.
longer a tangent to the curve, and )
consequeptly the pole of this straight line, or the point of
intersection of the diameters, is a pbint lying at a finite
distance. Since any two points on the conic which are
collinear with the pole are separated harmonically by the
pole and the polar (Art.250),the pole will lie midway between
the two points on the curve®when the polar lies at infinity.

* ApoLLONI1US, loc. cit., lib. i, 35.
P2 -
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Every chord of the conic therefore which passes through the
pole of the straight line at infinity is bisected at this point.

On account of this property the pole of the straight line at
infinity, the point in which all the diameters intersect, is
called the centre of the conic.

282. Applying the properties of poles and polars in general
(Arts. 250-253) to the case of the
centre and the straight line at in-
finity, it is secn (Fig. 191) that :

"If A and A’ are any pair of
points on the conic collinear with
the centre, the tangents at 4 and
A’ are parallel. ¢

If A and A’, B and B’ are any
two pairs of pomts on the conic which &4re collinear with the
centre, the pairs of chords AB and A'3’, AB’ and A’B are
parallel, so that the figure ABA'B' is a parallelogram.

If @ and o’ are any pair of parallcl tangents, their chord
of contact passes through the centre, as also dods the straight
line lying mldway between a and a’ and parallel to both.

If @ and &', b and b’ are any two pairs of parallel tangents,
the stmlght lme joining.the points af'and a’b’ and that j ]ommg
the points @b’ and a’b both pass through the centre; in
other words, if aba’d’ is a parallefogram circumscribed to the
conic, its diagonals interscct in the centre.

283. If the conic is a hyperbola, the straight line at in-
finity cuts the curve; consequently the centre is a point
exterior to the curve (Art. 254 I) in which intersect the
tangents at the infinitely distant points, ¢.e. the #symptotes
(Fig. 197).

1f the conic is an ellipse, the straight line at infinity does
not cut the curve ; consequently the centre is a point inside
the curve (Figs. 191, 192).

284. Two diameters of a central conic (cllipse or hyper-
bola *) are termed congugale when they are con]ugate straight
lines with respect to the conic, i.e. when each passes through
the pole of the other (Art. 255).

* In the case of the parabola therfe are no pairs of conjugate diameters ; for

since the centre lies at infinity, the diameter drawn parallel to the chords which

arfg bisected by a given diameter must coincide alwa,ys with the straight line at
infinity.

Fig. 19]. .
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Since the pole of a diameter is the point at infinity on any
of the chords which the diameter bisects, it follows that
the diameter b’ conjugate to a given diameter b is parallel to
the chords bisected by b ; conversely, b’ bisects the chords
which are parallel to b *.

Any two conjugate diameters form with the straight line
at infinity a self-conjugate triangle (Art. 258), of which onc
vertex is the centre of the conic and the other two are at
infinity.

Since in a self-conjugate trigagle two of the sides cut the

conic and the third side does not -
(Art. 262), and since ho straight
line at infinity cuts a hyperbola but
does not cut an ellipse, it follows
that of every two conjugate dia-
meters of a hyperbola one only cuts
the curve, while an cllipse is cutby Fig. 192.
all its diameters. .

W

285. ProBLEM. Given five points A, B, (', D, E on a conic, lo
determine its centre. )

Solution. We have only to repeat the construction given in Art.
257, II (right), assuming vhe straight line s to lig in this case at
infinity. Draw through C a parallel to 4B, and detergiine the point
C’ in which this parallel meets the conic again ; draw also through
B a parallel to AC, and determine the point B’ in which this parallel
meets the conic again. The straight lile « which joins the points of
intersection of the pairs of opposite sides of the quadrangle ACBC’,
and the straight line v which joins the points of intersection of the
pairs of opposite sides of the quadrangle ABUB’, will meet in the
required pgint O, which is the pole of the straight line at infinity
and therefore the centre of the conic . .

The straight lines u and v are the diameters conjugate respectively
to AB and AC; if through O there be drawn the straight lines
v, v parallgl to 4B, AC respectively, then » and ', v and o" will
be two pairs of conjugate diamecters.

If the conic is determined by five tangents, its centre may be
found by & method which will be explained further on (Art. 319).

]

. .
286. Four tangents to a conic form a complete quadri-
lateral whose diagonals are the sides of a self-conjugate

* AroLroN1us, loc. cit. ,lﬁ). ii. 20. .
T If w and v shogld be parallcl, tlft conic is a parabola, whose diamcters aro
parallel to v and v. :
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triangle (Art. 260). Suppose the four tangents to be parallel
in pairs (Fig. 191); then one diagonal will pass to infinity,
and consequently the other two will be conjugate diameters
(Art. 284) ; thus:

The diagonals of any parallelogram circumscribed to a conic
are conjugate diameters.

The points of contact of the four tangents form a complete
quadrangle whose diagonal points are the vertices of the self-
conjugate triangle (Arts. 169, 260). In the case where the
four tangents are parallel in fx',urs one of these diagonal points
is the centre of the conic, and the other two lie at infinity.
That is to say, the six sides of the gquadrangle are the sides
and diagonals of an inscribed parallelogram ; its silies are
parallel in paits to the diagonals of the circumscribed paral-
lelogram, and its diagonals intergect In the centre of the
conic. ’

287. Conversely, lot ABA’B’ (Fig. 191) be an§ inscribed
parallelogram, and consider it as a complet® quadrangle.
Since its three diagonal points must be the ‘vertices of a
self- con;ugatc tnangle, one of them will be the centre of
the conic, and the other two will bc the points at infinity
on two conjugute diameters ; thus

In any parallelogram inscribed in a conic, the sides are
pamllel to two conjugate chameter& and the diagonals intersect
in the centre,

Or again : .

The chords which join a variable point A on a conic to the
extremities B and B’ of a fixed diameter are always tpa,rallel to
two conjugate diameters.

288. The following conclusions can be drawn at once from
Art. 286.

Any two parallel tangents (@ and a’) are cut by any pair of
conjugate diameters in two pairs of points, the straight lines
connecting which give two other parallel tangents (b and b’).

If from the extremities (4 and A’) of any diameter straight
lines be drawn parallel to any two conjugate diameters, they
will meet in two points on the curve, and the chord joining
these will be a diameter.

. Given any two parallel tangetits a and a’ whose points of
contact are 4 and A’ respectively, and any third tangent b ;



289] THE CENTRE AND DIAMETERS OF A CONIC 215

if from A a parallel be drawn to the diameter passing through
a’b this parallel will meet the tangent b at its point of
contact B.

Given any two parallel tangents @ and a’ whose points of
contact are 4 and A’ respectively, and another point B on
the conic; the tangent at B will meet the tangent a in
a point lying on that diameter which is parallel to 4’'B, and
it will meet the tangent a’ in a point lying on that diameter
which is parallel to 4B.

289. Suppose now that the gonic is a circle (Fig. 193), .ec.
the locus of the vertex of a right angle
A MB whose arms AM and BM turn round
fixed points 4 and B re.spectivcly. These
arms in moving generate two equal and
consequently projeetive pencils ; there-
fore the tangent ate 4 *will be the ray of
the first pencil which corresponds to the
ray BA of the second (Art. 143). The
tangent at 4 must thercfore make a right angle ‘with B4 ;
and similarly the tangent at B will be perpendicular to AB.
The tangents at 4 and B are therefore parallel, and conse-
quently 4B is a diameter, and the middle peint O of AB is
the centre of the circle (Art. 282). .

I. Since 4B is a diameter, the straight lines AM and BM
will be parallel to a pair of conjugate diameters, whatever be
the position of M (Art. 287) ; therefore :

Every pair of conjugate diameters of a circle are at right
angles to one another.

II. Sifce the diagonals of any parallelogram circum-
scribed about the circle are conjugate diameters, they will
intersect at right angles; thus any parallelogram which
circumscrabes a circle must be a rhombus.

III. In a rhombus, the distance between one pair of
opposite sides is equal to the distance between the other pair ;
thus by allowing one pair of opposite sidcs of the circum-
scribed rhombus to vary while the other pair remain fixed,
we see that the distance betwecen two parallel tangents is
constant. This distance is the length of the straight line
joining the pomts of contach of the tangents, for this straight
line, which is a diameter, cuts at right angles the conjugate
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diameter and the tangents parallel ‘%o it; therefore all
diamelers of a circle are equal in length.

1V. The diagonals of any inscribed parallelogram are
diameters ; but all diameters are equal in length ; therefore
any parallelogram inscribed in a circle must be a rectangle.

290. Returning to the general case where the conic is any
whatever (Fig. 189), let s be any straight line and S its pole.
All chords parallel to s will be bisected by the diameter
passing through S ; for since S and the point at infinity on s
are conjugate points with regpect to the conic, the polar of
the secqnd poirt will pass through the first. We may also
say that :

If a diameter pass through a ﬁxed point, the cohjugate
diameter will be parallel to the polar of this point.

1.'Tf the diameter passing through S cuts the conic in two
points M and M’, then MM’ is divided harmonically by the
pole S and the polar s *; thus if O is the middle point of MM,
that is, the centre of the conic, and R the point where MM’
is cut by the polar s, we have (Art. 69) 0S. Ok =OM2.

II. From this follows a construction for the semi-diameter
conjugate to a chord AA’ of a conic, having given the extremities
A and A' of ¥ie chord and three ofher points on the conic.
We determific (Art. 285) the centre J, and join it to the
middle point R of AA’'; we then construct the tangent at
A and take its point of ‘intersection S with OR. If now
a point M be taken on OR such that OM is the mean pro-
portional between OR and OS, then OM will be the required
semi-diameter.

If O lie between R and S, so that OR and OS havé opposite
signs, the diameter OR will not cut the conic; but in this
case also the length O, the mean proportional between OR
and 08, is called the magnitude of the semi-diameterconjugate
to the chord 44’.

An analogous definition can “be glven for the case of any
straight line (Art. 294).: ¢

III. If the conic is a circle, the perpendlculamty of the
conjugate diameters in this case gives the theorem :

The polar of any point with nzspect to a circle 1s perpendicular
to the diameter which passes throwgh the pole.

* ApoLronius, loc. cit., i. 34, 36 ; ii. 29, 30.
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201, From this last property can be derived a second
demonstration of the very important theorem of Art. 263
(3), viz.

The range formed by any number of collinear points, and the
pencil formed by their polars with respect to any given conic, are
two projective forms.

Consider as poles the points 4 , B, C , ... lying on a straight
line s (Fig. 194) ; the diameters O (4 , B, C,...) obtained by
joining them to the centre O
of the conic will form a penci}
which is in perspective with the
range 4, B, C,.... Another
pencil ewill be formed By the
polars @, b, c,... of the points
4, B, C,.. since these polars
all pass through a point’S (Art. oo
256), the ptle of s. 1f now the ° Fig. 104,
conic is a circle, then by the property proved in Art, 290, 111,
the straight lfnes O (4, B, C,...) arc perpendicular respec-
tively toa , b, ¢,...; and the two pencils are in this case
equal. The range of poles 4, B, C, ... is therefore pro-
jective with the pencil 6f polarsa , ), c,... with regard to
a circle. ¢

This result may now be txtended and shown to hold not
only for a circle but for any conic. *For any given conic may
be regarded ag the projection of a circle (Arts. 149, 150). In
the projection, to harmonic forms correspond harmonic forms
(Art. 51) ; consequently to a point and its polar with regard
to the conft will correspond a point and its polar with regard
to the circle, and to a range of poles and the pencil formed
by their polars with regard to thg conic will correspond
a range of poles and the pencil formed by their polars with
regard to the circle. But it has been scen that this rapge
and pencll are projective in the case of the circle ; therefore
the same is true witk regard to tfie range and pencll in the
case of the conic, and the theorem is proved.

292. THEOREM. A quadrangle is inscribed in @ conic, and a point
i8 taken on the straight livle which j joms the points of intersection of the
poirs of opposite gides. If from Bhis point be drawn the straight lines
connecling 1 with the two pairs of opposile vertices, and also a pair of
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tangents to the comic, these stratght lines will be three conjugate pairs
of an involution. . o
Let ABCD be a simple quadrangle inscribed in a conic (F.lg.
195) ; let the diagonals AC' , BD meet in F, and the pairs of opposite
sides BC, AD and AB,CD in E
and G respectively; the points
E, F, ¢ will then be conjugate two
and two with respect to the conic
(Art. 259). Take any point I on
EG and join it to the vertices of
the quadrangle, and draw also the
stangents IP, I() to the conic. The
two tangents are harmonically
separated by IE,IF (Art. 264),
since tliese are conjugate straight
lines, ¥ being the pole of I1E. But
the rays IE, IF are harmonically
o conjugate ‘also with regard to
Fig. 195. I4,1C for the diagonal AC of
o the complete quadrilageral formed
by AB,BC,CD, and D4 is divided harmonically by the other
two diagonals BD and EG, and the two pairs of %ays in question
are formed by joining I to the four harmonic points on AC. For
a similar reason the rays 1L, IF are harmonically conjugate with
regard to IB,ID. The pair of tangents,
the rays 14, I, and the rays IB, 1D are
therefore three conjugate pairs of an involu-
tion, of which IE, IF are the double rays
(Art. 125). *

I+ By virtue of the theorem correlative
to that of Desargues (Art. 183, right), a
conic can be inscribed in the quadrilateral
ABCD so as to touch the straight lines
IP and IQ.

II. The theorem correlative® to the one
proved above may be thus enunciated :

If a simple quadrilateral ABCD (Fig. 196)
18 eircumscribed about a conic, and if through
the point of intersection of its &iagonals any
transversal be drawn, this will cut the conic
and the pairs of opposite sides AB and CD,
BC and AD, in three pays oficonjugate poinis of an tnvoliition.

III. By virtue of Desargues’ theorem (Art. 183, left), a conic can
be described to pass through the four vertices of the quadrilateral and
through the two points where the conic is cut by the transversal *.

288. The theory of conjugate points with regard to a conic gives
a solution of the problem :

Fig. 196.

* CHASLES, Seclions coniques, Arts. 122, 126.
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.

To construct the points of intersection of a given straight line s with
a conic which is determined by five points or by five tangents.

Take on s any two points U and ¥, construct their polars » and v
(Art. 257), and let U’ and V' be the points where these meet s. If
the involution determined by the two pairs of reciprocal points U
and U’, V and V’, has two double points M and N, these will be the
required points of intersection of the conic with s. If U’ and V'
should coincide, the conic touches s at the point in which they
coincide. If the involution has no double points, the conic does
not cut s *,

By a correlative method may be solved the problem: to draw
Jrom a given point S a pair of tangents to a conic which is delermined
by five tangents or by five points. » ’

294. Let 4 and A’ be a pair of points lying on a straight line s
which age conjugate with reBpect to the conic, and-et O be the point
where s meets the diameter passing through its pole S (the diameter
bisecting chords parallel to 5). Then O will be the centre of the
involution formed on % by the pairs of conjugate points such as
A and A4’, and therefors (A¥t. 125)

. 0A . 0A’ = coflstant.

If s cuts the coxic in two points M and N, these will be the double
points of the iitvolution, and
04.04' =0M?2= ON2
If s does not cut the conic, the constant value of 04.04’ will be
negative (Art. 125); in this case there exists a pair H and H’ of
conjugate points of the involution, or of ednjugate poings with regard
to the conic, such that O lies midway between them, and
0A4.0A4' =0OH.OH' = —OH%*= —OH'?,

The segment HH’ has been called an ¢deal chord { of the conic,
just a8 MN in the first case is a real chord. Accepting this défini-
tion we may s#y that a Giameter contains the middle points of all
chords, real and ideal, which are parallel'to the conjugate diameter.

When two conics are said to have a real common chord MN, it is
meant thatthey both pass through the points M and N. When two
conics are said to have an ideal common chord HH’, this signifies
that H and H' are conjugate points with regard to both conics, and
that the diameters of the two conics which pass through the respec-
tive poles of HH' both pass through the middle point of HII'.

295. A pencil of rays in involution has in general (Art. 207)
one pair~of conjugate rays which include a right angle.
Therefore -

Through a given point can always be drawn one pair of
straight lines which are conjugatg with respect to a given conic
and which include a right angle ; and these are the internal

* STAUDT, Geomeirie der Lage, Art. 305. + PoNcELET, loc. cit., p. 29.
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and external bisectors of the angle made with one another by the
tangents drawn from the given point, when this is exterior to
the conic.

296. In Art. 263 (Fig. 183) let the point G' be taken to
coincide with the centre O of the conic (hyperbola or ellipse) ;
two conjugate lines such as GF, GE will then become con-
jugate diameters, and we seo that the pairs of conjugate
diameters of a conic form an involution. If the conic is
a hyperbola, the asymptotes are the double rays of the
involution (Arts. 264, 283) ; ¢hus any two conjugate diameters
of a hyyerbola ‘are harmonically conjugate with regard to the
asymptotes *. If the conic is an ellipse, the involution has
no double rays. ’

Consider two pairs of conjugate elements of an involution ;
the one pair either overlaps or doegnot overlap the other, and
according as the first or the second is the case, the involution
has not, or it has, double points (Art. 128) ; thus:

Of any,two pairs of conjugate diameters of an ellipse, the one
aa’ is always separaled by the other bb' (Fig. 192) ;

Of any two pairs of conjugate diameters of a hyperbola, the one
aa’ is never separaled by the other bb’ (Fig. 197).

m @ om, 297. Thd involution of conjugate

' 7 diameters will have one pair of con-
////h, jugate diamcters including a right
vz

angle (Art. 295). If there were a

\
¢ gecond such pair, every diameter
// -would be perpendicular to its con-
/ jugate (Art. 207), and in that case

¥ig. 197 the angle subtended at‘any point

T on the curve by a fixed diameter
would be a right angle (Art. 287), and coasequently the conic
would be a circle. Every conic therefore which isnot a para-
bola or a circle has a single pair of conjugate diameters which
are at right angles to one another. These two diameters
a and o’ are called the axes of the conic (Figs. 192, 197). In
the hyperbola (Fig. 197) the axes are the bisectors of the
angle between the asymptotes m and n (Arts. 296, 60).

In the cllipse both axes:cut the ourve (Art. 284); the

* Dg L Hire, loc. cit., book ii. prop. 13, Cor. 4.
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greater (a') is called the major, the smaller (a) the minor axis.
In the hyperbola only one of the axes cuts the curve ; this
one (a') is called the fransverse axis, the other (a) the conjugate
axis. The points in which the conic is cut by the axis a’
in either case are called the vertices.

Regarding an axis as a diameter which bisects all chords
perpendicular to itself, it is seen that the parabola also has
an axis. For since all chords at right angles to the common
direction of the diameters arc parallel to one another, their
middle points lie on one straight line, which is the axis a of
the parabola (Fig. 190). The parabola has one vertex at
infinity ; the other, the ﬁmte point in which the axis a cuts
the cutve, is generally called the vertex of the parabola.

298. Since each of the orthogonal cohjugate diameters of
a central conic (ellipse or hyperbola) bisects all chords per-
pendicular to itself, it f{6llows that the conic is symmetrical
with respee¢t to each of the diaméters in question (Art. 76).
The ellipse and the hyperbola have therefore each two axes
of symmetry the parabola, on the other hand, has only one
such axis.

The cllipse and hyperbola are also symmetrical with respect
to a point ; the centre Jf symmetry, being ir, each casc the
pole of the straight line at infinity. s

In general, given a conie, a point S, and s the polar of S
with respect to the conic ; if §
be taken as cgntre and s as axis
of harmonic homology (Art. 76), .
the conic is homological with
itself (Art?”250) *.

299. In the theorem of Art.

275 suppose the imscribed tri-
angle to be AA,M (Fig.198); ~ Fig. 198,

that is, let two of its vertices A

and 4, be collinear with the centre O of the conic, which is
taken to be an ellipse or hyperbola. The pole of the side A4,
will be the point at infinity common to the chords bisected by
the diameter 44,,and the theorem will become the following :

’ Thc straight lines which join two conjugate points P and P’

* Sce also Art. 396, below.
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to the extremities A and A, of that diameter whose conjugate i3
parallel to PP’ intersect on the conic.

800. The pairs of conjugate points taken, similarly to P
and P’,on the diameter conjugate to A4,, form an involution
(Art. 263) whose centre is the centre O of the conic. If this
involution has two double points B and B, , these lie on the
curve, which is therefore an ellipse. If the involution has
no double points, the conic is a hyperbola (Art. 284) ; in this
case two points B and B, can be found which are conjugate
in the involution and consequently conjugate with respect to
the conig, and -vhich lie at equal distances on opposite sides
of O (Art. 125). In both cases the length of the diameter
conjugate to AA, is interpreted as bemg the segmeut BB,
(Arts. 290, 29<).

In the ellipsc we have (Art. 2904) -

OP .OP’ = constant = UB%*=08B,2,
and in the hyperbola ) -
OP.OP’ = constant = 0B.0OB, = ~0OB%2 —0B,*.
301. The foregoing theorem enables us to solve the problem :

To construct by points a conic, having given a pair of conjugate
diameters AA, and BB, in magnitude and position.

Fig. 199.

In the case of the ellipse (Fig. 198) the four points 4, 4,, B, B,
all lie on the curve ; in the«case of the hyperbola (Fig. 199) ot A4, 1
be that one of the two given diameters which meets th& conic.

Construct on the diameter BB, several pairs of conjugate points
P and P’ of the involution determined by having O as centre and
B and B, in the first cage as double points, in the second case as
conjugate points. The straight lines AP and 4,P' (as also 4,P
and AP’) will intersect on the curve.

302. The straight lines OX , OX’' drawn parallel to

AP, AP’ respectively are a pair of conjugate diameters
* (Art. 287). The pairs of conjugate diameters form an
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involution (Art. 296)0; consequently the pairs of points
analogous to X , X’ (in which the diameters cut the tangent
at A) also form an involution, the centre of which is 4, since
OA and the diameter OB parallel to AX are a pair of
conjugate diameters. If the conic is a hyperbola, the involu-
tion of conjugate diameters has two double rays, which
are the asymptotes; therefore the points K and K,, in
which AX meets the asymptotes, are the double points of
the involution XX’, ... *,

808. Since OPAX is a parallelogram, AX = —OP ; and
from the similar and equal triangles OP’.1, and A4X'O,
AX'=0P' . But OP.OP' = +0OB? (Art. 125); therefore
AX . AX'=FOB?%; or .

The rectangle contained by the segments ‘intercepted on a fixed
tangent to a conic between its point of contuct and the points
whereit is cut by anytwn conjugate diameters is equal to the square
(FOB?) on the semi-diameter drawn parallel to the tangent.

804. We haye seen (Art. 302) that in the case of the hyper-
bola K and K, are the doublepoints of the involution of which
4 is the centre and X, X’ a pair of conjugate points ; thus

AX . AX'= AK? = OB2,
Therefore AK =0B, and OAKB is a parallclogram. Accord-
ingly :

If a paralielogram be described so as to have a pair of
conjugate semi-diameters of a hyperbola as adjacent sides, one of
its diagonals will coincide with an asymplole I.

Further, the other diagonal AB s parallel to the second
asymplote. For consider the harmonic pencil (Art. 296)
formed by the two asymptotes and the two conjugate
diameters 04 , OB. The four points in which this pencil
cuts 4B will be harmonic ; but one of the asymptotes OK
meets AB in its middle point, therefore the other will meet
it at infinity (Art. 59). .

805. Let X, be the point where the diameter OX meets
the tangent at A,., Since OX* and OX, are a pair of

* In Fig. 199 only onc of the points K, K, is shown.

t In order to account for tho signs, it necd only be observed that in the case
of the ellipse OP and OP’ arg similar, but»4 X and 4 X’ opposite to one another
in direction ; while in the case of the hyperbola OP and OF’ arc opposite, but
AX and AX’ similar, as regards direction,

} AroLroxius, loc. cit., book ii. 1.
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conjugate lines which meet in a point on the chord of
contact A4, of the tangents AX and 4,X,, the straight line
X'X, (Art. 274) will be a tangent to the conic.

The point of contact of this tangent is M, the point of
intersection of AP and A,P’ (Art. 299).

306. It is seen moreover that X'X, is one diagonal of the
parallelogram formed by the tangents at 4 and A4, and the
parallels to A4, drawn through P and P’ ; this may also be
proved in the following manner. All points of a diameter
have for their polars straight lines which are parallel to the
conjugafe diameter (Art. 284); if then through the con-
jugate points P and P’ parallels be drawn to A4,, the first
will be the polar of P’ and the second the polar of P*; con-
sequently theésc parallels are conjugate lines. If now the
theorem of Art. 274 be applied to thesc cbnjugatelines and the
twotangents at Aand A,, we obtain fhe following proposition:

If a parallelogram is such that one pair of its opposite sides
are tangents to a conic, and the other pair are straight lines,
conjugate with regard to the conic and drawn ‘parallel to the
chord of contact of the two tangents, then its diagonals also will
be tangents to the conic. .

.

307. This giv‘es the following solution of the problem :

To construct a conic by tangents, having qiven o pair of conjugate
diameters AA, and BB, in magnitude‘and direction.

Suppose BB, to be that diameter which meets the conic in the
case where the latter is a hyperbola. On BB, determine a pair of
conjugate points P and P’ of the involution which Has the centre O
of the conic as centre and the points B, B, either as double points
or as conjugate points, according as the conic to be drawn is an
ellipse or a hyperbola. Draw through A and 4, paraflels to BB,,
and through P and P’ parallels to 4.4,; the diagonals of the
parallelogram so obtained will be tangents to, the required conic.

808. The segments AX and 4,X, are cqual in*magnitude
and opposite in sign; and it has been seen (Art. 303) that
AX.AX' =F0B?; therefore AX'. 4,X,=+0B2; or

The rectangle contained by the segments intercepted upon two
parallel fixed tangents between their points of contact and the
points where they are cut by a variable tangent (X'X,) is equal
to the square (+ OB?2) on the Semi-diameter parallel to the fixed

_tangents *, .
* See Art. 160.



818] THE CENTRE AND DIAMETERS OF A CONIC 225

L] . . .
* 809. Since the straight line OB is parallel to AX and 4,X,
and ‘half-way between them, the segments determined by
AM and A, M respectively on 4,X, and AX (measured from
A, and A respectively) are double of OP and OP’ ; but by
the theorem of Art. 300 the rectangle OP .OP' is constant ;
thus

The straight lines connecting the exiremities of a given
diameter with any point on the conic meet the tangents at these
extrematies in two points such that the rectangle contained by
the segments of the tangents indercepted between these points
and the points of contact is constant *. ¢ -

810. Since X is (Art. 388) the point of interscetion of the
tangen? at A and the tangent parallel tg X ‘X, , the proposi-
tion of Art. 303 may also be expressed as follows :

The rectangle contdined by the segments (AX , AX') deter-
mined by two variable parallel tanggnls upon any fixed langent
18 equal to the square (¥ OB?) on the semi-diameter parallel to
the fixed tangey¥. .

811. From the theorems of Arts. 299, 300 is derived the solution
of the following problem :

Gven the two extromities A and A, of a diameter of a conie, a third
point M on the conic, and the direction of the diandter conjugate to
AA,, to determine the length of the latter diameter (Fig. 299).

Tilrough O, the middle point of AA4;, draw the diameter whose
direction is given ; let it be cut by AM and 4, in P and P’ respec-
tively, and take OB the mean proportional between OP and OF';
then OB will be.the half of the length required.

312, The proposition of Art. 303 givesea construction for pairs of
conjugate diameters, and in par-
ticular for the azes, of an ellipse of
which two conjugate semi-diameters
0A and OB are given in magnitude
and direction (Fig. 200).

Through A4 draw a parallel to
OB ; this will be the tangent at4,
aid .will be cut by any two conju-
gate djameters in two points X and
X' such tHat AX.AX'=—-0B. __

If ‘'now there be taken on the
normal at 4 two segments AC and
AD each equal to OB, every circle passing through C and D will cut
this tangent in two points X aznd X' which possess the property

* Arorronius, loc. cit., lib. iii. 53.
1514 Q
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expressed by the above equation ; these pomts are therefore such
that the straight lines joining them to the centre O will give the
directions of a pair of conjugate diameters. If the circle be drawn
through O the angle XOX' becomes a right angle, and consequently
0X , OX’ will be the directions of the axes.

Since the circular ares CX', X'D are equal, the angles COX', X'OD
are equal; consequently OX’, OX are the internal and external
bisectors of the angle which OC', OD make with one another. In
order then to construct the semi-axes OP , 0@ in magnitude, let fall
perpendwu]ars 4X,, AX," on OX, 0X’ respectlvely Then X and X,

X' and X,’ are pairs of con]ugate points ; therefore OP will be the
"eometrlc mean between OX and 0X;, and OQ the geometric mean
bctwcen NX' and OX,’ *.

"313. Through the extremities 4 and A’ (Fig. 201) of two
conjugate semi-diameters 04 and OA’ of a conic draw any
two parallel chords ABand A'B'. To
find the points B and B’ we have enly
to join the poles of these chords ; this
will give the diameter 7). Whlch
passes through their middle points. A

Let OX be the diameter conjuga.te
to OX’, i.e. that diameter which is
parallel to the chords AB , A'B’. The
penceils O (XX'AB) and 0 (X'XA'B’) are each harmonic
(Art. 59), and are therefore projective with one another ;
consequently the pairs of rays 'O (XX', AA’, BB’) are in
involution (Art. 123). 'But the two pairs O (XX’, AA4’)
determine the involution of conjugate diameters (Arts. 127,
296) ; thercfore also OB and OB’ are conjugate diameters.
Thus

If through the extremities A and A’ of two canfugate semsi-
diameters parallel chords AB, A'B' be drawn, the points
B and B’ will be the exkremmes of two Yther conjugate semi-
diameters.

Two diamcters 44 and BB detcrmine four chords 4B
which form a parallelogram (Arts. 260, 287). The fiameters
conjugate respectively #0 them form in the same way
another parallelogram, which has its sides parallel to those
of the first ; that is, cvery chord 4B is parallel to two
chords A’B’, and not parallél to two other chords A’'B’.

Yig. 201.

* CuasLES, Apergu hislorique, pp. 45, 362 ; Sections coniques, Art. 205.
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. 814. Let H, K be the points where AR is cut by 0A4’,
OB’ respectively. The diameter OX' which bisects A'B’
will also bisect HK ; therefore AB and HK have the same
middle point; thus AH = KB and AK = HB. The triangles
OAK and OBH are therefore cqual in area (Euc. I. 37), as
also AKB' and BHA’, and therefore also OAB’ and OA’'B
are equal. Accordingly :

The parallelogram described on two semi-diameters (OA ,
OB’) as adjacent sides i3 equal in area to the parallelogram
described similarly on the two conjugate semi-diamelers.

In the same way the triangles OAB and OA’'EB’ can be
proved equal. *

The*triangles AIIA’, BkB are equal for the same reason ;
and OAH , OBK are cqual, and theréfore dlso OAA’ and
OBB’'. Therefore °

The parallelograms delcribed on a pair of conjugate semi-
diameters us adjacent sides is of cOnstant area *.

815. Let M and N be the middle points of, the non-
parallel chords AB and A'B’. Since AB and A'B' are
parallel to a pair of conjugate diameters (Art. 287) and since
ON is the diameter conjugate to
the chord 4'B’, therefofe ON will
be parallel to AB ; so also OM will
be parallel to A’'B’. The angles
OMA and ONA' are therefore*
equal or supplementary; and
since the triangles OMA and .
ONA' are equal in area (being
halves of the equal triangles OAB
and OA’'B’) we have (Euc. VI. 15),

OM.AM = +(CN.NA' . .

Now preject (Fig. 202) the points 4, M, B, A', N, B’
from the point at infinity on OB as centre upon the straight
line B'B’, 'The ratio of the parallel segments AM and ON,
OM and NA’ is equal to that of*their projections ; we con-
clude therefore from the equality just proved that fHo
rectangle contained by the projections of OM and AM is

* APOLLONIUS, loc. cit., 13b. vii. 31, 32¢

1 The signs + and — causcd by the relative direction of the segments OM ,
NA’ and ON ; A M,correspond respectively to the case of the cllipse (Ifig. 201),
and to that of the hyperbola (Fig. 202).

Q2 . »
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equal to that contained by the projections of ON and NA'.
As the projecting rays are parallel to OB, the projections of
OM and MA are each equal to half the projection of BA or
of 04, Since N is the middle point of A’B’, the projection
of ON will be equal to half the sum of the projections-of 0A’
and OB’, and the projection of NA’ will be equal to half the
projection of B’A’, that is, to half the difference between the
projections of OA’ and OB'. We have therefore
) (proj. OA)? = +proj. (OA’' +OB’)

x proj. (OB’ —-0A4"),
or « (proj. OA’)? + (proj. OA) =(proj. OB').

in the same manner, by projecting the same points on OB
by means of rays parallel to OB’ (Fig. 203), we should Lbtain

(préj. OAS: + (proj. 0A')? = (proj. OB)2.

This proves the following proposjtion *

If any pair of conjugate diameters bre projected upon a fized

* diameter by means of parallels to

the diameter conjugate to this last,
then the sum (in the ellipse) or
difference (in the hyperbola) of the
squares on the projections is equal
to the square on the fixed diameter.
By the Pythagorean theorem
(Euc.* I. 47) the sum of the
squares on the orthogonal pro-
jections of a segment on two
« straight lines at right angles to
one another is equal to the square on the segment itself. If
then a pair of conjugate diameters are projected orthogonally
on one of the axes of a conic and the squares on the pro-
jections of each diameter on the two axes are added together,
the following proposition will be obtained : .

The sum (for the ellipse) or difference (for the hyperbola) of
the squares on any pair of conjugate diameters is constant, and
18 equal to the sum or the difference of the squares on the axes*.
" 316. If five points on a conic are given, then by the method
explained in Art. 285 the centre O and two pairs of conjugate

diameters w and v, v and v’ can be constructed. If these pairs
overlap one another, the conic is an,ellipse ; in the contrary case it

Fig. 203.

* APOLLONIUS, loc. cit., lib. vii, 12, 13, 22, 25.
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is a hyperbola (Art. 296). If in this second case the double rays of
the involution determined by the two pairs » and u’, v and o' be
constructed, they will be the asymptotes of the hyperbola.

If in either case the orthogonal pair of conjugate rays of the
involution be constructed, they will be the axes of the conic.

The direction of the axes can be found without first constructing
the centre and two pairs of conjugate diameters*. Let 4,B,(,F,(
be the five given points (Fig. 168) ; descrive a circle round three of
them ABC, and construct (Art. 227, I) the fourth point of inter-
section ' of this circle with the conic determined by the five given
points. Any transversal will cut the two curves and the two pairs
of opposite sides of the commoneinscribed quadrangle ABC(’ in
pairs of points forming an involution (Art. 183). The doyhle points
P and @ (if such exist) of this involution will be conjugate with
regard $o each of the curvély (Arts. 125, 263) ; <.c. they will be the
pair common (Art., 208) to the two involutions which are formed
on the transversal by the pairs of points conjugate with regard to
the circle and by the pairs of points conjugate with regard to the
conic (Art. 263). Suppose that the straight line at infinity is taken
as the traneversal. As this straight ¢ine does not meet the circle,
one at least of these two involutions will have no double points,
and consequen‘ly (Art. 208) the points P and @ do really exist.
Since these points are infinitely distant and are conjugate with
regard to both curves they will be (Arts. 276, 284) the poles of two
conjugate diameters of the circle and also of two conjugate diameters
of the conic ; but conjugatc-diameters of the circle gre perpendicular
to one another (Art. 289) ; therefore P and @ arc the poles of the
axes of the conic. Further, the segment P@Q is harmonically divided
by either pair of opposite sides of the quadrangle ABC("; con-
sequently P and @ are the points at infinity on the bisectors of the
angles included by the pairs of opposite sides (Art. 60). In order
then to find the required directions of the axes, we have only to
draw the bisectorst of the angle ‘ncluded by a pair of opposite sides
of the quadrangle 4BCC’, for example by 4B and C'C" (Fig. 168).

817. Let grst (Fig. 161) be a complete quadrilateral, and S
any point. It has already been seen (Art. 185, right) that the
pairs of rays a and a’, b and b’, whith join S to two pairs of
opposite vertices, belong to an involution of which the
tangents drawn from S to any conic inscribed in the quadri-
lateral afé a pair of conjugate rays. Suppose the involution
to have two double rays m and = ; they will be harmonicali.
conjugate with regard to such a pair of tangents (Art. 125),
and will consequently, be conjugate lines with respect to the
conic. But (Art. 218, right) m and » are the tangents at N

* PONCELET, loc. cit., Art. 394. t See also the note to Art. 387.
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to the two conics which can be inscribed in the quadrilateral
grst so as to pass through 8. Therefore
If two conics which are inscribed in a given quadrilateral pass
through a given point, their tangents at this point are conjugate
lines with respect to any conic inscribed in the quadrilateral.
Instead of taking an arbitrary point S, let m be supposed
given. If this straight line does not pass through any of the
vertices of the quadrilateral, there will be one conie, and only
one, which touches the five straight lines m, g, r, 8, ¢
(Art. 152). ILet S be the point where this conic touches m;
there will be a $econd conic which is inscribed in the quadri-
lateral and which passes through §; let the tangent to this
at Sben. The straight lines m and n will then be corjugate
to qne anothér with respect to all conics inseribed in the
quadrilateral ; and therefore (Art.,255),'
The poles’ of any straight line m ‘wit® respect to all conics
inscribed in the same quadrilateral lie on another stra¥ght linen.*
Moreover, since the straight lines m and » arc the double
rays of the involution of which the rays drawn from S to two
opposite vertices are a conjugate pair, therefore m and n
divide harmonically each diagonal of the quadrilateral.
318. I. Thetcorrelative propositions to those of Art. 317
are the follolving :
If a straight line touches two comics which circumscribe the
same quadrangle, the two points of contact

>
are conjugate to one another with respect to
- all conics circumscribing the quadrangle.
The polars of any given point M with
respect to all the conics circumscribing the
same quadrangle meet in a fixzed point N.
The segment MN is divided harmonicaldy at the two points

where it is cut by any pair of opposite sides of the complete
quadrangle.

Fig. 204.

* Alternative Proof. Let €', C'ebo two of the conics, and let*Tne poles of
m_with regard to them be M, M’ respectively ; led the line MM’ be denoted
by n. Then since m and  arc conjugate lines with regard to C and also to ",
they are harmonic conjugates of the pair of tangents from the {)oint (mn) to
C and to C’ also; thereforo they are the double rays of the involution of tan-
gents to all the conics of the system. , Let C* be apy other conio of the sysfem.
Then m and » must be harmonic conjugates of the.pair of tangents from the
point (m=a) to C”; thus m and n are cénjugato lines with regard to C”, and
therefore the pole of m with rciard to O” lies on n. The locus of the pole of
m with regard to any conic of the system is a straight line =, ‘
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II. Suppose in the second theorem of Art. 317 that the
straight line m lies at infinity ; then the poles of m will be
the centres of the conics (Art. 281), and n will bisect each of
the diagonals of the quadrilateral (Art. 59) ; therefore :

The centres of all conics inscribed in the same quadrilateral
lie on the straight line (Fig. 204) which passes through the
middle points of the diagonals of the quadrilateral *,

III. Suppose similarly in theorem I of the present Article
that the point M lies at infinity ; the polars of M will becomte
the diameters conjugate to those which have M as their
common point at infinity ; thus: . .

In any conic circumscribing a given quadrangle, the diameter
which-is conjugate to one drawn in a given fited direction will
pass through a fixed point. y :

319. Newton’s theorem {41t 318, II) gives a simple method for
finding the cenire of a tonic deter- _
maned by fiv: tangentsa ,b,c,d, e a 0
(Fig. 205). The four tangents A\ i
a,b,c,dform a quadrilateral ; NES S
join the middle points of its diago- 7
nals. Let the same be done with
regard to the quadrilateral abee ;
the two straight lines thusobtained
will meet in the required centre O.

The five tangents, taken four
and four together, form five quad-
rilaterals ; the five straight lines
which join the middle points of the
diagonals of each of the quadri-
laterals will therefore all meet ‘n
the centre Q of the conic inscribed
in the pentagon abede.

The same theorem enables us to
Jind the direction of the diameters Fig. 205.
of a paraboja which is determined
by four tangents a,b,c,d. For each point on the straight line
joining the middle points of the diagonals of the quadrilateral abed
18 the pole of the straight line at infinity with regard to some conic
inscribed in the quadrilateral (Art. 318, II); thercfore the point at
infinity on the line will be the pole with regard to the inscrik:d

rabola (Arts. 254 III, and 23). The straight line therefore which
joins the middle points of the diagonals is itself a diameter of the
parabola (Fig. 204). ° .

NEWTON, Principia, book i. lemma 25. Cor. 3.



CHAPTER XXII

POLAR RECIPROCAL FIGURES

820. AN auxiliary conic K being given, it has been seen
(Art. 256) that if a variable pole describes a fixed straight
Iine its polar turns round a fixed point, and reciprocally,
that if a straight line considerped as polar turns round a fixed
point, it pole describes a fixed straight line.

Consider now as polars all the tangents of a given curve C,
or in other words suppose the polar to move, and to entvelope
the given curvt. 1ts"pole will describe another curve, which
may be denoted by €’. Thus the points Lf €’ are the poles of
the tangents of C. S

But it is also true that, reciprocally, the points of C are
the poles of the tangents of C'. For let
M’ and N’ be two points on €' (Fig. 206) ;
their polars m and » will be two tangents
to C, and the point mn where they meet
will be the pole 6f the chord M'N’ (Art.
256). Now suppose the point N’ to
approach M’ inlefinitely ; the chord M'N’
will approach more and more nearly to
~  the position of the tangent at M’ to the

curve £ ; the straight line » will at the
same time approach more and more nearly to coincidence
with m, and the point mn will tend more and mbre to the
point where m touches €. In the limit, when the distance
M'N’ becomes indefinitely small, the tangent to C" at M’
will become the polar of the point of contact ofem with C.
Just then as the tangents of C are the polars of the points
of €', so0 also are the tangents of C’ the polars of the points
of C; if a straight line'm tbuches the curve C at M, the pole
5 of m is a point of the curve €’ and the polar m’ of M is
a tangent to the curve C’ at M’.

Two curves € and €’ such-that each is the locus of the
poles of the tangents of the other, and at the same time also
the envelopoe of the polars of the points of the other, are said

Fig. 206.
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to be polar reciprocal; * one of the other with respect to the
auxiliary conic K.

321. An arbitrary straight line  meets one of the reciprocal
curves in n points say ; the polars of these points are » tan-
gents to the other curve all passing through the pole R’ of .
To the second curve therefore can be drawn from any given
point R’ the same number of tangents as the first curve has
points of intersection with the straight line r, the polar of R’;
and vice versa. In other words, the degree and class of a curve
are equal to the class and degree rgspectively of its polarreciprocal
with respect to a conic. « . .

322. Now suppose the curve € to be a conic, and a s b
two twngents to it ; they will be cut by all the other
tangentsc,d , ¢, ... in corresponding points of . wo projective
ranges (Art. 149). Ia other words, C may be regarded as the
curve enveloped bys thé straight lines ¢, d, e, .. which
connect th pairs of correspondink points of two projective
ranges lying on a and b respectively (Art. 150). |

The curve T will pass through the poles A', B, C,D,
E',... of the tangents a, b, ¢, d, e,...of C. The straight
lines A’ (¢, D', E',...) will be the polars of the points
a(,d,e,..) and will form a pencil projeetive with the
range of poles lying on the straight linc a (Axt. 291); so
too the straight lines B’ (¢¥, D', E',...) will be the polars of
the points b (¢, d, e, ...) and will form a pencil projective with
the range of poles lying on b. But the ranges a(c, d,e,--.)
and b (c, d, e,...) are projective; thereforc also the pencils
A'(C',D,E,..)and B’ (C", D', ', ...) are projective. Con-
sequently ¢’ is the locus of the points of intersection of
corresponding rays of two projective pencils; that is
(Art. 150) a conic. Accordingly :

The polas reciprocal of a conic with respect to another conic
18 a conic T. A

823. When an auxiliary conic K is given and another conic
C whose polar reciprocal €' is to bb desermined, the question
arises whether €' is an ellipse, a hyperbola, or a parabota.”
The straight line at infinity is the polar of the centre O of K ;
therefore the points.at infinity on €’ correspond to the
tangents of C which pass through O. It follows that the

* PoczLet, loc. cit., Art. 232. + Ibid., Art. 231.
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conic €’ will be an ellipse or a hyperbola according as the point
O is interior or exterior to the conic C, and C' will be a parabola
when O lies upon C.

If A is the pole of a straight line a with respect to C, and
a’ the polar of 4 and A’ the pole of @ with respect to K, then
will A’ be the pole of a’ with respect to €', since to four poles
forming a harmonic range correspond four polars forming
a harmonic pencil (Art. 291) and vice versa. Therefore the
tentre M’ of €’ will be the pole with respect to K of the
straight line m which is the pplar of O with respect to €. To
two conjugate diameters of ¢’ will correspond two points of
mswhich are con juga,t(, with respect to C, &c.

324. Let therc be given in the planc of the auxiliary conic
a figure (Art. §) or complex of any kind composed of points,
straight lines, and curves ; and let the ‘polar of every point,
the pole of every line, and the polar reciprocal of every
curve, be constructed. In this way a new figurc will be
obtained ; the two figures are said to be pplar reciprocals
one of the other, since each of them contain$ the poles of
the straight lines of the other, the polars of its points, and
the curves which are the polar reciprocals of its curves.
To the method whereby the secon& figure has been derived
from the first the name of polar reciprocation is given.

Two figures which are polar reciprocals one of the other are
correlative figures in accordance with the law of duality in
plane Gcometry (Art. 33); for to every point of the one
corresponds a straight line of the other, and to every range
in the one corresponds a pencil in the other. They lie
moreover in the same plane ; their positions in®this plane
are determinate, but may be interchanged, since every
pomt in the one figure and the corresponding straight line
in the other are connccted by the relation that they are
pole and polar with respect to a fixed conic. Thus two polar
reciprocal figures arc correlative figures which arg coplanar,
and which have a special rélation to one.another with respect
T their positions in the plane in which they lie. On the
other hand, if two figures are merely correlative in accord-
ance with the law of duality, there is no relation of any
kind between them as regardsheir position *.,

* STEINER, loc. cit., p. vii of the preface ; Collected Works, vol, i. p. 234.
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825. If one of the reciprocal figures contains a range (of
poles) the other contains a pencil (of polars), and these two
corresponding forms are projective (Art. 291). If then the
points of the range are in involution, the rays of the corre-
sponding pencil will also be in involution, and to the double
points of the first involution will correspond the double rays
of the second (Art. 124). If there is a conic in one of the
figures there will also be one in the other figure (Art. 322) ;
to the points of the first conic will correspond the tangents
the second, and to the tangengs of the first will correspond
the points of the second ; to an inscribed polygon in the first
figure will correspond a clrcumscmbcd polygon in the second
(Art. 520). If the first ﬁgurc exhibits the proof of a theorem
or the solution of a problem, the second will show the proof
of the correlative tHeorem or the solution of the correlative
problem ; that namely Which is obtamcd by interchanging
the elementis ‘ point ’ and ‘ line.’

326. THEORF‘M If two manglcs are both self-conjugate with regard
to a given conic, their siz vertices lie on a conic, and their siz sides
touch another conic *.

Let ABC and DEF be two triangles (Fig. 207) each of which
is self-conjugate (Art. 258) with regard to a
given conic K. Let DE and DF cut BC in
B, and C, respectively, and let 4B and A(
cut EF in E, and F, respectively. The point
B is the pole of C4, and C is the pole of 4B ;
B, is the pole of the straight line joining the
poles of BC and DE, i.e. of AF; and C, is
the pole of the stra.lght line joining thc’poles
of BC and DF, s.e.of AE. The range of poles Fig. 207.
BCB,0, is therefore (Art. 291) projective with
the pencil of polars A(CBFE), and therefore with the range of points
F,E,FE in which this pencil is cut by the transversal ZF. Thus

(BCB,C))=(F,E,FE),
=(E, F, 1EF) by Art. 45,

which shows that the two ranges jn which the straxght lines BC and
EF respectively are cut by AB, CA, DE, FD are projectively related.
These six »traight lines therefore the six sides of the given triangles,
all touch a conic € (Art. 150, ll)

The poles of these six sides are the six vertices of the triangles ;
these vertices thetefore all lie on another conic €’ which is the pola1
reciprocal of C with regsrd to the ¢onic K.

* StEINER, Joc. cit., p. 308, 560 J!.x 46 ; Collected Works, vol. i. p. 448

CHASLES, Sections comquea Art.
t Wo may show mdependently thn.t the six vertices lie on a conic as follows.
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827. The proposition of the preceding Article may also be expressed
as follows : Given two triangles which are self-conjugate with regard
to the same conic K; if a conic € touch five of tlle six sides it will
touch the sixth side also, and if a conic pass through five of the six
vertices it will pass through the sixth vertex also.

It follows that ¢f @ conic C touch the sides of a triangle abe which
18 self-conjugate with regard to another conic K, there are an infinite
number of other triungles which are self-conjugate with regard to the
second conic and which circumscribe the first.

For let d be any tangent to € ; from D, its pole with regard to K,
draw a tangent e to C, and let f be the polar with regard to K of the
point de ; then the triangle def will be self-conjugate with regard to
K (Art. 259). But C touches five sides a, b, ¢, d, e of two triangles
which ard both self-conjugate with respect to K; therefore it must
also touch the sixth side f; which prov-s the proposition.

328. If the point D is such that from it a pair of tangents ¢’ and
S’ can be drawn to K, the four straight lines e, f, ¢, f’ will form
a harmonic pencil (Art. 264), since e and f~are conjugate straight
lines with respent to the conic K; consequently the straight lines
¢” and f” are conjugate to one another with respect to G.

The locus of D is the conic G’ which is the polar reciprocal of C
with regard to K ; therefore : :

If a conic C is inscribed in a triangle which s self-conjugate with
respect to another conic K, the locus of a point such that the pairs of
tangents drawn from it o the conics C and K form a harmonic pencil
18 a third conic C' which 1s the polar reciprocal of C with respect to K.

329. Correlatively : If u conic C' circumscribes a triangle which
1s self-conjugate with respect to another conic K, there are an infinite
number of other triangles which are inscribed in C' and are self-conjugate
with respect to X; and the straight lines which cut C' and K in two
pairs of points which are harmonically conjugate to one another all
toulc(h a third conic C which 13 the polar reciprocal of C' with regard
to K, ¢

330. THEOREM. Iftwo triangles circumscribe the same conic,
their six vertices lie on another conic.

Let OQ'R’ and O'PS be two triangles each circum-
scribing a given conic C (Fig. 208). The two tangents PS
and Q'R’ are cut by the four other tangents O'P, 0Q’, OR’,
O’S in two groups of corrésponding points PQRS and
P'Q'R'S’ of two projective ranges » and v’ (Art. 149) ; con-
secuently the pencils O(PQRS)and O' (P'Q'R'S’) formed by
It has been seen that the pencil of polars A (CBFE) is projective with the range
of poles BCB,C, ; it is therefore projective with the Rencil D (BCB,C,) formed by
joining these to the point D. Therefote

A(CBFE) = D(BCB,0,) = D (BCEF)

. = D (CBFE) by Art. 45,
which shows (Art. 150, I) that A, B, C, D, E, F lie on a conic.

l
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connecting these points with O and O’ respectively are pro-
jective. Therefore the points P, @', R’, 8, in which their
pairs of corresponding rays intersect, lie on a conic €' (Art.

150, I).pa,ssing through the centres O and 0’ ; which proves
the theorem. . '
881. The theorem corraative and corwerse to the foregoing
one is the following : :
If two triangles are inscribed in the same comic, their six
sides touch anether conic *. )

This may be proved by considering the triangles
OQ'R’ and O'PS as both inscribed in the conic €', and by
reasoning in a manner exactly analogous, byt correlative,
to that above, ’

882, It follows at once that :

If two triangles circumscribe  If two triangles are inscribed
the same conic, the conic which in the same conic, the conic
passes through five of their ver- which touches five of their sides
tices passes through the sixth , touchds the sixth side also.

vertex also.
k ]

.

Or:

If two conics are such that a triangle can be inscribed in the
one 8o as to circumscribe the other, then there exist an infinite
number of olher triangles which possess the same property t.

888. There are in the figure (Fig. 208) four projective
forms: the two ranges w and y’, which determine the
tangents to the conic €, and the two pencils O and 0’, which
determine the points of €’ ; the pencil O is in perspective
with the range » and t'he pencil.O’ is in perspective with the

* BRIANCHON, loc. cit., p. 35 ; STELNE., loc. cit., p. 173, § 46, II; Collected

Works, vol. i. p*356.
t PoNoELET, loc. cit., Art. 565.
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range '. If then any targent to C cut the bases % and u’
of the two ranges in 4 and A’ respectively, the rays 04 and
0’ A’ will meet in a point M lying on €' ; and, conversely,
if any point M on €’ bo joined to the centres O and O’, the
joining lines will cut % and u’ respectively in two points 4
and A’ such that the straight line joining them is a tangent

to C. Therefore :

. If a variable triangle AA'M 1s
such that two of its sides pass
respectively  through two fized,
points 0 and O lying on a given
conic, an¥l the vertices opposite to
them lie respectively on two fized
straight lines u and u', while the
third vertez lies always on the
given conic, then the third side
will touch a fixed conic 'whwh
touches the strazght lines u and.u’

If a variable triangle AA'M 1s
such that two of ts verlices lie
respectively on two fized tangenis
u and, u' to a given conic, and
the sides oppostte to them pass
respectively through two fized
points O' and O, while the third
side always touches the given
conic, then the third vertex will lie
on' @ figed conic which passes
through the points O and O’

334. TurorkM. If the extremities of each of two diagonals of
a complete quadrilateral are conjugate points with respect to a
given conic, the extremities of the third diagonal also will be
conjugate points with respect to the same conic *.

Let ABXY (Fig. 209) be “a complete quadrilateral
such that A is conjugate to X, and B to ¥, with respect to
a given conic K (not
shown in the figure).
Let the sides AB, XY
meet in C, and the sides

VA

Y AY , BX in Z; then
X shall C and Z be con-
ﬂ)\ jugate points with re-
- LS spect to the conic K.
A . c BB Suppose the polars of
Fig. 209.

the points 4, B, C
(with respect to K) to cut the straight line ABC ip . A’ B' (04
respectively. The thyvee palrs of conjugate points A and 4’

"B and B', C and €’ arc in involution ; consequently, con-
sidering XYZ as a triangle cut by a transversal A’'B'(’,
it follows by Art. 135 that the straight lines XA', YB', ZC’

* Hessg, De oclo punctis inlersectionks trium superficierume secunds ordinis
(Dissertatio pro venia legendi, Regiomonti, 1840), p. 17
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meet in one point @. Since evidgntly XA’ is the polar of
A and YB'the polar of B with respect to K, their point of
intersection @ is the pole of 4B. Since then C is a point on
AB and is conjugate to C', its polar will be QC’; but @C’
passes through Z ; therefore C and Z arc conjugate points,
which was to be proved.

885. The proof of the following, the correlative theorem, is
left as an exercise to the student :

If two pairs of opposite sides of a complete quadrangle are
conjugate lines with respect to a,conic, the two remaining sides
also are conjugate lineswith respect to the same conig,

In order to obtain such a complete quadrangle, it-is
only rfécessary to take the polar reuprocal of the quadri-
lateral considered in Hessc’s theorem, i.e. the tigure which is
formed by the polars of the six pointg 4 and X, B and Y,
C and Z. v K o

336. The following proposition ‘is a corollary to that of
Art. 334: |

Two trmngles which are reciprocal will respect to a conic are
in homology *.

Let ABC (Fig. 210) be any triangle ; the polars of its
vertices with respect t8 a given
conic form another triangle A’B’'C’
reciprocal to the first, that is, such
that the sides of the first triangle
are also the nolars of the vertices
of the second. Let the sides CA
and (A’ meet in %, and the sides
AB and A'B’ in F.,

The points B and E are con-
jugate with respect to the conic, since ¥ lics on ¢'4’, the
polar of By similarly C and F arc ‘conjugate points. Thus
in the quadrﬂateral formed by BC, CA, AB, and EF
two pairs of opposite vertices B and , U and ¥ are con-
jugate ; therefore the third paif are conjugate also, viz.
4 and the point D where BC meets EF. The polar BU'"
of A therefore passes through D ; thus BC and B'C" meet
in a point D lying on.EF. Since then the pairs of opposite
sides of the,two triangles megt onc another in three collincar

" % Cuaswzs, loc. cil., Art. 135.
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points, the triangles are iry homology, and the straight lines
AA’, BB, CC’' which join the pairs of vertices meet (Art. 17)
in a point O, the pole of the straight line DEF.

887. By combining this theorem with that of Art. 1565 the
following property may be enunciated :

If two triangles are reciprocals with respect to a given conic K,
the sixz points in which the sides of the one intersect the mon-
corresponding * sides of the other lie on a conic C, and the six
straight lines which connect the vertices of the one with the non-
corresponding vertices of the cther touch another conic C', the
polar regiprocal of C with respect to K (Art. 322); these
straight lines are in fact the polars with regard to K of fhe
six points just mentioned. y

If one of tne triangles A'B'C’ is inscribed in the other
ABC, the three conics €, €', and K coicide in one which is
circumscribed’about the former trianglé and inscribed in the
latter (Arts. 174, 176). ‘

338. PROBLEM. Given two triangles ABC , A'B't’ which are in
homology ; to construct (when it exists) the conic with regard to which
they are reciprocal.

Take one of the sides, BC for example; the points in which
it is cut by C'4’ and A'B’ are conjugate to the points B and C
respectively, and these two pairs of conjugate points determine an
involution (Art. 263), the double points of which (if they exist) are
the points where BC is cut by the conic in question. In order then
to find the points in which this conic cuts BC, it is only necessary
to construct these double points. In this way the points in which
the sides of the triangles meet the conic can be found, and the latter
is determined. Since 4’ and B arc the poles of BC and C'4’, these
points and that in which "4’ meets BC will be the vertices of
a self-conjugate triangle (Art. 258). If then, in finding the points
of intersection of the conic and the straight lines BC and C"4' in
the manner just explained, it should happen that the two involutions
found have neither of them'double points, the conclusign is that no
conic exists such as is required ; for if it did exist, it must be cut
by two of the sides of the self-conjugate triangle (Art. 262).

339. The centre of homology O df the given trianglec (Fig. 210)
is the pole of the axis of iomology DEF ; and the projective corre-

-spondence (Art. 291) between the points (poles) lying on the axis
and the straight lines (polars) radiating from the c:ntre of homology
is determined by the three pairs of corresponding elements D and

* Two sides BC and B'C’ of the trianglgs may be termed corregponding, when
«each lies opposite to the pole of the other. And two verticts 4 and 4’ may be
termod corresponding, when each lies opposite to the polar of the other.
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AA', E.and BB', F and C(C'. Consdquently it is possible to con-
struct with the ruler only (Art. 84) the polar of any other point on
the axis, and the pole of any other ray passing through the centre O.

What has just been said with regard to the point O and the axis
of homology may also be said with regard to any vertex of one of
the triangles and its polar (the corresponding side of the other
triangle). For if e.g. the vertex 4’ and the side BC be considered,
the projective correspondence between the straight lines radiating
from A’ and the points lying on BC is determined by the three pairs
of corresponding elements A'B’ and C, 4'C’ and B, A'O and D.

This being premised, it will be seen that the polar of any point P
and the pole of any straight linc p€an be constructed with the help
of the ruler only. For suppose P to be given; if has bepn shown
that the poles of the straight lines PO, PA, I’B, I°C, P4’, ... can
be constructed, and these #l lie on a straight lint X which is the
required polar of P. So again if the straight line p is given, the
polars of the points in which it meets BC, 04, ... can be constructed,
and will meet in a point which is the pole of p.

It will be noticed thas all these determinations of poles and polass
are linear (z. . of the first degree) and independent of the construction
(Art. 338) of the auxiliary conic, which is of the second degree,
since it dependaon finding the double elements of an ihvolution.
The construction of the poles and polars is therefore always possible,
even when the auxiliary conic does not exist. In other words: the
two given triangles in homology determine between the points and
the straight lines of’the plane a reciprocal correspordlence such that
to every point corresponds a straight line and to every straight line
a point, to the rays of a pencil the points of a range projective with
the pencil, and vice versa. Any point and the straight line corre-
sponding to it may be called pole and polar, and this assemblage of
poles and polars, which possesses all the properties of that determined
by an auxiliary ‘conic (Art. 254), may be called a polar system.

Two triangles in homology accerdingly determine a polar system.
If an auxiliary conic exists, it is the locus of the points which lie
on the polars respectively corresponding to them, and it is at the
same time the envelope of the straight lines which pass through
the poles respectively corresponding to them. If no auxiliary conic
exists, there i.s no point which lies on its®own polar *.

* StaubT, loc. cit., Art: 241.

16514 R



CHAPTER XXIII

FOCI *

340. It has been seen (Art. 263) that the pairs of straight
lines passing through a giver. point § and conjugate to one
another with respect 1o a given conic form an involution.
Lét a plane fignre be given, contajning a conic C; and let
the figure homologigal with it be constructed, takig S as
centre of homology ; let €’ be the conic corresponding to
C in the new figure. Since in wo homological figures a
harmonic pencil corresponds to a harmonic pencil, any pair
of straight lines through & which are conjugate with respect
to € will be conjugate also with respect to €’. The polars of
8 with respect Lo the two conics will be corresponding straight
lines ; if then the polar of S with respect to C be taken as
the vanishing line in the first figure, the polar of S with
respect to C’ will lie at infinity; ¢.e. the point S will be the
centre of the conic C'.

In this case therefore any two straight lines through §
which are conjugate with respect to C will be a pair of
conjugate diameters of €’. If S is external to. C, the double
rays of the involution formed by the conjugate lines through
S are the tangents from § to C, and therefore the asymptotes
of €', which is in this casc a hyperbola. If § is internal to C,
the involution has no double rays, and therefore €’ is an
ellipse. .

We conclude then that o every point S in the plane of a given
conic C corresponds a conic C'»homological with C and having
its centre at S ; which conic C is a hyperbola or qn ellipse
according as S is external or internal to-the given conic C.

341. For certain positions of the point S the conic ¢’ will
be a circle. When S has one of these positions it is called

* STEINER, Vorlesungen diber synthetische Geometrie (ed. Schréter), ITter
Abschnitt, § 35; Zrcu, Hihere Geometrie (Stuttgart, 1857), § 7; REYE, Geometrie
der Lage (2nd ed., Hannover, 1877), Vortray 13. D
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a focus * of the conic C. Since all p}irs of conjugate diameters
of a circle cut one another orthogonally the involution at S of
conjugate lines with respect to C will in this case consist
entirely of orthogonal pairs.

If C is a circle, its centre O is a focus, for every pair of
conjugate lines which meet in O, i.e.
every pair of conjugate diameters of C,
cut orthogonally. And a circle C has no
other focus but its centre O. For let any
point 8 be taken (Fig. 211)edistinct
from O and a straight Ithe SQ be drawn
not passing through O; ,and let P be
the pote of SQ. Then since PO must ,
be perpendicular to 8@, the conjugate
lines SP, S@ cannot be orthogonal, ang
therefore S cannot b& a focus of C.

The foci of a conic € which is not a
circle are of wecessity tnternal points ;
this follows from what has been said above (Art. 340).
Further, they lie on the axzes. For if F is a focus and 0O
the centre of the ~onic, the pole of the diameter O will lic
on the perpendicular drawn through F to 1”0 thereforc
FOis perpendlcular to its conjugate diameter, %.e. FO is an
axis of the conic.

Again, the straight line connecting two foci F and F, is an
axis. For if straight lines perpendicular to FF, be drawn
through F and F, thesc will both® be conjugate to FF,,
and their point of intersection will therefore be the pole
of I"F1 ; but this point lies at infinity ; therefore FF, is
an axis.

342. Let a point P be taken arbitrarily on an axis a of
a conic ; through P draw a stralght line 7, and from R, the
pole of r, draw the stmlght line ' porpendlcular to r; let
P’ be the point where 7" meets the axis. The straight lines
passing through P ard those passmg %hrough P’ and con-
jugate to them respectively form two projective penclls ;
for the second pencil is composed of rays which project from
P’ the range formed by the poles of the rays of the first

Q

Fie. 211.

* DELA Hnm Secriones comcae(Pamsus 1685), lib. vili. prop. 23; PoNcELET,
Prop. proj. Art 457 et feqq.

R2
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pencil, which range is (4rt. 291) projective with the first
pencil itself. The two pencils in question have three pairs
of corresponding rays which arc mutually perpendicular ;
for if 4 be the point at infinity which is the pole of the axis a,
the rays PA, PP’', r of the first pencil correspond to the rays
P'P,P'A,r of the second, and the three former rays are
severally perpendicular to the threc latter. The two pencils
therefore by the intersection of corresponding rays generate
a circle of which PP’ is a diameter; and therefore every pair
of corresponding rays of thettwo pencﬂs P and P’ intersect
at righteangles. Thus :

*To every point P lying on an axis of the conic wrr'esponds
a point P’ on the same axis such that any two conjugate straight
lines which pass one through P and the other through P’ are
per pendwulm to one ¢nother. ‘

* The pairs of points analogous to P, P’ form an involution.
For let the ray r move parallel to itself ; the corresponding
rays »" (which are all perpendicular to 7) will all be parallel to
each other. The pencil of parallels 7 is projective (Art. 291)
with the range which the poles R of the rays r determine
upon the diameter conjugate to that drawn parallel to 7 ;
and the penul of parallels #' is in perspectlve with this
same range. Therefore the penclls r, 1 are prOJcctlvo, and
consequently the pomts P, P’ in which a pan' of corre-
sponding rays r, ' of the penuls cut the axis a trace out
two projective ranges. To the straight liae at infinity
regarded as a ray r cbrrespouds in the second pencil the
diameter parallel to the rays ' ; and similarly, to the line
at infinity regarded as a ray 7’ corresponds in the first pencil
the diameter parallel to the rays . Therefore the point at
infinity on the axis has the same correspondent whether it
be regarded as a point P or as a point P’ : viz. the centre O
of the conic. We conclude vhat the pairs of points P, P’
constitute an 'mwlutwn of which the centre is thes centre 0 of
the conic. v

343. If the involution formed by the points P, P’ on the
axis a has double points, cach of them will be a focus of the
conic, since every straight line through such a double point
will be conjugate to the perpendicular drawn to it through
the point itself.
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If the involution has no double points, each, of the two
points (Art. 128) at which the pﬁirs PP’ subtend a right
angle will be a focus of the conic. For every pair of mutually
perpendicular straight lines which meet in such a point will
pass through two points P, P’, and will therefore be con-
jugate lines with respect to the conic.

From this it follows that one at least of the two axes of
a conic contains two foci. Further, a conic has only two
foci; for every straight line which joins two foci is are
axis (Art. 341), and no conic (cxcept it be a circle) has more
than two axes. . .

Consequently a central conic (ellipse or hyperbolaf has tyo
foci, wiich are the double®points of the involution PP’ on an
axis and are also the points at which the’ pairs of points PP’
of the involution on the other axis subtend a right angle.

The axis which comtains the foci mdy on tLis account ke
called the fucal axis. Since the foci are internal points, it is
seen that in the hyperbola the focal axis is that one which
cuts the curve (the transverse axis).

Since the centre O of the conic is the centre of the involu-
tion PP’, it bisects the distance between the two foci.

From what has been sald it follows that fwe perpendicular
straight lines which are conjugate with respect toma conic meet
the focal axis in two poinfs which are harmonically conju-
gate with respect to the foci ; and they determine upon the
other axis a gsegment which sublends a right angle at either
Jocus. .

844. The normal at any point on a curve is the perpen-
dicular at thig point to the tangent. Since the tangent and
normal at any point on a conic arc conjugate lines at right
angles, they meet the focal axis in & pair of points harmoni-
cally conjugate with respect to the foci; and they determine
on the other axis a segment which subtends a right angle ag
either focus (Art. 343). Aceordingly :

If a circle be drawn to pass throdgh the two foci and through
any point on the conic, it will have the two points in which the™
non-focal axis 1§ cut by the tangent and normal at that point
as extremities of a diameler.

And again (Art. 60): R

The tangent and normal at any point on a conic are the*
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bisectors of the angle made,with one another by the rays which
join that point to the foci "I

These rays are called the focal radii of the given point.

345. A pair of conjugate lines which intersect at right
angles in a point S external to the conic are harmonically
conjugate with respect to the tangents from S to the conic
(Art. 264) as well as with respect to the rays joining S to the
foci (Art. 343) ; therefore :

« The angle between two tangents and that included by the
straight lines which join the pqint of intersection of the tangents
to the foct have ¢he same bisectors 1.

.346. Tn the parabola, the point at infinity on the axis,
regarded as a point P, coincides with its correspondint P’;
for the straiglt line'at infinity, being a tangent to the conic
at the said point P, passes through its bwn pole.

. Accordingly one ot the double *points of the involution
determined on the axis by the pairs of conjugate orthogonal
rays, i.e. one of the foci, is at mﬁmty The other double
point lies at a finite distance, and is genemlly spoken of as
the focus of the parabola.

Since in the case of the parabola one focus is at infinity,
the theorems proved above (Arfs. 34‘3—345) bocome the
following : «

Two conjugate orthogonal rays, wnd in particular the tangent
and normal at any point on the parabola, meet the axis in two
points which are equidistant from the focus.

The tangent and norwal at a point on a parabola are the
bisectors of the angle which the focal radius of the point makes
with the diameter passing through the point . ¢

The straight line which connects the focus with the point of
intersection of two tangents to a pambola cnakes with either of
the tangents the same angle that the ams makes with the other
tangent.

347. From the last of these may be immediately deduced
the following theorem : *

*T'he circle circumscribing a triangle form ed by three tangents

to a parabola passes through the focus. ‘
Let PQR (Fig. 212) be a triangle formed by three
AroLLONIUS, loc. cit., iii. 48. ¢t + Ibd., iii. 46.

1 DE ra Hireg, loc. cit., lib. viii. prop. 2.
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tangents to a para.boia,, and let F be the focus. Considering
the tangents which meet in P, theangle FP@Q is equal to that
made by PR with the axis; and considering the tangents
which meet in R, the angle FRQ

is equal to that made by RP -
with the axis. Hence the angles g /
FPQ, FRQ arc equal, and there-

fore P,Q, R, F lie on the same ; j{

circle. =

CororLLARY. The locus of the NF -

Jfoci of all parabolas wlhich toulh /R\

the three sides of a given triangle

18 thescircumscribing cirdle of the . \
triangle. . X

= This corollary gives the con- Fig. 212.
struction for the Jfocus' of a o

parabola which touches four given straight lines. And
since only one such parabola can be drawn (Art. 157), we
conclude thdt : '

Qiven four straight lines, the circles circumscribing the four
triangles which can be formed by taking the lines three and
three together all pass theough the same point.,

348. The polar of a focus is called a directriy.

The two directrices are straight lines perpendicular to
the transverse axis and external to the conic, since the foci
lie on the transverse axis and are intcrnal to the conic
(Art. 343). .

In the case of the parabola, the straight line at infinity
is one directrix; the
other lies at a finite /Q
distance, and is generally M

spoken of,as the directrix
of the parabola. i /

If F be a focus, and if 5 = 5
the tangent at any point \

X on a conic cut the
corresponding® directrix
in Y, this point Y, will
be the pqle of the focal
radius FX. °Therefore FX, FY are conjugate lines with

Q’
Fig. 213.
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respect to the conic, and since they meet in a focus, they will
be at right angles : conseqbently :

The part of a tangent to a conic intercepted between its point
of contact and a directriz subtends a right angle at the corre-
sponding focus.

349. Let the tangent and normal at any point M on
a conic meet the focal axis in P, P’ respectively, and let
them meet the other axis in @, @ respectively (Fig. 213).
¥rom M let perpendiculars MP", MQ" be drawn to the
axes.

From the similar triangles CPQ), QMQ

e OP:0Q=Q"M:Q"Q,
and from the right-angled triangle @' MQ ”
QM. QQ=QQ":Q"M;
. OP:0Q=Q'Q":Q"M-
¢ =QQOP" .

or OP.OP" - 0Q.Q'Q"
=0Q (@'0 +0Q"),
so that OP.OP"-0Q.0Q"=0Q.Q0. * . . (1)

But P and P” are a pair of conjugate points, since MP" is
the polar of P; similarly ¢ and Q" are conjugate points.
Therefore (Art. 294) ‘

OP, OP" = 0A4% and 0Q.0Q" = + OB,
where AO, OB are the lengths of the semiaxes, and the
double sign refers to the.two cases of the ellipse and the
hyperbola. Again, the points €, @' subtend a right angle
at cither of the two foci £, F' (Art. 343) so that'

0GQ. Q0 = OF=.
Substituting, (1) becomes
OF:=0A* L OB2.

This shows that in the ellipse 04 > OB ; so that the focal
axis is the axis major.

Referring now to Figs. 214 and 215,

FA=FO+0A,
FQ' =FO0+0A4'=FO0—-04;
FA.FA'=F0?-042
=y OB, ‘

If D be the point in which a directrix cuts the focal
axis, the vertices 4 and 4’ of the conic will be harmoni-
cally conjugate with respect to 'F and the, pbmt D where
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the polar of F cuts A4’ (Art. 264) ; therefore, since 0
bisects 44’,
042 = OF. OD.

The parabola has one vertex at infinity ; consequently
the other lics midway between the focus and the directrix
(Fig. 218).

850. If a focus F of a conic C be taken as centre of homo-
logy, and a conic €' be constructed homological with € and

e

Kig. 214. Fig. 215.

having its contre a F, if has been seen (Arts® 340, 341) that
C’ is a circle. But by what has been proved®in Art. 77, if
M and M’ are a pair of edrresponding points of € and €,
FM/FM': MP = conitant,
or . FM/MP ~ FM' x constant,
where MP (Figs. 214, 215) is theedistance of M from the
vanishing line, that is from" the pold,r of F, i.e. the corre-
sponding divectrix. Now FM' is constant, because € is
a circle ; therefore
The distance of uny point on a ¢onic from a focus bems a
constant ratio 1o ils distance from the corresponding directriz.
Moreover, this ratio is the same for the two foci. For let O
"(Figs. 214, 215) be the centre of the conic, F', F’ the foci,
A, A’ the vertices lying on the focal akis, D , D' the points in
whlch this axis is cut by the directrices ; then (Art. 2047
0A2=0A4'2=0F.0D = OF’. oDn'.
But OF' = —OF, so that A'D' = —AD and F'A’ = -FA, .
and therefere FA:4AQ=F'A": A'D’, )
which shows that the ratio is the same for ¥ and for F”.
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In the casg of the parabola the ratio in question is unity,
because (Art. 349) the vertéx of a parabola is equally distant
from the focus and the directrix. Therefore

The distance of any point on a parabola from the focus i3
equal to its distance from the directriz.

351. Conversely, the locus of a point M which is such that its
distance from a fixed point F bears a constant ratio e to its
distance from a fixed straight line d is a conic of which F is

e'focus and d the corresponding directriz *.

For let MP (Figs. 214, 215) be drawn perpcndlcular tod;
then by hypothesls FM/M Ple .

Let now the figure be constructed which is homological
with the locus of M; ¥ being takefl as centre of homwlogy,
and d as vanishing ]il'lc. If M’ be the point corresponding to
M, then (Art. 77) . .

o« FM/FM' : MP = comstant.

Thew two cquations show that FM' is constant; thus the
locus of M’ is a circle, centre F, The locus of QM is therefore
a conic (Art. 23) having one focus at /' (Art. 341). And since
the straight line at infinity is the polar of #' with respect to
the circle, the stralght line d is the polar of F with respect
to the conic; #e. it is the dlre(,tux‘oorrespondmg to F.

352. The lmgth of a chord of a conic drawn through a focus
perpendicular to the focal axis i8 called the latus rectum or
the parameter of the coniv.

Let MFM’ (Fig. 216) be a chord of a conic drawn through
a focus F, and let N ba the point where it cutls the corre-
sponding dircctrix. Let LFL" be the latus rectum drawn
through F. Then since the directrix is the polar of the focus,
N and F are harmonic conjugates with regard to M and M'.
Therefore . )
1/ANF =1/NM +1/NM', .
and if perpendiculars MK , £D, M'K’ be let fall ot the
directrix, v
1/} FD 21/M'K' + /[ K.
*Bds by Art. 350

MK :FD:MK=MF:FL:FM,;
1/3FL=4/M'F +V/FM,
tha.t is to say : . .
* Paprus, Math. Collect., lib. vii. prop. 238.
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In any conic, hal:f the latus rectum is a harmonic mean
between the segments of any focal &hord.

[ X'
Fig. 216.  * o
“'COROLLARY. If‘M JIL be taken ap A’, A respectively,
VSR toaa¢ -
FL 2\AF Y FA) T AR A
.. =O0A/+0B: (by Art. 349),

so that FI.= + OB*0A,
which gives the length of the semi-latus rectum in terms of
the semi-axes.

In the parabola 1, FA'= () so that FL =2 F.1.”

353. TurorkM. In the gllipse the sum, and n the hyperbola
the difference, of the focal radii of ,any point on the curve is
constant *.

Let M bé any point on a central conic (Figs. 214, 215)
whose foci are ¥, ¥’ and directrices d , d’ ; ; and let (M, d)
&c. denotc as usual the distance of M from d, &c. By
Art. 351

FM M
" T ey~
* FM+F'M
WA, )™

But (Fig. 214) in the cllipses (M,d) + (M ,d’), and (Fig.
215) in the hyperbola (M,d)—(M,d’) is equal toethe
distance DD’ hetween the two dircctrices ; therefore

FM+FM=e.DD,
which proves the proposition.
aF APOLLONII;S, loc. cit., iii. 51, 562.
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Conversely,: The locus of a point the sum (difference) of
whose distances from two fided points is constant is an ellipse
(@ kyperbola) of which the given points are the focs.

354. If in the proposition of the last Article the point M
be taken at a vertex A,

e.DD'=FA+F'A=204A=A44",
so that the length of the focal axis is the constant value of the
sum or difference of the focal radii. It is seen also that the
constant e is equal to the ratio of the length of the focal
axis to the distance between the directrices.

355. Since by-Art. 204 .

o ‘ 0A%=0F.0D,

or AA2=FF' . D',

v. e=AA'/DD'=FF'/AA’;
so that the constant e is equal to the ratio of the distande
between the foui to the length of the focal axis. Now in
the ellipse FF'<AA’, in the hyperbola FF’'> Avi’, in the
parabola FF' = AA’' = w, in the circle FF' = 0. 'Therefore
the conic is an ellipse, a hyperbola, a parabola, or a circle,
according as e<1l, e>1, e=1, or e= 0. This constant e is
called the eccentricity of the couic. .

356. Turonrkus. The locus of the Yeet of perpendiculars let
fall from a focus upon the tangents to an ellipse or hyperbola
is the circle described on the foral axis as diameter *.

Take the case of the ellipse (Fig. 217). 1f F, F' are the
foci,and M is any point on the
curve, join F'M and produce
it to @ making M equal to
MPF. Then F'G will (Art. 354)
be equal to AA’ whatever be
the position of M; thus the
locus of ¢ is a circle, centre
¥’ and radius equal to 44’

JIf FG be joined, it will cut
the tangent at M perpendicu-
larly, since this tangent (Art.
344) bisects tHe angle FMG;
and the point U where the two lines intersect will be the
middle point of F@ because FM@ is an isosceles triangle.
' * ApoLroN1us, loc. cil., iii. 49, 50.¢
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Therefore OU is parallel to F'G’ and equal to ¢ F'G, that is,
to OA ; i.e. the locus of U is the'circle on A4’ as diameter.
A similar proof holds good for the hyperbola, except that from the

greater of the two MF, MF' must be cul off a part MG equal to
the less.

857. If FU ,FU' (Fig. 217) are the perpendiculars let fall
from a focus F on a pair of parallel tangents, U, F, U’
will evidently be collinear. And since U and U’ both lie gn
the circle described on 44’ as diameter,

FU.FU' =Fd.FA’ .
* = FOB: (Art. 349),
accordmg as the conic ig an ellipse or a hyperbola

Thus the product of the distances of a pair of parallel tangents
Jrom a focus is constant.

Since the pcrpen:hculab let fall from the other focus F’ on
the tangent at M is cqual to FU,, it follows that *

The product of the distances of any tangent lo an ellipse
(hyperbola) grom the two foci is constant, and efual to the
square of half the minor (conjugate) axis.

Conversely : The envelope of a straight line which moves in such
a way that the profuct of itswlistances from two Jized, points is constant
is a conic ; an ellipse if the value of the constant is positive, a hyperbola
1f it is negative.

358. Let F (Fig. 218) be the focus of a parabola, A4 the
vertex, M any point on the curve, N the point of inter-
section of the tangents at M and 4. 1f N/ be drawn to the
infinitely distant focus #’ (3.e. if NI’ be drawn parallel to
the axis), the angles ANF', FNM will be equal (Art. 346).
But ANF' is a right

angle ; therefore FN M is ” Mo
a right angle also. Thus /\ N

Fhe foot of the perpen- v oo
dicular let fall from the o:~ K N

) o DWWF

focus of a pambola on any e
tangent lies on the tangent
al the vertex. o d -

CorOLLARY. Since any Fig. 218. R

point on the circumscribing
cirele of a triahgle may be. regarded (Art. 347) as the focus of &
parabola inscribed In the triangle, it follows at once from the theorem
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just proved that if from any point on the circumscribing circle of
a triangle perpendiculars be let fall on the three sides, theiwr feet will
be collinear *.

859. The theorem of Art. 356 may be put into the following form :

If a right angle move in its plane in such a way that its vertex
describes a fixed circle, while one of its arms passes always through
a fixed point, the envelope of its other arm will be a conic concentric
with the given circle, and having one focus at the fized point. The
conic ts an ellipse or a hyperbola according as the given point lies
wi*hin or without the given circle t.

So too the corresponding theorem (Art. 358) for the parabola may
be expressed in a similar form as follows :

If a right angle*move in its plane in such a way that its vertex
describes a_fixed straight line, while one of its arms passes ulways
through a fized point, the other arm will exvelope a parabola *aving
the fired point for focus and the fixed straight line for tangent at its
vertex.

360. I. Let the tangents at the vertices of a central conic

be cut'in P, P’ by the tangent

at any point M ‘(Itig. 219).
\\ The threc tangents form a
\

Ip -

S M triangle circumscribed about
: \ T the conic, two of the vertices
/Q,__,»/’7 " \ of which are P and P’, the
) third (at infinity) being the
pole of the axis 44’. There-
V fore (Art.274) the straight lines
drawn from P and P’ to any
point on the axis will be con-
jugate to onc another with
Fig. 219. respect to the conic. Thus, in
particular, the strmght lines
joining P and P’ to a focus will be conjugate to one another;
but conjugate lines which meet in a focus are mutually
perpendicular (Art. 343); consequently the circle on PP’
as diameter will cut the axis A4’ at the foci .

II. Let the tangent PMP’ cut the axis A4’ at+N; then
N is the harmonic conjugate of M with respect to P, P’
(Art. 194).

Consider now the complete quadrilateral formed by the
lines FP, F'P, FP', F'P'. 'Two of its diagonals are FF’

* For other proofs of this see Art. 416. o ¢
1 MACLAURIN, Geometria Orgunica, pars IT*. prop. xis
1 Arom.onms, loc. cit., iii. 45; DESARQUES, (Huvres, i. pp. 209, 210.

é@




362] FOCI 255

and PP’ ; the third diagonal must then cut FF' and PP’ in
points which are harmonically cOnjugate to N with regard
to F', F' and P, P’ respectively. It must therefore be the
normal at M to the conic *.

361. Let M , TN (Fig. 220) be a pair of tangents to a
conic, M and N their points of
contact, F a focus, d the corre-
sponding directrix. If the chord
MN cut d in P, this point is the
pole of T'F ; therefore TFP ¢§s a
right angle (Art. 343) %

But MN is divided hagmonically
by FT and its pole P; thus

FMNTP) is a harmonic peneil,
and consequently FT , FR arethe
bisectors of the angle MFN. Acgordingly : * N

One of Ihe bisectors of the angle which a chord of « conic
sublends al asfocus passes through the pole of the chord. The
other bisector meels the chord at ils point of intersection with
the directriz corresponding to the focus.

Or the same thing may be stated in a different manner,
thus :

The straight line which joins a focus to the*point of inter-
section of a pair of langents to @ conic makes equal (or supple-
mentary) angles with the focal radii of their points of contact 1.

862. Let the tangents TM , TN be cut by any third
tangent in M’, N’ respectively (Migs. 221, 222); let L be
the point of contact of this third tangent. The following
relations will hold among the angles of the figures :

) N'FL=NFN' = {NFIL,
EFM' = M'FM =} LFM,
whenee by addition
N'FL +LFM’ =*}(NFL + LFM),
or + NFM' =}NFM = 1}’11’1;= TFM.§

* AroLLONIUS, loc. cit., i, 47.

1 If the points M and N are taken indefinitely near to one another, thisreduces
to the theorem alrefdy proved in Art. 348.

1 D= va Higg, loc. cit., lip. viii. prop. 24. .

§ In this reasoning it is supposed that FM’, FN’, FT arc all internal
bisectors ; ¢. ¢ that either the coni&ia an ellipse or a parabola, or that if it is

a hyperbola, the three tangents all touch the same branch (Fig. 221). If on the
contrary two of the tamgents, for example 7'M and T'N, touch onc branch and

Fig. 220.
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Let now the tangents M , TN be fixed, while the tan-
gent M'N’ is supposed to vary. By what has just been
proved, the angle subtended at the focus by the part M'N’
of the variable tangent intercepted between the two fixed
ones is comstant. As the variable tangent moves, the

Ing. 221, Fig. 212,

points M’, N describe two projective ranges (Art. 149),
and the arms FM', FN' of the congtant angle M'FN' trace
out two concehtric and directly equal pencils (Art. 108).
Accordingly :

The ranges which a Tariable tangent to a conic determines on
two fized langents are projected from either focus by means of
two directly equal pencils. - '

This theorem clearly holds good for the cases of the parabola and
its infinitely distant focus, and the circle and its centze. For the
parabola it becomes the follov\mg

Two fized tangents to « parabola intercept on any variable tangent
to the same a seyment whose projection on a line perpendicular to the
axis 1s of constunt length.

The general theoremn may also be put fato the fo]]owmg forme:

One verter F of a variable tnan(jic M'FN’ is fized, and the angle
M'FN' is constant, while the other vértices M', N' n:ove vespectively
on fized straight lines TM\, T TN. The cnvclopc of the side M'N’ is a
‘conic of which F is a focus, ‘and which touches the gz'vtm lines TM,TN.

the third M’N’ the other branch (Fig. 222), then FM’ and FN ” will be external
hisectors. In that cusc,
N'FL= } NFL ~ } w aud LFM’' = } LFM + } =
(the angles being mca.surml all in the samo‘duectlon) H .
o N'FM’'=: % NFM, just as in the caseabove.



363] FOCI 257

863. The problem, Given the two foct F , F' of a conig and a tangent
t, to construct the conic, is determinate, and admits of a single solu-
tion, as follows : : )
_Join FF’' (Figs. 223, 224) and let it cut ¢ in P; take P’ the
harmonic conjugate of P with respect to ¥ and F’. If a straight
line P’M be drawn perpendicular to ¢, it will be tha normal corre-
sponding to the tangent ¢ (Art. 344), s.e. M will be the point of
contact of . Draw MP" perpendicular to FF' ; it.will be the polar
of P, and P, P" will be conjugate points with respect to the conic.
If then FF’ be bisected at O, and on FF' there be taken two points’
A, A’ such that 042=0A4"2=0P.0P", A and 4’ will be the vertic8s
of the conic. The conic is therefore
completely determined ;, for tHfree
points on it are known (A, 4, 4')
and the tangents at these three points
(¢ and the straight lines AC, 4'C’
drawn through 4, A’ at right angles
~vedA’). ¢
An easy method ef conetructing
the conic hy tangents is to describe..
any circle through F and F’, catting
AC, A'C' in H and K, H' and K’
respectively (Fig. 224). Then if the o
chords HK', H'K be drawn which intersect erosswise in the centre

Fig. 224. °
[

of the circle (which ligs on the non-Yocal®axis), these will be tan-
gents to the conic (Art. 360). Every circle through ¥ and F’ which
cuts 4C and A’Csthus determines two tangents to the conic,
The conic is an ellipse or a hyperbola according as ¢ cuts the
segment FF' externally or internally. ] .
The conic és a.parabola wherns F” 1s at infinity (Fig. 225). In this
case produce the axjs PF to P’ making FP’ equal to PF, and draw
[ ] -

1514 S
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P’M perpendi¢ular to ¢ ; then M will be the point of contact of the
given tangent ¢. Draw MP" prpendicular to the axis ; then P and
P” will be conjugate points with ,

respect to the parabola. And since

the involution of conjugate points

on the axis has one double point

at infinity, the middle point A4

of PP" will be the other double
point, i.e. the vertex of the para-

bola. The parabola is therefore P
cumpletely determined, since two F
points on it are known (M and 4).

and the tangents at these points

(¢ and thu straight line drawn
through 4 at right angles to the
axis). . e
364. On the other hand, the Fig. 225.
problem, To construct the conic

which has its foc.! at two given points F, F' and which passes through
a given point M, which is al-o a determinate one, admits of tvo
solutions. For if the locus of a point be sought the sum of whose
distances from F and F' is equal to the constant value FM +F'M,
an ellipse is arrived at; but if the locus of a point be sought the
difference of whose distances from F and F’ is equal to FM—~FM’,
a hyperbola is found.

This may also Pe seen from the theorem of Artr 344, which shows
that if the straight lines #, ¢’ be drawn bisecting the angle FMF’
(Fig. 223) cach «f these lines will be & tangent at A to a conic which
satisfies the problem, the other line being the corresponding normal
to this conic. The finite segment FF’ is cut or not by the tangents
according as the conic is a hyperbola or an ellipse. There will
consequently be two conics which have F, F’ for foci wnd which pass
through M ; a hyperbola having for tangent at M that bisector ¢’
which cuts the segment FF’, and for normal the other bisector ¢;
and an ellipse having ¢ for tangent at M and ¢’ for normal.

These two conics, having the same foci, are concentric and haye
their axes parallel. They will cut one another in three other points
besides A1 ; and their four points of intersection®will form a rectangle
inseribed in the circle of centre O and radius OM ; in ther words,
the three other points will ke symmetrical to M with respect tu the
two axes and the centre. This is evident from the fact that a conic
is symmetrical with respect e each of its axes. ¢ °.

865. Through every point M in the plane’ then pass two conics,
an ellipse and a hyperbola, having their foci at F and F'. In other
words, the system of confocal conics having their foci at F and F' is
composed of an infinity of ellipses and an infinity of hyperbolas ; and
through every point in the plane pass one ellipse and one hyperbola,
which cut one another there orthogorally and intersect in three other
points, “

. —
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Two conics of the system which are of the same kind (both
ellipses or both hyﬁerbolas) ‘clearly de not intersect at all.

Two conics of the system however which are of opposite kinds
(one an ellipse, the other a hyberbola) always intersect in four points,
and cut one another orthogonally at each of them. This may be
seen by observing that the vertices of the hyperbola are points lying
within the segment FF’, and thercfore within the ellipse. On the
other hand, tnere must be points on the hyperbola which lie outside
the ellipse ; for the latter is a closed curve which has all its points
at a finite distance, while the former extends in two directions to
infinity. The hyperbola therefore, in passing from the inside to the
outside of the ellipse, must necessarily cut it.

No two conics of the sygtem cafhave a common tangent ; because
(Art. 363) only one conic can be drawn to have its fdi at given
points and to touch a given straight line. ’

Any straight line in the plane will touch, a determinate conic of
the system, and will be normal, at the same point, to another conic

wyiethe system, belonging to the opposite kind. The first of these
conics is a hyperbola or an"ellipse according as the given strajght
liwe does or does not cut the finite segment FF".

366. If first point F” lies at infinity, the problem of Art. 364
becomes the following : G'iven the axis ¢/ a parabola, the jocus ¥, and
a point M on the curve, to construct the parabola.

Just as in Art. 364, there are two solut'ons (Fig. 226). The
tangents at M to the two parabolas
which satisfy the probleyp are the
bisectors of the angle made by AMF
with the diameter passing through
M ; therefore the parabolas cut ortho-
gonally at A1 and consequently inter-
sect at another point, symmetrical
to M with respect to the axis. The
parabolas cannot intersect in any
other finite point, since they touch
one anothereat infinity *.

The tangents to the two parabolas
at M cut the axis in two points
P, P' which lie at etjual distances on
opposite sides of F ; and if P" is the
foot ®f the perpendicular let fall from -
M on the axis, the vertices 4 , A’ of
the parabpias are the middle points of fhe segments PP”, P'P"
respectively. . .

Suppose 4 and P” to fall on the same side of F. Then since
P'P"<PP, and P'4’ is the half of P'P", and P'F the half of

* That is to say, if the figure be constructed which is homological with thaé
formed by the two parabolas, it will consist of two conics touching one another
at & point situdted®on the vanishing'line of the new figure, and intersecting ip
two other points. .

L)

Fig. 226. .

82
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P'P, therefore P’A’<P'F; i.e. A and A’ fall on opposite sides
of F. It follows that in the ssystem composed of the infinity of
parabolas which have a common axis and focus, two parabolas
intersect (orthogonally and in two points) or do not intersect,
according as their vertices lie on opposite sides or on the same
side of the common focus.

Since F, 4, A’ are the middle points of PP', PP", P'P" respec-
tively, we have the relations

FP+FP'=0,
" 2FA =FP+FP’,
2FA'=FP'+FP’,

whence the following are easily defluced :

v FP"=FA +FA' *
‘ FP =FA —-FA'=4'A,
FP' =FA'-FA =44'. v

These'last relations enable us at once to find the points P, P, P"
when 4 and 4’ are known. The point M (and the symmetrical point.—
in which the parebolas intersect again) fan then be constructed by
observing that FA7 is equal to, F'P or FI”. .

367. It has been scen that a conic is determined when the two
foci and a tangent are given. It can also be shown that a conic
is determined when one focus and three tangents are given ; this follows
at once from the proposition at the end of Art. 362. For let LMN
(Fig. 227) be the triangle formed by the three given tangents, and F
the given focus. Then the conic is scep to be the envelope of the
base M'N’ of a variable triangle

‘//7 AM'FN’, which is such that the
e vertex F is fixed, the angle

M'FN’ is always equal to the
yd constant angle MFN, and the

/ vertices M/, N’ mowve on the fixed

\~ . the point N make the angle
LNF’ equal to FNM (all these

straight lines LM , LN respec-
Fig. 227. . angles being measuced in the

L

LMF' equal to FMN ; and at

tively.
In order to determine the

other focus F’, we make use of

. ) ' same direction) ; then the point
of iritersection of MF’, NF’ will be the second focus F’,
The investigation of the circumstances under which the conic is an

the theorem of Art. 345. At

. the point A1 make the angle

ellipse, a hyperbola, or a parabola, is left as an cxercise to the student.
The following are the results :

Hence the middle point of 44’ is”also the middle pboint‘of Fp.
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(1) The conic is an ellipse if F lies within the triangle LMN ; or
if F lies without the circle circumsesibing LMN and within one of
the (infinite) spaces bounded by one of the sides of the triangle and
the other two produced :

(2) The conic is a hyperbola if F lies inside the circle but outside
the triangle ; or if it lies within one of the (infinite) V-shaped spaces
which have one of the angular points of the triangle LMN for
vertex and are bounded by the sides meeting in that angular point,

both produced backwards :
(3) The conic is a parabola if F lics on the circle circumseribing

the triangle LMN, as we have seen already (Art. 347) *. *

368. Let TM , TN, (Fig. 428) be a pair of tangents to
an ellipse or hyperbola which ;
intemect at right amgles. 1f
perpendiculars FU , F'U” and
'Y , F'V' be let full upon them U
respectively from #he foei F and ‘/
F*, then evidently TU = VF and® A
TU' = V'F'. But by Art. 357
we have PUF.V'F = +0B;
thercfore TU.TU' = + OB%. But
since U and U both lie on the
circle described upon %he focal axis AY’ as diameter
(Art. 356), the rectangle TU.TU’ is the power of the point
T with respeet to this circle, and is ecqual to OT2-042.
Thus .

-, OT*=042+0B? =constant,
so that we have the following theqrem ¥ :

The locus of the point of Intersection of two tangents to an
ellipse or & hyperbola which cut at right angles is a concentric
ovrcle.

This circle is called the director circle of the conic 1

In_the elfipse OT2=0A42%4+OB2, so that the director circle circum-
scribes the rectangle formed by the tangents at the extremities of
the major and minor axes. Ig the hyperbola OT?=04%—0B? so
that pairssof mtitually perpendicular éanggnts exist only if 04 >OB.
If 04=0B, 1.e. if the Ryperbola is equilateral (Art. 395), the dirgctora,

Fig. 228,

-
* STEINER,Développement d'unc série de théorémes relatifs aux sections coniques
(Annales de Gergonne, t. xix. 1828, p. 47) ; Collected Works, vol. i. p. 198.
1 Dk LA Hirg, loc. cit., lib. viii. props. 27, 28. *
1 GaskiN, Fhe geometrical constryction of a conic section, . . . (Cambridge,
1852), chap. iii. prop. 10 ot seqq.
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circle reduces gimply to the centre O; that is, the asymptotes are
the only pair of tangents whieh cut at right angles. If 04 <0B,
the director circle has no real existence ; the hyperbola has no pair
of mutually perpendicular tangents.

369. Consider now the case of the parabola (Fig. 229).
Let F be the focus, A4 the
- vertex, TTH and TK a pair
of mutually perpendicular tan-
gents. If thesemeet the tangent
the vertex in H and K re-
spectively, the angles FHT,
FKT w1ll be right angles (Art.
\ , 358), so ‘that the figure THFK
. 1sarectanglc Therefore T'H =_
, . KF ;e and smcc the trw,ngfés
‘ ‘ TEH,'F. 4K are ev1dent]y simi-
lar, TE == AF. The locus of the
point 7" is therefare a straight
line parallel to HK, and lying
at the same distance from I[K (on the opposite side) that
F does. That igto say : ‘
The locus of the point of mlersectwn of two tangents to a
parabola whicl cut at right angles is the directriz *.

g, 229,

Sincc the director circle of a conic is concentric with the latter, it
must in the case of the parabola have an infinitely great radius. In
other words, it must break up into the linc at infinify and a finite
straight line. And we have just seen that this finite straight line
is the directrix.

870. The dircctor circle possesses a property in relation to
the sclf-conjugate triangles of the conic which we will now
proceed to investigate. Let XYZ (Fig. 230) be+a trla.ngle
which is self-conjugate with respect to a conic whose céntre
is 0. Join OX and let it cut ¥Z in X' and the conic in
,A4’. Draw OB’ parallei to ‘YZ; let it cpt XY in L and the
“conic in B’; and draw ZL’' parallel to OX to meet OB’
in L. .

. Then OA’ and OB’ are cvidertly conjugate semi-diameters ;

* D LA HigE, loc. cit., lib. viii. prop. 26.
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also X and X', L and L’ are pairs of conjugate points with
respect to the conic. Therefore ¢

0X.0X' = +0A4"%, and OL.OL' = +0B?,
where the positive or the negative signs are to be taken
according as the semi-diameters O4’, OB’ are real or ideal
(Art. 204),

Thus for the ellipse .
0X.0X' +OL.OL’' =0A" +OB"? =042 + OB,
and for the hyperbola %
0X.0X' +OL.OL' = + (0A"? -0B"?) = + (0A% -0B?),

so that in both casese(Art. 368)

‘ 0X.0X' +OL.OI/ = OT%,, . . (D
whete OT is the radiusof the dircctorocircle.

Fig. 230.

Now let a circle be desgribed found the triangle XYZ,

and let U,be the point where it cuts OX again ; then
XY XZ=XX.X'U;
, X'y ,_OI_} vy v OL , -
< XU=X,X X?-OX..XZ,*_ OX.OL.
Thorefore. equation (1) 'glvos
OT? = 0X '0X' +0X.X'U
. - 0X.0U,

that is to say : T'He centre of a conic has with respect tg thes.
czrcumscmbmg gircle of any triangle self-conjugate to the conic
a constant power, which is equal to the square of the radius
of the dzrector circle. ) .

. Frq.m the snmlar triangles OLX , X'Y X.
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Or in other, words : :
The circle circumscribing any triangle which is self-conjugate
with regard to a conic is cut orthogonally by the director circle *.

The following particular cases of this theorem are of interest :

1. The centre of the circle circumscribing any triangle which is self-
conjugate with respect to a parabola lies on the directriz.

I1. The circle circumscribing any triangle which s self-conjugate
with respect to an equilateral hyperbola passes through the centre of
the conic.

‘371. Consider a quadrilateral circumscribed about a conic. Since
each of its diagonals is cut harmonically by the other two, the circle
described on any oxe of the diagon{ls as digmeter is cut orthogonally
by the circle which circumscribes the diagonal triangle (Art. 69).
But the diagonal trlangle is self-conjugatp with respect to the conic
(Art. 260), and therefore its circumsgribing circle cuts orthogonally
the director circle (Art. 370). Consequently the director circle and
the three circles described on the diagonals us diumeters all cut®
orthogonally thescircle citcumscribing ‘the diagonal triangle. Now
by Newton’s theorem (Art. 318) the centres of the four first-named
circles are collincar ; and circles whose centres are collinear and
which all cut the same circle orthogonally have a cqmmon radical
axis. Therefore :

The director circle of a conie, and the three circles described on the
diagonals of any circumscribed quadrilateral as diameters, are coazxial.

In the parabola the director circle reduces to the directrix and
the straight line at infinity ; in this case then the above theorem
becomes the fol'ewing :

If a quadrilateral is circumscribed about a parabola, the three circles
described on the diagonals of the quadrilateral as diamelers have the
directriz _for their common radical axvs. ’

372. If in the theorem of Art. 371 the quadrilateral be supposed
to be given, and the conic' to vary, we arrive at the following
theorem :

The director circles of all the conics inscribed in a gtven quadri-
lateral form a coaxial system, lo which belong the three circles having
as diamclers the diagonals of the quadrilateral.

There is one circle of such a system which breaks up into two
straight lines : that namely which degenerates into the vadical axis
and the straight line at infinity., Now the director circle brealts up
into two straight lines—viz. the direptrix and the line at infinity—
in the case of a parabola (Art.369). Therefore the commen radical
axis of the system of coaxial director circles is the directrix of the
parabola which can be inscribed in the quadrilateral.

1f the circles of the system do not intersect, thert are#wo of them
which degenerate into point-circleg (the limiting points). Now the
director circle degenerates into a point in the case of the equilateral

‘ . .

(8

* GASKIN, loc. cit., p. 33. .
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hyperbola (Art. 368). Therefore when the circles do not cut one
another, the two limiting points ofethe system are the centres of
the two equilateral hyperbolas which can in this case be inscribed
in the quadrilateral. If the circles do intersect, the system has no
real limiting points ; and in this case no equilateral hyperbola can
be inscribed in the quadrilateral.

The circles which cut orthogonally the circles of a coaxial system
form another coaxial system ; if the first system has real limiting
points, the second system has not, and wice versa. In order then
to inscribe an equilateral hyperbola in a given quadrilateral, it is oply
necessary to describe circles on two of the diagonals of the quadri-
lateral as diameters, and then to draw two circles cutting the former
two orthogonally. When, the pr8blem is possibl:, these two ortho-
gonal circles will intersect; and their two points of intersection
are the centres of the twq equilateral hyperbolas which satisfy the
conditions of the problem. ., . . R

378. If five points are taken on a conic, five quadrangles may be
formed by taking these points four and four together; and the
diagonal triangles ofethesceive quadrangles are ewch of them gelf-
cenjugate with respect to the conic. elf the circumscribing circles of
these five diagonal triangles be drawn, they will give, when taken
together in pairs, ten radical axes. These ten radical axes will all
meet in the same point, viz. the centre of the conic.

874. Consider again a quadrilateral circumscribing a conic ; let
Pand P, @ and ¢, R and R’ be its three pairs of opposite vertices.
If these be joined to any arbitrary point S, and if morcover from
this point S the tangents ¢, ¢’ are drawn to the conic, it is known by
the theorem coggelative to that of Desargues (Art® 183, right) that
t and ¢/, SP and SI’, SQ and S¢’, SR and SR’ are in involution.
Now let one of the sides of the quadrilateral (say P'Q'R’) be taken
to he the straight lihe at infinity, so that the inscribed conic is
a parabola ; #nd let S be taken at the orthocentre (centre of perpen-
diculars) of the triangle PQR formed®by the other three sides of
the quadrilateral. Then each of the three pairs of rays SP and SP’,
SQ and SQ'? SR and SR’ cut orthogonally ; thercfore the same will
he the case with the fourth pair ¢ and #. But tangents to a para-
bola which cut orthogonally intersect on the directrix (Art. 369);
therefore : " .

The orth8centre of any tyiangle circumscribing a parabola lics on
the durectriz. . . .

875. If in the theorem of thg last Article the triangle be supposed
to be fixed, and the parabola to varw, we obtain the theorem :

The directrices of all* parabolus inscribed tn a given triangle meget ine
the same point, viz. the orthocentre of the triangle.

Given a quadrifateral, one parabola (and only one) can always be
inscribed in it. By taking the sides of the quadrilateral three and
three together, four triangles are obtained ; and the four orthd-
centres of thtse criangles must ill lie on the directrix of the parabolg.
It folloys that  »
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Given four styaight lincs, the orthocenlres of the four triangles formed
by taking them three and three tagether are collinear.

876. Let € be any given conic, and let €' be its polar
reciprocal with respect to an auxiliary conic K. The parti-
cular case in which K is a circle whose centre coincides with
a focus F of the conic C is of great interest ; we shall now
proceed to consider it.

If r , #' be any two straight lines which are conjugate with
reapect to C, and if B, R’ be their poles with respect to K, it
is known (Art. 323) that R, R’ will be eonjugate points with
respect to C’. Censider now to such lines » , #* which pass
thrqugh F*; they, will be at right angles since cvery pair of
conjugate lines through a focus cut orte another orthogottally.
They will therefore be perpendicular diameters of the circle
K, and their poles B , R’ with respgct to K will be the poirtts
at infinity on #, r respéetively. These p6ints are conjugate
with respect to €', and the %traight lines joining them to the
centre of this conic are therefore a pair of conjugate diameters
of €’ ; consequently two conjugate diameters of €’ are always
mutually perpendicular. This proves that €' is a circle ;
1.e. the polar reciprocal of a conic, with respect to a circle which
has ils cenlre at one of the foci, is a circle. ’

By taking the steps of the above reasoning in the opposite
order, the converse proposition may be proved, viz.

The polar reciprocal of w circle with respect to an auxiliary
circle is a conic having one focus at the centre of the aux‘iliary
circle. .

As in Art. 323, it is seen thdt the conic is an ellipse, a
hyperbola, or a parabola, according as the ceritre of the
auxiliary circle lies within, without, or upon the other
circle. * . .

377, 1f d be the directrix of the conic € corresponding to

« the focus ¥, and if its pole be taken with respect to the clrcle
K, this point will evidently be ¢he centre of the circle €'
(Art. 323). « . ¢

" The radius of the circle ¢’ may also easily be found. For
in Fig. 216 let two points X , X’ be taken in the latus rectum
LFL’ such that FX . FL=FX'. FL' = &*, where k denotes
the radius of the circle K; and Jet straight lineg be drawn
through X and X’ perpendicular to XFX’, These straight
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lines are evidently parallel tangents of the cirole €', and the
distance XX’ between them is sherefore equal in length to
the diameter of C’. But $X'X = FX = k?/FL; so that the
radius of the circle €’ is equal to k*/FL.

The eccentricity e of the conic ¢ may be expressed in a
simple manner in terms of quantities depending upon the
two circles K and ¢'. For if O' be the centre and p the
radius of the latter circle, it has been seen that the directrix
is the polar of O’ with respect to K ; therefore (Fig. 216) &

« FD.FO' = k2.
But it has just becm prov%d that FL. f)=k‘-’- therefore
(Art. 351) e=FL/FD =FO'/). .

3M. The propositiod of Art. 376 may be proved in a
different manner, so as to lead at once to the poqnhon and
size of the circle C". ’

Take any point M on ﬂhe (ccntral) conic € (Fig. 217) ; from
tfie focus F draw FU perpendicular to the tangent at M,
and on F'U take a point Z such that K7, FU - 12, k bemg as
before the radius of the circle K. Then the locus of Z is the
polar rcmprocal of C with respect to K.

Now it is known (Arts 356, 357) that U lics on the circle
on 44’ as dlameter, anfd that if UF cut this circle again
at U’ »

FU.FU' = F0B.
Therefore F7Z:FU = k2 FOB?,;
which proves (Art. 93 [6]) that the locus of / is a circle whose
centrd O’ lics on ¥O, dividing it soethat FO' : FO =: k? : OB,
and whose radius p is equal’to ¥*.0A4/0B?, that is, (Art. 352
Cor.) to *%*FL. And again, since OF.OD = 0A4* and
ED =-F0 +0D, (Figs. 214, 215),

. FD.FO,= OF*—0A* = FOB* =k FO/FO' ~
by what has _just been proved
JFO,. FD = k?;

i.e. 0' is the pole of the dlwctmx d w1th respect to K.

In the partlcular care where k= OB p=04 ; that is to say : .
The polar reciprocal of an ellipse (hyperbola) with respect to a Circle
having ils cgnire @t a focus and its radius equal to half the minor
‘(loomugate) azis 18 the ciycle described on the major (transverse) axis as
iameter

3879. Inthe case where C s a parabola, let M be any point
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on the curve: (Fig. 218); let fall FN perpendicular to the
tangent at M, and take upon FN a point Z such that
FZ.FN =k2 Then, as before, the locus of Z will be the
polar reciprocal of C with respect to K. Draw Z perpen-
dicular to ZF to cut the axis of the parabola in Q.
Then a circle will evidently go round QANZ, so that
FA.FQ=FN.FZ=I?,

therefore @ is a fixed point, and the locus of Z is the circle
or. QF as diameter. If O’ be the centre, and p the radius of
this circle, FO' = p = }k%/FA.

In the perticular case where k is equal'to half the latus rectum,
that'is, to 2F 4, we+have p=£ ; that is to say:

The polar rmprocal of u parabola with espect lo a circle having its
centre al the jocus and its radius equal to half the latus rectum is
a circle of the same radius, having its contre at the point of intersection
of the axis with the directri.



CHAPTER XXIV

COROLLARIES AND CONSTRUCTIONS

380. In the theorem of Art. 275 suppose the vertices B and C of
the inscribed triangle A2 (Fig. 188) to be the points at infinityeon
a hyperbola ; then S will be the centre of the curve, and the theorem
will become the following :

If from any point 4 en a hy,)crbola parallels be drawn to the
asymptotes, they will meet any given diameter in, two pothts F and ¢
whicky are conjugate to ong another with regard to the curve. Or:

If through two points lying on a diameler of a hyperbola, which are
conjugate to one another with regard to the curve, parallels be drawn
to the asymptotes, they will ingersect on the gurve.

From this follows & metltod for the construction of a hyperbola by
pdints, having given the asymptotes and a point M on the curve.

On the straight line SM, which joins M to the point of intersection
S of the asynsptotes, take two conjugate points of the involution
determined by having S for centre and 3 for a double point. These
points will be conjugate to one another with respect to the conic
(Art. 263) ; if then parallels to the asymptlotes be drawn through
them, the two vertices of tif: parallelogram so forlned will be points
on the hyperbola which is to be constructed. ,

381. Let similarly the t“corem of Art. 274 bé applied to the
hyperbola, taking the sides b and ¢ of the circumscribed triangle abe
to be the asymptotes ; it will then becdme the following :

If through the points where the asymptotes are cut by any tangent
to a hyperbola any two parallel straight lines be drawn, these will
be conjugate to one another with respect to the conic. Or:

Two pamliel straight lines which are conjugate to one another with
respect to a hyperbola cut the asymploles tn points, the straight lines
Jjoining which are tangents to the curve.

From this we dedyce a method for the construction, by means of its
tangents, of a hyperbola, having given the asymptotes b and ¢ and one
tangegt m. * * .

Draw parallel to m two conjugate rays of the involution (Art. 120)
determined, by having m for a double ray and the parallel diameter
for centrat ray. The two straight lifes se drawn will be conjugate
to one another with respect to the conic ; if then the points where
they cut the asyyptotes be joined to one another, we shall have
two tangentfto the curve.

382. Let B and C be any two points on a parabola, and 4 the
point where the curve is cut by,the diameter which bisects the chord
BC. Let F and G be two points lying on this diameter which are
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conjugate with, respect to the parabola, i.e. two points equidistant
from A (Art. 142) ; by the theorem of Art. 275, BF and CG, and
likewise BG and CF, will meet on the curve.

This enables us to construct by points a parabola which circum-
scribes a given triangle ABC and has the straight line joining A to
the middle point of BC as a diameter.

Or we may proceed according to the following method :

On BC take two points H and H’ so as to be conjugate to one
another with regard to the parabola, s.e. any two points dividing BC
harmonically. Since I and II' are collinear with the pole of the
digmeter passing through 4, therefore by the theorem of Art. 275,
a point on the parabola will be found by constructing the point of
intersection of AH with the diametir passing through H’, and another
will be fousd as the point where 4H’ meets the diameter passing
throtigh H. '

383. In the thenrem of Art. 274 suppose the tangent ¢ to Tie at
infinity ; then we see that

If ¢ und b are two tangents to a parabola, and if from any pofnt
on the diameter passing tarough the point of vontact of @ there be
drawn two straight lines, onc passing through the point.ab and the
other parallel to b, these will be conjugate to one another with regard
to the parabola. "

This enables us to construct by tangents a parabola, having given
two tangents a and t, the point of contuct A of one of them a, and the
direction of the diamelers.

Draw the diameter through A and let it meet ¢ in O ; the second
tangent ¢’ from O will be the straight line which is harmonically
conjugate 1o ¢ with respect to the diameter OA (the polar of the
point at infinity on e) and the parallel through O to a. If now
two straight lines 4 and A’.be drawn through O so as to be con-
jugate to one another with regard to the parabola, ¢.e. two straight
lines which are harmonic conjugates with regard to ¢ and #/, the
parallel to &' drawn from the point e and the parallel to & drawn
from the point A’a will both be tangents to the required parabola.

384. 1f in the theorem of Art. 274 the straight line ¢ be supposed
to lic at infinity, and b and ¢ to be two tangents to a parabola, we
obtain the following :

The parallels drawn to two-tangents to a parabola, from any point
on their chord of conlact, are conjugate lings with regard to'the conic.

By another application of the same theorem we deduce a result
already proved in Art. 178, viz. that

If, from a point on the chord of contact of a peir of tangexts b and ¢
. to a parabola, two straight lines h and b’ be drawn parallel to b and ¢

respeclively, the straight line joining the points he and h'd will be
a tangent to the curve *. B
. From this may be deduced a construction for the tangents to a
parabola determined by two tangents and their points of contact.

¢ * Dk va Higg, loc. cit., lib. iii. prop. 21.
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385. THEOREM. If a conic cut the sides BC' , CA, AB of
a triangle ABC in the points D end D', E and E’', F and F'
respectively, then will

BD.BD' CE.CE' AF.AF' _ 1 i
¢D.0'D 4E. 4k BF.BK=' - - - ()
This celebrated theorem is due to CARNOT *.
Consider the sides of the triangle ABC (Fig. 231) as cut

(9

,

SN TN r/
Y

|/

Sy,

/¥
Fig. 231.

A

by the transversals DE and D’E’ in the pgints D and D',
E and E', ( and (' ; by the theorem of Menclaus (Art. 139)
1Y ]
%D.c% Aﬁ.n, R )
CD"AK B4
BD' CE' Ad .
d"D,"‘i"(’Y' IIJ_B 1. . . . . . (3)
Again, DEE'D' is a quadrangle inseribed in the conie, and
by Desargues’ thcorem (Art. 183) the transversal AB meets
the opposite sides and the conic in three pairs of points in
involution ; thercfore (Art. 130) the anharmonic ratios
(ABFQ) and (BA¥'@') are cqual ; -thus (Art. 45) (ABFQ) =
(ABG F’),or«(ABFG) : ((ABG'F') =1, which gives
AF AF' AGAG'_] i
.- BF.BFF BG'BG " "~ " " " 7
Multiplying togetlier (2), (3), and (4), we obtain the relation
stated in the enunciation .
* Glométrie de position, p, 431. o
$ CABNOT'S thcorem, being evidently true for the circle (since in this case
BD. BD'=CD, CI’, &c.), may be proved without making use of involution

properties as follows : .
Let I, J, K be the points at infinity on BC, C4, AB respgctxvely, and sup-

and
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386. Conversely, if on the sides BC' , CA , AB respectively of
a triangle ABC there be taken three pairs of points D and D',
E and E', F and F' such that the segments determined by them
and the vertices of the triangle satisfy the relation (1) of Art. 385,
these six points lie on a conic.

For let the conic be drawn which passes through the five
points D, D', E , E’, F , and let F” be the point where it cuts
AB again. By Carnot’s theorem a relation holds which
differs only from (1) in that it has F” in the place of F’. This
relation, combined with (1), gives AF!: BF' = AF" : BF”",
whence : (ABF'F")=1;.
and.therefore (Art. 72, V11) F” coincides with F”.

387. If the point A pass off to infi ity (Fig. 232) the ratios
AF : AE and AF' : AE’ become in the limit each equal to
unity, and the equation (1) of Art. 385 accordingly reduces to

. © BD.KD' CE.CK _, - 5
cocp - BF =Y v o O

Draw parallel to BC' a straight line to cut CEE’ in @ and
the conic in P and P’ ; the preceding cquation, applied to
the triangle whose vertices are C', ), and the point at
infinity where PP’ and BC meet, gives

“QE.QE' CD.CL 1 ’
v OE.CE " Qr.QP

pose Fig. 231 to have been derived by projecting from any vertex on any plane
o triangle A, B,C; whose sides are eut by a circle in D, and D/, E, and £/, F/,
and F/ respectively. Let 1,, J,, K, be the points on the sides 13,C,, C,4,, 4B,
which project into 1, J, K respectively ; they will of course be collincar. Then
BD/CD=(BCDI) (Art. 64) '
= (B,C 1)) . (Art. 63)
o bt
=U.D, Ol
s B B.DS B,
0 Co=0.n Tl,°*
. BD. Ill):_B.I.', -BDs BI?
¢D.CD™CD . CD! TR .
. N R ap
=I3_1;" (]‘4“&. 1l 35, 30).
1

CE.CE_AJ* AF.AF_BK?

AE . AE «0J™ BF.BF AK¢ ¢
Multiplying these three cquations together, and remembering that by the
theorem of Menelaus the product on the right-hand side is equal to unity, we
have the result required. ' .

Carnot’s theorem is true not only for a triangle but for a polygon of any num-
‘ver of sides ; the proof just given can clearly be cxténded so as to show this, the
theorem of Menclaus being capable of extension to the case of a polygon.

« Menclaus’ theorem is included in that of Carnot. It is what tHe latter reduces
to when the conic degenerates into two straight lines of which one lies at infinity.

Similarly,
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Multiplying together these last two equations, wo obtain
BD.BD' _@P.QF'
BF BF' ™ QE.QE'’
that is to say :
If through any point Q there be drawn in given directions two
transversals to cut a conicin P, P' and E , E' respectively, then

Fig. 232.

the rectangles. QP .QP’ and QE.QE' are lo one another in a
constant ratio * §.

888. Suppose in equation (5) of Art. 387 that the conic is
a hyperbola and that in vlace of BC is taken an asymptote
HK of the curve; then the ratio HD.HD': KD.KD'
becomes equal to unity, and thercfore HF. Hf' = KE. KE',
that is to say :

If through any pdint H (or H') lying on an asymptote there
be dragom, pamllel to a given stnght line, a transversal to cut
a hyperbola in two points F and °F' (D and D'), then the
rectangle HF . HF' (H'D . H'D') contained by the intercepts will
be constant.

*If the diameter parallel to the given direction H'D meets

* Aromoms, loc. cit., lib. iii. 16-23 ; DEsARGUES, loc. cit., p. 202; DE La
Hirg, Joc. cit., bk. v. props. 10, 12.

t ¥rom tlus follows at onco the resilt o,lroa.dy proved in a different manner in
Art. 316, viz, that if a conic is cutdby a cm;le, the chords of intersection make

ang lenwnh Me axes

For let P, , E’ be the points of mtersect,lon of a circle with the conic ;
then (Euc. iii. 35) QP QP = QEO QE'. Butif MCM’, NCN’ bo the diambters
of the conio paralle qagspectively to QPP’ and QEE’, we have, by the theorem

in the text,
s QP.QP' :QE.QE'= gﬁ Oéll’ :CN.CN’ .
Therefore CM a- C¥, and conseque;y CM and CN (and therefore also QPP’
and QEE’) make equal gngles with the axes.

514 ° T
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the curve, then if S and S’ are the points where it meets it,
and if O is the centre, H'D\ H'D' = 08.08' = — 082,

If the diameter OT parallel to the given direction HF does
not meet the curve, a tangent can be drawn which shall be
parallel to it. The square on the portion of this tangent
intercepted between its point of.contact and the asymptote
will be equal to the rectangle HF . HF' by the theorem now
under consideration ; but this portion is (Art. 303) equal to
th= parallel semidiameter OT ; therefore HF . HF' = OT%, or:

If a transversal cut a hyperbola on F and F' (in D
and D') and an asymptote’in H -(in H'), the rectangle
HF .HF' (H'D.H'D’) is equal to + the square on the parallel
semidigmeter OT (OS); the positivé or megative sign ‘oeing
taken according as the curve has or has not ltangents parallel
to the tran.sversal

$89. 1f the’ transversal cuts the other asymptote in L
(in L'), then by Art. 193 HF' = FL or H'D’ = DL/, and con-
sequently FH.FL = —OT? or DH'. DL’ = O8*; therefore :

If a transversal drawn from any point F (D) on a hyperbola
cut the asymptotes in I and L (in H' and L'), the rectangle
FH.FL (DH'.DL') is equal to ¥ the square on the parallel
semidiameter ; the negative or positive sign being taken accord-
ing as the curie has or has not tangents parallel to the trans-
versal.

390. From the proposition of the last Article may be deduced a
construction for the azes of a hyperbola, having given a pair of cenjugate
semidiameters OF and OT in magnitude and direction (Fig. 233).

We first construct the asymptotes. Of the two given semi-
diameters, let OF be the one which
cuts the curve. Draw through F,a
parallel to OT ; this will be the tangent

cat F. Take on this parallel FP and FQ
each equal to OT; then<OP and 0Q
will be the asymptotes (Art. 303). In
order pow to obtain the directions of
4he axes, we heve only ‘to find the
bisectors of the angle included by the
asymptotes, or, in other words, the two
Fig. 233. perpendicular rays UX ; 9Y which are
conjugate to ane another in the involu-

“tion of which OP and 0 are the double rays (Arts. 296, 297). °

To determine the lengths of the %xes, draw thmugh F a parallel
‘to OX and let it cut the asymptotes in B and«B ; and on OX take
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OS the mean proportional between FB and FB'. 'Bhen will OS be
the length of the semiaxis in the direction OX ; and OX will or will
not cut the curve according as the segments FB, FB' have or have
not the same direction. Again, construct the parallelogram of which
OS is one side, which has an adjacent side along OY, and one
diagonal along an asymptote ; its side OR will be the length of the
semiaxis in the direction OY (Art. 304).

391. In the plane of a triangle ABC take any two points O and
0’; if04, OB, OC meet the respectively opposite sides BC', (4, AB
of the triangle in D, E, F, Ceva’s theorem (Art. 137) gives

BD CE AF _ 1
. CD 4E '.BF ’

Similarly, if 0’4, O'B’, 0'C meet the respectively opposite sides

in D', I, F', then .
BD CE AF' 1
CD' " AF "BF'~

It these equations be multiplied togethey, equatign (1) of Art. 385
is obtained ; therefote: ° *

If from wary two points the vertices of a triangle are projected
upon the respectively opposile sides, the stz points so obtained lie on
a conic. b

For example, the middle points of the sides of a triangle and the
feet of the perpendiculars from the vertices on the opposite sides
are six points on a conic *,

392. ProBLEM. To construct a conic which shall pass through three
given points A, B, C, and with regard to which the pairs of corre-

~as A
\\-
. .
A
/E}—.—%, —»—’\/'h [
)i'o/(/ v
PV
Fig. 234.

spond.ng, points of an tnvolution Jying om a given straight linc u shall
be conjugate points. .
Let AB and 4C (Fig. 234) Be joingd, and let them meet w in D
and E. Let the pointe corresponding in the involution to D and £
respectively be D’ and E’; let D" be the harmonic conjugate of D
with respect o A-and B, and let E” be the harmonic conLuga.te of

E with respect to 4 and C. Thus D will be conjugate (with respect

+ This conio is a circle (the nine-point circle). See STEINEB, Annales de
M?hématiquea {Mohtpellier, 1828), Yol. xix. p. 42; or his Collected Works,
vol. i. p. 195. .

T2
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to the required conic) both to D’ and to D”, and therefore D'D"
will be the polar of D. So tootE’L” will be the polar of E.

Join BE , CD, and let them cut E'E" and D’'D" in E, and D,
respectively ; then E, will be conjugate to E and D, to D. If then
two points B’, C’ be found such that the ranges BB'EE, and CC’'DD,
are harmonic, they will both belong to the required conic.

In the figure, ¥ and F’, G and G’ are the pairs of points which
determine on u the involution of conjugate points.

393. ProBLEM. T'0 construct a conic which shall pass through four

. R i given points Q@ , R, S, T and shall

f divide harmonically a given segment
] JI"IN (Fig. 235). ,

‘Let the pairs of opposite sides
L of the quadrangle QRST meet the
straighty line MN in 4 and A4',
B and B’. If the required conic
cuts MN, the two points of inter-
sectigu will Be a pair of the in'vo-
lution*detertiined by 4 and 4,
B and B’ (Art. 183), If then the
involution of which M and N are
the double points #ad the involu-
tion determined by the pairs of
points 4 and A’, B and B’ have
a pair P and P’ in common, the
required conic will pags through
each of the points P and P’ (Arts. 125, 208).

In order to construct these points, describe any circle (Art. 208)
and from any point O on it project the points 4, 4', B, B, M, N
upon the circumference, and let 4, , 4,', B,,. B,’, M, , N, be their
respective projections. If the chords 4,4, and B,B,’ meet in V,
and the tangents at M, and, N, meet in U, all straiglt lines passing
through U determine on the circumference, and consequently (by
projection from O) on the straight line MN, pairs of conjugate
points of the first involution, and the same is true, with regard to
the second involution, of straight lines passing through V. If the
straight line UV meets the circle in two points P; and Py, let these
;e jo(ilue;l to O; the joining lines will cut MN in the required points

and P'. / c

Let W be the pole of UV with respect to the circle. Every
straight line passing through W ard cutting the circle determines
on it two points which re Marmonically conjugate witk regard to
Pyrand Py’ ; and these points, when projecbeé from O on MN, will
give two points which are harmonically conjugate with regard to
P and P, and which are therefore conjugate to on¢& another with
trespect to the required conic. If then UV-does not cut the circle,
so that the points P and P’ cannot be constructed, draw through
W two straight lines cutting the circle, and project‘the points of
_intersection from the centre O upon the straight line MN ;. this
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will give two pairs of points which will determing the involution
on MN of conjugate points with re é)ect to the conic. The problem
*therefore reduces to that treated of in the preceding Article.

894. ProBLEM. T'o construct a conic which shall pass through four
given points Q@ , R, S, T, and through two conjugate points (which are
not given) of a known involution lying on a straight line u.

This problem is similar-to the preceding one; since it amounts
to constructing the pair of conjugate points common to the given
involution and to that determined on u by the pairs of opposite
sides of the quadrangle QRST (Art. 183).

Such a common pair will always exist when the given involution
has no double points ;. and the two points composing it will both
lie on the requited conig. If the given involu‘ion has two double
points M and N, the present problun becomes identigal w1th that

of Art. 393.
TABe problem clearly admits of only one solutlon and the same is
the case with rega.rd to those of the two preceding 'Mxticles,

“895. Consider ) hyperbola, whose asymptotes are perpen-
djcular to one another, and to which, on this account, is given
the name of rectangular hyperbola (Fig. 236). Since the
asymptotes-«are harmonically conjugate with regard to
any pair of conjugate diameters
(Art. 296), they will in this
case be the bisectors of the
angle included between any
such pair (Art. 60). But the
parallelogram described on two
conjugate semidiameters as ad-
jacent sides has its diagonals
parallel to the asymptgtes
(Art. 304); in this case there-
fore every such parallelogram
is a rhombus; that is, every Fig. 236.
diameter is equal in length to
its ('onjugfate On accornt of this property the rectangular
hyperbola is also called eduilateral *.

I. Sinee the chords joiling the extremltles P and P’ of
any diameter to any point M on tHe curve are parallel to .
a pair of conjygate diameters (Art. 287), the angles made
by PM an@ P'M with either asymptote are equal in magni-
tude and of opposite sign. If the points P and P’ remain

- L] L)
* AroLron1us, loc. cst., vii. 21 ,. DE 1A Higg, loc. cit., book v. prop. 13. ,
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fixed, while J{ moves along the curve, the rays PM and P'M
trace out two pencils whieh are oppositely equal to one
another (Art. 106).

T1. Conversely, the locus of the points of intersection of pair.s
of corresponding rays of two oppositely J equal pencils is an equi-
lateral hyperbola

For, in the first place, the locus is a conic, since the two
pencils are projective (Art. 150). Further, the two pencils
have each a pair of rays which include a right angle, and
which are parallel respectively to the ecorresponding rays of
the other pencil (Art. 106) ; thi: conic has thus two points at
mﬁn,lty lyilig in directions at right angles to one another, and
is therefore an equilateral hyperbolar It will be seen more-
over that tht centres P and P’ of the two pencils are the
extremities of a diameter. For the tangent D at P is the ray
corvesponding {o P'P fegarded as ‘a ray“p’ of the second
pencil, and the tangent ¢’ 4t P’ is the ray corresponding fo
PP’ regarded as a ray g of the first pencil (Arg. 150); but
the angles pq and p’q’ must be equal and opposite ; therefore,
since p’ and ¢ coincide, p and ¢’ must be parallel to one
another.

III. The angular points of a triahgle ABC and its ortho-
centre (centre of perpendiculars) D are the vertices of a
complete quadrangle in which each side is perpendicular to
the one opposite to it, and whose six sidgs determine on the
straight line at infinity three pairs of points subtending each
aright angle at any arbitrery point 8. The three pairs of rays
formed by joining these points to S belong therefore to an
involution in which every ray is perpendicular Yo its con-
jugate (Arts. 131 left, 124, 207). .

But this involution of rays projects from S the involution
of points which, in accordance with Desargues, theorem, is
determined on the straight line,at infinity by the paits of
opposite sides of the quadrangle.and by the conigs (hyper-
bolas *) circumscribed sabout it. The pair¢ of conjugate rays

“therefore of the first involution give the directions of the

asymptotes of these conics ; thus: ' e
o, 1f a conic pass through the angular.points of a triangle

* No cllipse or parabola can be circumscribed about ths qwadrangle here
censidered (Art. 219). . )
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and through the orthocénire, it must be gn equilateral
hyperbola *. .

IV. Conversely, if an equilateral hyperbola be drawn to
pass through the vertices 4 , B, C of a triangle, it will pass
also through the orthocentre D. For imagine another hyper-
bola which is determinad (Art. 162, I) by the four points
4,B,C, D and by one of the points at infinity on the given
hyperbola. This new hyperbola will be an equilateral one by
the foregoing theorem, and will consequently pass thromugh
the second point at irfinity on the given curve ; and since the
two hyperbolas thus have fige points in common (4, B, C,
and two at infinity) they must be identical ; which proves
thegroposition. Ther~fore :

If a triangle be inscribéd in an equilateral hyperbola, its
othocentre is a pownt on the curve.

V. If the poiné D approach indefinitely®near to A, i.e.
if BAC .bzcomes a right angie, we have the following
proposition :

If EFG (Fig. 236) is a triangle, right-angled at E, which is
inscribed in an equilateral hyperbola, the tangent at E is perpen-
dicular to the hypotenuse F@.

VI. Through four given points @ , R, S T can be drawn
only one equilateral hyperbola (Art. 394). [The orthocentre
of each of the triangles QRS , RST , STQ , QRT lics on the

curve . R
VIL. Given four tangents to an equilateral hyperbola, to
construct the curve. .

Since the diagonal triangle of the quadrilateral formed by
the four t&ngents is self-conjugate with respect to the hyper-
bola, the centre of the latter will lie on the circle circum-
seribing this triangle (Art. 370, II). But the centre of the

o

* This m.s,y be deduced dirc ctly from Pagcal's theorem. For let a conic be,
drawn through A, B, C, D, andlet /, and 7, be the points where it meets the
line at infinity. Sinco ABCDI,I,§s a hexagon inscribed in a conic, the inter-
sections of 4 B and DIy, of BC and I,1,, agd of CD and I, 4, are three collinear
points. erefore tho sgraight line joining thé point in which DI, meets A5
to that in which AI, meets CD must bo parallel to BC. Thus AI, muss be at
right angles to DI. ﬁgnd as those lines are parallel to the asymptotes of the conic
the latter is a®ectangular hyperbola.

t These theorems are due to BrRriaNcrmoN and PoNCELET ; they were enun-
dated in a memoir published in vol. xi. of the Annales de Mathématiqies

(Montpellier, ,182}), and were givgn again in vol. ii. (p. 504) of PONCELET's
Applications d’ Analyse et de Géoméirie (Paris, 1864). .
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hyperbola lies also on the straight line which joins the middle
points of the diagonals of the quadrilateral (Art. 318, II),
Either of the points of intersection of this straight line with
the circle will therefore give the centre of an equilateral
hyperbola satisfying the problem ; there are therefore two
solutions. For another method of selution see Art. 372.

VIIL. The polar reciprocal of any conic with respect to a
circle K having its centre on the director circle is an equilateral
hyperbola.

For since the tangents to the conic from the centre O of the
circle K are mutually perpendigular, the conic which is the
polar, reciprvcal of the given one must cut the straight line at
infinity in two points subtending a right angle at 0. Thst is
to say, it must bé an equilateral Liyperbola.

396. Suppose given a conic, a point ¢S, and Tts polar s; and fet
a straight line passing through S cut tht conid in 4 and 4’. Let
the figure be constructed which 1s
homological with the given conic,
S being taken as cehtre of homo-
logy, s as axis of homology, and
4,4’ as a pair of corresponding
points. Then every other point
B’ whith correspdnds to a point B
on the conic will lie on the conic
itself. For if AB meets the axis s
in P, then B’, the point of inter-
section of SR and A'P, is likewise
a point on the conic (Art. 250).
The curve homological with the
given conic will therefore be the

Fig. 237. conic itself. Any two gdrrespond-

ing points (or straight lines) are

separated harmonically by S and s; this is, in fact, the case of
harmonic homology (Arts. 76, 298).

To the straight line at infinity will thegefore correspond the
,straight line j which is parallel to s and which lies midway between
S and s; and the points in which j meets the conic will correspond
to the points at infinity on the same eonic. L.

From this may be derived & very simple méeihod of defermining
‘whether a given arc of a conic, however small, belongs to an ellipse,
a parabola, or a hyperbola. , .

Draw a chord s joining any two points in the arc; ¥onstruct its
pole S, and draw a straight line j parallel io s and equidistans
from S and s. If j does not cut the arc, the latter is_part of an
ellipse (Fig. 237d). If j touches the arc at a point J, the arc
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belongs to a parabola of which SJ is a diameter (Fig. 287 b).
If, finally, j cuts the arc in two pqints Jy, J, (Fig. 237 ¢), the arc
will be part of a hyperbola whose asymptotes are parallel to SJ,
and SJ,*.

897. ProBLEM. Given a tangent to a conic, its point of contact,
and the position (but mot the magmitude) of a pair of conjugate
diameters ; to construct the conic (Fig. 238). -

Suppose O the point of intersection of the given diameters, and
P and Q the points in which they are cut by the given tangent.
Through the point of contact M of this tangent draw parallels to
0Q, OP to meet OP,0Q in P’ and Q' respectively. Since-the
polar of M (the tangen*) passes through P, the polar of P will pass
through M ; anl since ¥he polaj of P is parall.l to 0@, it must be
MP'; therefore P and P’ are conjugate points. .

If now points 4 and A4’ be taken on OP suth that 04 and 04’
may’cach be equal to the mean proportional betwee.n OP and OF',

. e (a) I’% ) /
o =gl e
a Rl AN a_ .,
¢ TUTBC Jo B iy
. T

Fig. 238.

then A4’ will be equal in length to the diameter in the direction
OP (Art. 290). In the same way the length of the other diameter
BB’ will be found by making OB and OB’ each equal to the mean
proportional between OQ and 0Q'. a

If the points P and P’ fall on the same side of O, the involution
of conjugate points has a pair of double points 4 and A’ (Art. 128) ;
that is to say, the déameter OP meets the curve. If, on the other
hand, P and. P’ lic on opposite sides of O, the involution has no
doubl® points, and the diameter OP does not meet the curve. In
this case ‘i‘and A’ are two conffugate points lying at equal distances
from O. The figure shows two cases: that of the ellipse (a) and
that of the hyperbola (b).

* 898. PROBLEM. Given a point M on a conic and the positions of tiwo
pairs of conjugate diameters a and o', b and V', to construct the conic.

1. First golytion (Fig. 239). Through M draw chords parallel to
cach diameter, and such tFat their mydle points lie on the respgc-
tively conjugate diameters. The other extremities 4 , 4°, B', B’ of
the four chords so drawn will’be foyr poirits all of which lie on the
required Yonic.  *, '

II. Second solution (Fig. 240). Denoting the diameter MOM' by
¢, if the ray &' besconstructed which is conjugate to ¢ in the involu-
tion determined by the pairs of rays « and ', b and b’, then ¢’ will
be the diameter conjugate to.c (Art. 296). Through M draw MY

v
* PoNCELET, loc. cit., Arts. 225, 226.
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paraMel to a, and through M’ draw M'P’ parallel to a'; these
parallels will intersect on the ¢onic (Art. 288) ; let them cut ¢’ in
P and P’ respectively. These last two points are conjugate with
respect to the conic (Art. 299); thus if on ¢’ two other points be
found which correspond to one another in the involution determined
by the pair P, P’ and the central point O, then M@ and M'Q’ will
intersect on the conic. If then on ¢’ twd points N and N’ be taken
such that the distance of either of them from O is a mean propor-

» Q'

a’ .
\ %
Momez: XU %N ___ | @
b 0.\'\ /\éﬁ-::’f
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R « N b \ﬂ'
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Fig. 239. Fig. 240.

tiongl between OF and OGP, they willebe the extremities of the
diameter ¢’ (Art. 290). . - -

ITL. Third solution. Through the extremities M and M’ of the
diameter which passes through the given point draweparallels to a
and «'; they will meet in a point A lying on the conic. Through
the same points draw parallels to b and b’ ; these will meet in another
point B also lying on the conic (Art. 288). Produce 40 to 4’,
making OA’ equab to 40 ; and similasly BO to: B', mgking OB’
equal to BO ; then will A’ and B’ be points also lying on the required
conic (Art. 281). ¢+

399. PROBLEM. Given in position two pairs of conjugale diamelers
aand @', b and b’ of a conic, and @ tangent t, to construct the conic.

1. First solution (Fig. 241). Let O be the point of intersection of the

given diameters, that 1s, the gentre
* of the, conic. Draw parallel to ¢ and
T - at a distance from O eqml to that

. Z -"',7_:.\";;; = f: 'J/‘" at which ¢ lies, a straight'line ¢’'; this
By, will be the tangent parallel to t. Let
ﬁ'/‘//‘/‘?’”— i the points of intersection of ¢ and ¢’
Lo w with @ and a/ be joined ; this will
Fig. 241. give two,other parallel tangents u

. « and w (Art. 288). Another pair of
parallel tangents v and o’ will be oktained by joining the points
where t and ¢’ meet b and }'. « P S

»  IL, Second solution. The conjugate diameters a and a’, b and ¥,
will meet ¢ in two pairs of points 4 and 4’, B and B’ which deter-
mine an involution whose centre is the point of confact of ¢ (Art. 302).
The problem therefore reduces to one already solved (Art. 397). If
the involution has double points, the straight lines joining these
points to O will be the asymptotes. * e

400. PrOBLEM. Given two points M and N on a conic gand the
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position of a pair of conjugate diameters a and a',.fo construet the
conic (Fig. 242). R

Let M’ and N’ be the other extremitics of the diameters passing
through M and N, Through M and M’ draw MH , M'H parallel to
a and o' respectively ; similarly, through N and N’ draw NK , N'K
parallel to ¢ and o’ respectively. The points H and K will lie on
the required conic. ’

o 0 oA M == —w
L "N
N ‘1 AV
. 1] \ m '/V‘_
() o LT,
Y Fig. 242. o Fig. 243.

401. PROBLEM. @iven two tangents m and n to a conic, and the
position of a pair of conjuga,te diametersya and a;, to construct the
copic (Fig. 243). .

‘%raw the 8traight lines m’ and ' parallel respectively to m and =,
and at distances from the centre O equal respectively to those at
which m and »'lie ; then m’ will be the tangent parallel to m, and n’
the tangent parallel to n. Join the points where m and m' meet
a and a’ by the straight lines ¢ and ¢', and the points where » and '
meet a and a’ by the straight lines » and w'. Thg four straight lines
t,t, u, ub will all be tangents to the required conic (Art. 288).

402. ProBLEM. Given five points on a conic, to ponstruct a pair of
conjugate diameters which shall make with one another a given angle*.

Construct first a diameter 44’ of the conic (Art. 285) ; and on it
describe a segment of a circle containing an angle equal to the given
one. Find the points in which the circle of which this segment is
a par® cuts the conic again (Art. 227)¢ if M is one of these points,
AM and A'M will be parallel to a pair of conjugate diameters.
Since then dM A4’ is equal to the given angle, the problem will be
solved by drawing the diameters parallel to AN and A'M.
¢ If the segment described is a semicircle, this constructien gives
the axes. .

403. ProBLEM. Tosconsiruct a conic with respect to which a given
triangle EFG shall be self-cinjugate, and a given point P shall be the «
pole of a given straight line p 1. :

Let p meet,F'G in 4. The polar,of 4 will pass through E the
pole of PG, and thrdygh P the pole of p; and will therefore be EP.
Similarly FP, GP will be the polars of the points B, C in Which
p is cut by GE , KF respectively. Let A’ be the point in which FG
intersects EP ; then F and G, 4 and A’, are two pairs of conjugate
points with respect to the copic, and if the involution which they

* ** Dg LA Hirg, loc. cit., book ii. prop. 38s
T STAUDT, Geometrie der Lage, Art. 237.
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determine has a pair of double points L and L', these points will
lie on the required conic (Art. 264). The same construction may be
repeated in the case of the other two sides of the triangle EFG.

If the point P lies within the triangle EFG, the points 4’, B’, ¢’
lie upon the sides FG ,GL , EF respectively (not produced *). The
straight line » may cut two of the sides of the triangle, or it may lie
entirely outside the triangle. In the first case the involutions lying
on the two sides of the triangle which are cut by p are both of
the non-overlapping (hyperbolic) kind, and therefore each possesses
double points (Art. 128) ; these give four points of the required
curve, and the problem reduces to that of describing a conic which
passes through four given points and with respect to wlich two other
given points are corjugates (Art. §93). In the sednd case, on the
other hand,rthe pairs of conjugate points on each of the sides of
the ttiangle EFG ovérlap, and the involutions have no double points
(Art. 128); in this case the conic does nut cut any of the sides of
the sclf-conjughte triangle ; therefore (Art. 262) it does not exist.

If the point P lies outside the triangle, ore only of the three
points A’, B, C'lics on the corresponding side; the two others lie
on the respective sides produced. If these two other sides are cut by
p, none of the involutions possesses double points, and the conic does
not exist. If, on the other hand, p cuts the first side, or if p lies
entirely outside the triangle, the conic exists, and may be constructed
as above.

In all cases, whether the conic has a real existence or not, the
polar system (Art. 239) exists. It is detexmined by the self-conjugate
triangle EFG, the point P, and the straight line p. To"construct
this system is a yroblem of the first degree, while the construction
of the conic is a problem of the second degree.

404. ProBLEM. G'iven a pentagon ABCDE, to describe a conic with
regard to which each vertex shall be the pole of the opposite side .

Let F be the point of intersection of AB and CD.. If the_conic
K be constructed (Art. 403) with regard to which ADF is a self-
conjugate triangle and E the pole of BC, then the points B and C in
which BC is cut by AF and DF respectively will be the:poles of ED
and EA, the straight lines which join £ to the points D and 4
respectively. Every vertex of the pentagon will therefore be the
pole of the opposite side ; that is, K will be the conic required.

If the conic C be constructed which passes tarough the five vertices
of the pentagon, and also thewconic C’ which touches the five siGes of
the pentagon (Art. 152), these two conics wiil be polar reciprocals
one of the other with respect tn K (Art. 322). .

405. ProBLEM. Given five poinis A,B,% ,D,E (no three of
which are collinear), to determine a point M such that the pencil
M (ABCDE) shall be projective with a given pencil abeder(Fig. 244).

&* Wo shall say that a point A’ lios on the side F@ df the triangle, when it liss
between F and G; and that a straight line cuts the side F@, when its point of

intersection with F'@ lies between F and G.
Y% StavupT, loc. cit., Arts. 238, 258.
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Through D draw two straight lines DD', DE',such that the
pencil D(ABCD'E’) is projective with abcde (Art. 84, right). Con-
struct the point E' in which DE’ '
meets the conic which passes
through the four points 4BCD
and touches DI’ at D (Art. 165) ;
then construct the point' M in
which the same conic meets EE'.
M will be the point required. For
since M ,4,B,C,D, Ele
on the same conic, the pencil
M (ABCDE'] is projective with .
the pencil D (ABCD'Y), whiq Fig. 244.
by construction is projective wit. 9
the given pencil abede. Since then ME’ and ME are the sant ray,
the problem is solved. * , . .

As an exercise may be solved the correlative problem, viz.

Given five straight lines o ,b,c,d,e, no three of which arc con-
currens, to draw a swaight ke m to meetsthem in SSve points formihg
arange ppjertive with a given range ABCDE *,

406. ProBLEM. To trisect a given arc AB of a circle 1.

On the giwn arc take (Fig. 245) a point N, and from B measure
in the opposite dircction to AN an arc BN’ cqual to twice the arc
AN. If BT be the tangent at B, and if O be the centre of the circle
of which the arc 4B is a part, the angles AON and TBN' are equal

‘\\ \\\
/N
X Ve N~
AR o /f-\\\\
3 — ¢ \\
\
- »
,Fig. 245.

and opposite. If N gnd N’ vary their pbsitions simultaneously, the,
rays ON and BN’ will describe two oppositely equal pencils, aad the
locus of their pomt of intersection M will therefore (Art. 395, II) be
an equilateral hyperbola passing through O and B. The asymptotes
&f this hyperbola are parallel to the bisectors of the angle made by

* Srtadpr,‘loc. cit., Art. 263° .
o 1_Sravupr, Beiydge, Art. 432 ; CuasLxs, Sections coniques, Art. 37. »
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AO and BT with one another ; for these straight lines are corre-
sponding rays (being the positions of the variable rays ON and BN’
for which the arcs AN and BN’ are each zero). The centre of the.
hyperbola is the middle point of the straight line OB which joins
the centres of the two pencils. )

The hyperbola having been constructed by help of Pascal’s
theorem, the point P will have been fuund in which it cuts the
arc AB. Two corresponding points N and N’ coalesce in this point ;
therefore the arc AP is half of the arc PB,and P is that point of
trisection of the arc AB which is the nearer to 4.

Tae hyperbola meets the circle in two other points R and Q. The
point I is one of the points of trisection of.the arc which together
with 4B makes up a semicircle ; , and thf-point'Q is one of the
points of trigection of the arc which together with 4B makes up
the circumference of the circle.

407. 1{ has been seen (Art. 191) that it*P’, P, @', Q" (Fig. 246)
are four given collinear points, and if any conic be described to pass
through P’ and P”, and then a tangent be drawn to this conic frem
Q* and another from @, dhe chord jémping tk> points of contact

"

of these tangents passes through one of the double points M’, N of
the involution which is determined by the two pairs of points P’
and P”, ¢ and @". The two tangents which can be drawn, from
@', combined with the two from @”, give four such chords of contact,
of which two pass through M’ and two through N’. From: this may
be deduced a construction for the double points of thé involution
P'P", Q'Q", or, what is the same thing (Art. 125), for the two pointe
M', N’ which divide each of the two given segments P'P" and Q'Q"
harmonically. . -

Describe any circle to pass through P’ and P”, and &raw to it
from @' the tangents ¢’ and «*, and from Q" the tangents ¢” and u".
The chord of contact of the tangents.”” and ¢” and that of the tan-
gents u’ and u” will cut the straight line P’P" in thé twd required
points M’ and N'. v

408. This construction has been applied by BrIaANCHON * to the
solution of the two problems considered in Art. 22, vi¥.

L. To construct a conic of which two points P!, P" and three langenis
9§ q" q" are given. -

BriaxcHox, loc. cit., pp. 47, 61.
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Join P’ P", and let it cut the three given tangepts in @, @', Q"
respectively (Fig. 246). Describe any circle through P’, P* and
draw to it tangents from @, @', ¢". “The chords which join the
points of contact of the tangents from Q" to the points of contact
of the tangents from ¢ meet P'P" in two points M and N; and
similarly tﬁe tangents from Q" combined %ith those from @' deter-
mine two points M’ and N'.

The chord of contact of the tangents ¢', ¢" to the required conic
will therefore pass through one of the points M, N, and that of the
tangents ¢', ¢ will pass through one of the points M’, N'. The four
combinations MM'’, MN', NM', NN' give the four solutions of]the
problem. o .

The problem therefore reduces to the following : To describe a conic
which shall touch three given stra'i’yht lines q, ¢, q" in sveh a way that
the chords of contact of the two pairs of tangents'q , q" and ¢, q% shull
pass respectively through “wo given points M angd M'. Let QQ'Q"
(Fig. 247) denote the triangle formed ‘
by the three given, tangents, and let
A, A', A" be the points qf contact to
ba determined. By a corollary _to
Desargues’ theorem (Art. 194), the side
¢ =Q'Q" is .divided harmonically at
the point of contact 4 and at the point
where it is cut by the chord 4’4", If
these four harmonic points be projected
on MQ" from A" as centrs, 1t follows
that the‘segment RQ” intercepted on
MQ" between ¢" and ¢’ is divided harmonically by A and the
chord 4'4".

Let then M@ be joined ; it will cut ¢” in some point R; and
let the point ¥ be Jetermined which is harmonically conjugate to
M with regazd to R and @”. In order to do this, draw through M
any straight line to cut ¢” and ¢’ iu S and T respectively; join
SQ" and .TR, meeting in U% and join QU, meeting RQ" m V.
Join VM’ p it will meet ¢’ and ¢" in 4’ and A”; and finally if
MA" be joined, it will cut Q'Q" in 4.

* IL To construct a conic of which three points P, P', P'sand two
tangents q , ¢’ are gven.

Join PR’, gnd let itPmeet ¢ and ¢’ in @ and Q' respectively ; join
PP and let it meet ¢ and ¢’ in R and R’ respectively. Describe:
a circle round PP'P", and to it draw tangents from @ and ¢’ ; the
chords ofsontact will mect PP’ in two points M and N. Similarly
draw thé tangents trom R and R’; the chords of contact will meet.
PP" in two other points M’ and N’. Then each of the straight lines
MN’, NN', M'N., MM’ will meet the tangents ¢ and ¢’ in two of
the points of contact of these two tangents wit%x a gonic circum-
geribing the triangle PP'P". ’

This construetion differs frem that given in Art. 221 (left) only i
tie me-thod of findjng the double points M and N, M’ and N'. .
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409. THEOREM. If two angles AOS and AO'S of given magnitude
turn about thewr respective vertices O and O’ in such a way that
‘the point of intersection S of ome
pair of arms Uies always on a fixed
straight line u, the point of nter-
section of the other pair of arms will
describe o conic (Fig. 248).

The proof follows at once
from the property that the pencils
traced out by the variable rays 04
and OS, OS and 0’S, 0’'S and 0'4
are projective two and two (Arts.
42, .108), and that tonsequently the
pencils traced out by O4 and 0’4
are projective. This theorem is due
. to NEwTcN, and was given by him
under the title of The Organic Description of a conic *.

410. The following, which depend on the foregoing theorem, may

sérve as exerciseis to the student :— ' 2
1. Deduce a construction fcr a conic passing through five given
points 0,0, 4, B, (. '

2. Given these five points, determine the magnitude of the angles
A0S, AO'S and the position of the straight line w in order that the
conic generated may pass through the five given points.

3. On the straight line 00" which joins the vertices of the two
given angles a segrient of a cizcle is described co,ntainin% an angle
equal to the difference between four right angles and the sum of
the given angles.. Show that according as the circle of which this
segment is a part cuts, does not cut, or touches the straight
line u, so the conic generated will be a hyperbola, an ellipse, or
u parabola. - '

4. Determine the asymptotes of the conic, supposing it to be a
hyperbola ; or its axis, in the case where it is a parabola. *

5. When is the conic (a) a cigele, (b) an
equilateral hyperbola, (c) a pai: of straight
lines ¢

6. Examine the cases in which the two
given angles are directly‘equal, or oppositely
cqual, or supplementury . .

411. TugoreM. If a variable triangle
AM A’ move in such a way that its sides turn
seyerally round three given goints, O, 0, S
(Fig. 249) while two of;ils vertices A', A’ slide

Fig. 249.
along two fized straight lines u,u’ resi)ect'ively, the locus of the

third vertex M is a conic passing through the foliowixg five points,

% Principia, lib. i. lemma xxi; Enumeraiio linearum tertii ordinis (Opticks,
1704), p. 158, § xxx;. * L
‘i MACLAVRIN, Qeometria Organica (London, 1720), sect, i. prop. 2.
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viz. 0,0, uu', and the intersections B and C' of u and u' with 0'S
and OS respectively *. * .

412. TaEorEM. (The theorem of Art. 411 is a particular case of
this.) If a variable polygon move in such a way that its n sides turn
severally round n fixed points Oy, O,,...0,

(Fig. 250) while n—1 of its vertices slide ~ >

respectively along n—1 fixed straight lines 0
Uy, Uy,... Uy _y, then the Idst vertex will
describe a conic ; and the locus of the point

of intersection of any pair of non-adjacent <’
stdes will also be a conic .

The proof of this theorem and its
correlative is leff to thegtudent 1.

413. THEOREM. From two givén points
A and A’ tangents AB . AC and A'B', .
A'C, are drawn to a coniey; then will the four points of contgct B, (',
B, ¥, and the two given pointy A , A’ all lie on asconyg: (Fig. 251 §).

Let A4'C’, A’B"meet BC in D and E respectively ; these points
will evidently be the poles o AC’, AB’
respectively. The®pencil A(BCB'C))
is®projective with the range of poles
BCED (Art. ’291), and therefore with
the pencil 4’ (BCED) or A'(BCB'C');
which proves the theorem.

414. TueoreM (correlative to that
of Art. 413). From two given potnis
A and A" tangeats AB, AC and A'B’,
A'C' are drawn to a conic; then will
the four tangents and the two chords of
contact all touch a coyic §.

For (Fig. 251) the range of points
BC (4B, AC, A’B', A'C') or BCED is
proje®tive with the pencil 4(BC B'C") Fig. 251.
formed bystheir polars ; but this pencil '
is projectiv® with the range of points ) ,
B'C' (AB, AC, A'B', A'C") ; thercfore the six lines AB, AC, A'B’,
A'C’, BC, B'C' al] touch a conic. _ )

415. TueoreM. Oy each diagonal of @ complete quadrilateral is
taken a pags of points dividing it harmonically ; if of these six points
three_(onc from each diagondl) We in a sfraight line, the other three will ,
also lie in a straight line® .

CoroLyaRy. The middle pSints of the three diayonals of a complete
quadrilateral are colltnear. e ) .

416. TaeorREM. If from any point O on the circle circumsembing

* Sce Art. 188, ° .

t This theorem is du¢ to MACLAURIN and BRAIKENRIDGE JSPhil. Trans.,
L%ndon, 1735). * ¢

} PoxNoELEg, loc. cit., Art. 502.

§ CrasLES, Sections coniques, Arls. 213, 214,

14 o v
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a triangle ABC straight lines 0A’, OB', OC’ be' inflected to meet the
sides BC, CA , 4B in A', B', C' respectively, and to make with them
esqual angles (both as regards sign
and magnitude) ; then the three
points A', B', C' will be collinear
(Fig. 252).

Through O draw 04", OB", OC”
parallel %0 BC, (4, AB respec-
tively ; then it is easily seen that
the angles 404", BOB’, COC" have
- the same bisectors. The same will

Fig. 252. therefore be 4rue with fegard to the

angles 404’, BOR', COC'; con-

sequently (Art. 142) the arms of these last three angles will form

an involutiod, and therefore (Art. 135) the points 4’, B, C" will be
collinear * . .

417. TaxorgM. .If from the verticés of a triangle circumscribed
about a circle straight lines be inflected to mect any tangent to the circle,
so. that the angles they subtend at the centwz may te equal (in sign and
magfiitude), then the three straight lines will meet h a point §.

The proof is similar to that of the theorem of tl.e preceding
Article.

418. ProBLEMS. (1). Given three collincar segments A4’, BB,
CC'; to find a point at which they all subtend cqual angles
(Art. 109).

In what case can these angles be right angles ? «Sec Art. 128).

(2). Given two projective ranges lying on the same straight line ;
to find a point whkch is harmonically conjugate to a given point on
the line, with respect to the two self-corresponding points of the two
ranges (which last two points are not given) §.

(). Given two pairs of points lying on a straight line ; to deter-
mine on the line a fifth point such that the rectangle contained by
its distances from the points of the first pair shall be to that con-
tained by its distances from the points of the second pair«in a given
ratio |. «

(4). Through a given point to draw a transversal which shall cut
off from two given straight lines two segments (measured from
a fixed point on each line) which shall have a given ratio to one

* CuAsLEs, loc. cit., Art. 386. . o .
t Otherwise : Since the triangles BOC’, COB’ avo similar,
BC':CB = 0B:0C. .
So also CA’: AC’ = 0C : 04,

"mll‘d N AB : By’ = DA : OB; i
whenre by multiplication, paying attention to the signs of the segments,
BC'. 684' AB' = —(C'A.B'C.A’B, ¢
which shows (Art. 139) that A”, B’, ¢’ are collinear. -
} Cuastzs, loc. cit., Art. 387. '
« § CHASLES, Féom. sup., Art. 269. : -

I This is the problem ‘de sectione determinata’ of APoLLONIUS, See CHASLES,
Géom. sup., Art. 281. ‘ ¢
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another ; or, the rdctangle contained by which shall be equal to
a given one ¥,

419, It will be a useful exercise for the student to apply the
theory of pole and polar to the solution of problems of the first
and second degree, supposing given a ruler, and a fixed circle and
its centre. We give some examples of problems treated in this
manner :

I. To draw through a gittn point P a straight line parallel to a given
straight line q.

The pole @ of g and the polar p of P (with respect to the given
circle) must be found ; if A be the point where p is cut by the
straight line’0Q j ]omlnv Q to the centre of the circle, then the polar
a of 4 will be the straight line required.

" L. To draw from a given poing P o perpendicular to a g Jwen straight
ine

Draw through P a stralght line parallel to 0Q; it \ull be the
perfendicular required. ‘

II1. To bisect a given segment AB.

Let ¢ and b be the polag of 4 and B respcc%m-lv, and ¢ that
diameter of the giren circle which pass@s through ab; if d be the
h8rmoniceconjugate of ¢ with respect to @ and b, the pole of ¢ will
be the middle point of AB.

IV. To bise& a given arc MN of a circle.

Construct the pole S of the chord MN ; the diameter passing
through S will cut MN in the middle point of the latter.

V. To bisect a yiven angle.

If from’a point on the ciitle parallels be drawn to the arms of the
given angle, the problem reduces to the precedin, one.

VI. Given a segment AC ; to produce it to B so that AB may be
double of AC.

Let a and ¢ be thé polars of A and C respectively, d the diameter
of the given circle which passes through ac, and b the ray which
make$ ;he pencil abed harmonic ; the pole of b will be the required
point B. o

VIL. To onstruct the circle whose centre is at a given point U and
whose radius is equal to a given stratght line UA.

* Produce AU to B, making UB equal to AU (by VI), and draw
perpendiculars at 4 a.nd B to AB (by IT). Bisect the right angles
at 4 and B (by V) ; “and let the bisecting lines meet in C and D.
We have then only to construet the conic of which 4B and C’D aYe,
a palr of conjugate dianfeters (Art. 301).

’Q\g following problerfis t depend for their solutlon on the
theorem Art. 376°

I. Given three points A,B,C on a conic and one focus &, to
construct the gonic

* These are the problemns ‘ de sectione rationis’ and * de sectione spatii’ of
A®OLLONIUS. See SLES, Géom® sup., Arts. 296, 298.

1 Solutions of thege problems wero given by DE LA HIRE (see Cmsms, Apercu
hmonqw, p- 126), and by NewTON Principia, lib. i. props. @9, 20, 21).

U2
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With centre F and any radius describe a circle K, and let the
polarg of 4, B,*C with respect to this circle be a , b, ¢ respectively.
Describe a circle touching a , b, and take its polar reciprocal with
respect to K ; this will be the conic required.

Since there can be drawn four circles touching a, b, ¢ (the inscribed
circle of the triangle abc and the three escribed circles), there are
four conics which satisfy the problem.

II. Gtven two points A , B on a conic, ohe tangent t, and a focus F,
to construct the conic.

Describe a circle K as in the last problem, and let @,b be the
polass of A4 , B, and T e pole of ¢, with respect to K. Draw a circle
to pass through T and to touch a and b; ¢he polar Yeciprocal of
this circle with respect to K will be the copic required.

Since four circles can be drawn tpass through a given point and
touchotwo given straight lines, this problem also admits of four
solutions, o c

III. Gwen ong potnt A on a conic, tiwd tungents b, ¢, and a focus F,
to construct the conic.

Describe a circlg K as in fhe last two pwoblems ; let @ be the polar
of 4 and let B, C be the poles of b, ¢ respectively with regard to
this circle. Draw a cirele to pass through B and C andste touch a ;
its polar reciprocal with respect to K will be the conic, required.

Since two circles can be described through two given points to
touch a given straight line, this problem admits of two solutions.

IV. Given three tangentsa ,b,c to a conic and one focus F, to
construct the conic.

Describe a circle I as in the fast threé problems, and let 4, B, C
be the poles of @, ¥, ¢ respectively with regard to this circle. Draw
the circle through 4 , B, C and take its polar reciprocal with respect
to K; this will be the conic required. .

This problem clearly admits of only one solution.

421. ProBLEM. Given the axes of a conic in position (nol in
magnitude) and a pair of conjugate straight lines which cut one dnother
orthogonally, to construct the focs. °

If O be the centre of the conic, and P, P’ and @ , @' the points in
which the two conjugate lines respectively cut the axes, then of the
two products OP . OP’ and 0Q.O0Q’, one will be positive and
the other negative. This determines which pf the two given axes
is the one containing the foci. If now a circle be cirgumscribed

» about the triangle formed by the twor given conjugate«lines and the
non-fotal axis, it will cut the focal axis at the foci (Art. 343). °

422. The following are left as exercises to the student:,,

1. Given the axes of a ¢oni¢ in position, artd also a tangent and

its puint of contact, construct the foci, and determine the lengths

of the axes (Art. 344). "
2. Given the focal axis of a conic, the vertices, and one tangent,
oonstruct thd foci (Art. 360). ’ .

3. Given the tangent at the vertex of a parabola, and two other
tangents, find the focus (Art. 358).
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4. Given the axi3 of a parabola, and a tangent and its point of
contact, find the focus (Art. 346). . .

5. Given the axis and the focusgof a parabola, and one tangent,
construct the parabola by tangents (Arts. 346, 349, 358).

6. The locus of the pole of a given straight line » with respect to
any conic having its foci at two given points is a straight line »'
gerpendicular to r. The two lines r, ' are harmonically separated

y the two foci. o

7. The locus of the centre of a circle touching two given circles
consists of two conics having the centres of the given circles for foci.

8. The locus of a point whose distance from a given straigh§ line
is equal to its fangential distance from a given circle consists of two
parabolas. . R

9. In a central conic any focgl chord is proportional to the square
of the parallel diameter. d .

10. In a parabola, twice the distance of any focal chord from its
pol® is a mean proportiofial between the chordand the pdrameter.
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Affinity, p. 19.

Anglo of constant magnitude turning
round its vertex traces out two
directly 2qual pencils, 88.

biscction of ah, 291.
trisection of ang 285. e

Angles, two, of given magnitudy ;
generation of a conic by mcans
of, 288.

Apharmonic ratio defined, §4, 57.

unaltered by projection, 54. *
of a harmonic form is - 1, 57.
® cannot have the vadues + 1, dpor w,

o of four Jojnts or ta'ngents of a conic,
119.

Anharmonic gutios, the six, 59, 60.
Apollonius, x, i, xii.
onjﬁ%purabola, 125, 211,
on hyperbola, 127, 139, 151,
154, 277.
on the diametcrs of a conic, 210,
216,223, 225, 227, 228.
on focal properties of a conic, 246,
251, 252, 264.
section-problems, 290.
Arc of a conie, determination of kind
of conic to whiclfit belongs, 280.
of a circle, triscction of, 285.
ofga circle,-bisection of, 291.
Asymptotes, tangents at infinity, 16,
126. e

meet in tRe centro of the conic, 212.
determination of the, given five
, oints on the conic, 173, 174.

Auxiliary conic, 196, 232, 233.
circle of a conic, 252,

Axos of o conic defined® 220, 221.
case of the, parabola, 221,
focal and non-focal, 243. ° !
biseo%)ag of the angle %etwcon its

choggs of interscction with any
circle, 229, 273. »,

Axes of a conie, construction of the,
given a pair of conjugate dia-
meters, 325, 274.

given five points, 220, 283.

0 Axis of perspective or homology, 11.
of affinity, 19. ’
of symmeétry, 63. °

Bellavitis, xi, 63, 156.
Bisection of a given segment or angle
by means of the ruler only, 291,
Brianchon, x, xi, xii, 121, 122¢
Brianchon’s theorem, xi, 121.
points, the sixty, 123.

.
Carnot’s theorem, xi, 271, 272.
Centre of projection, 1, 3.
of perspecsive gr homology, 11, 13,
95.

of similitude, 18.
ofgsymmetrypt63.
, of an involution, 99.
Centroe of a conic, the pole of the line
at infinity, 211.
bisccts all chords, 212.
tho point of intersection of the
asymptotes, 212.
when external and when internal to
the conic, 212.
locus of, given four tungents, 230.
cons%ructior} of the, giventive points,
213.
construction of the, given five tan-
gents, 231.
Ceva, theorem of six scgments, 108,
Chasles, vii, ix, x, xii.
on homography, 34.
e method of generating conics, 124,
correlative to tho theorem ‘ad
quatuor lineas,” 154.
on the gecometric method of false
position, 187.
solutions of problems cf the second
degree, 193.
Circle, curve homological with a, 14,
16.
generated by the intersection 3f two
directly equal peneils,d11.
harmonic points and tangents of a,

» ¢112,113.

fundamental projective properties of
points and tangents of », 112.

of curvature at a point on a conic,
184.

cutting a conic ; the chords of inter-
section make cqual angles %ith
the axes, 2%9, 273.
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circumscribing triangle formed by
three tangents to a parabola, 246.
auxiltary, of a coriic, 252.
Class of a curve, 4.

L]
is cqual to the degree of its polar

reciprocal with regard to a conic,
233

Cocfficient of homology, 62.
Collinear onjective ranges, 67.
their self-corresponding points, 77,
89, 90, 91.
construction for these, 164.
Complementary operations, 33.
Conceytric pencils, 68. '
construction for their sclf-corre-
sponding rays, 164.
Cone, scctions of the, 15,.18.
Confocal conics, 258.
Congruent figure§, 63.
Conic, homological with a éircle, 15,16.
gerllemted:by two projective pencils,
16. o

generated as an envelope from two
projective ranges, 117.
determined by fivé points off five
. tangents, 120. ‘.
fundamental projective property of
points and tangents, 115.
projective ranges of points and
series of tangents of a, 150.
homological with itsclf, 221, 280.
polar reciprocal of a, 233.
homological with a given conic, and
}2mving its centre at # given point,’
42,
confocal with a given conie, and
passing through a given point, 258.
(‘onic¢, construction of a, having given
five points or tangents, 128, 145,
171, 174, 175, 288.
four points and the tangent at one
of them, 134, 172, !
three points and the tangents at two
of tfmm, 134, 172.
three tangents and the points of
contact of two of them, 139, 172.
four tangents and the point of con-
tact o% one of them, 142, 172.
four points and a tangent, 175.
four tangents and a point, 175.
-»th;e:'?pomtu and two tangents, 177,
th;ec tangents and two points, 177,
86. oo !
+ the asymptotes and one point or
tangent, 269.
the two foci and one tangent, 257.
the two foci and one point, 258.
one focus andthree tangents, 260,
292,
one focus and three points, 291.
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on; ﬁ))cus, twe points and a tangent,

202,

ong fgcus, two tangents and a point,
2.

a pair of conjugate diameters, 222,
224,

a pair of conjugatc diameters in
position, and two points or tan-
gents, 282,

a pait of conjugatec diameters in
position, and a tangent and its
point of contact, 281.

two pairs of conjugate diameters in
position, and one point or tan-
gent, 281,282, | *

twoe reciprocal triangles, 240.

a self-cof. jugate triangle, and a point

( and its polar, 283.

a sclf-conjugate pentagon, 284.

three Jnoints and the osculating
gircld at one of them, 184, ¢

(‘onic, construction of a, homological
with itself, 221, 280. .
pasgirg through three points an
determiningy & known involution
on & given line, 275., , .
passing through four points and
dividingfr a given segment har-
monically, 276.

passing through four pointe and
through a pair of conjugate points
of a given involution, 277.

Conics, osculating, «83. s

having a commor self-conjugate
triangle, 206, 207.

circumscribing the same quadrangle,
145, 146, 207, 230.

inscribed in the same quadrilateral,
146, 206, 207, 229, 230.

(‘onjugate axis of a hyperbola, 221.
(‘onjugate diameters, dedined, 212,

of a circle cut orthogonally, 215.

form an involution, 220. ¢

parallelogram described on a pair as
;}l’j;xcent sides is of constant arca,

sum or difference of squares is con-
stant, 228§.

construction of, given two,nairs, 225.

construction of, givendive points on
the coric, 229. !

ingluding a givenangle, construction
Of, 283. ot

Conjugate lines inecting in a point, one

glitglogonal pair can be drawn,

orthogonal, the’ inve'ution deter-
mined by them on an axis of the
cunic, 244, ¢

orthogonal, with respect to a para-
®ola, 246, ¢



INDEX

Conjugate puints and lanes with regard
to a conic, 197,
involution-propertics of, 202.
Conjugates, harmonic, 46.
in an involution, 98.
Construction of a figuro homological
with a given one, 14.
for the fourth eloment of a harmonic
form, 47.
for the fourth point of a ranfe whosc
anharmonic ratio is given, 54.
of pairs of corresponding elements
of two projective forms, when
three are given, 69.
for the self*cqgresponding elements
of two superposed projective
forms, 164. ® hd
for tho sixth clement of an invold-
tion, 105.
of pairs of elements of an involu-
®ion, given two, 101. &
for the centre of an involution, 106.
for the double elements of an in-
volution, 163, 164, 170, 286s
for the common pair of two super-
® poscdyingolutions, 168.
for the polo of a line or polar of a
point, 19%
of a triangld self-conjugate to a
canig, 200.
of the centre and axes of a conic,
213, 229, 231, 274, 283.
ofzc%njugato diimeters, 223, 229,
83, .

for diameters of a parabola, having
given four tangents, 231.
for the focus of a parabola, given
four tangents, 2479
for the foci of a conic, given the
axes and a pair of orthogonal con-
jagate lines, 292.
Copolar and coaxial triangles, 7, &, 9.
Corrclativ®figures, 26, 83, 234.
Curvature, circle of, 184.

eDegree of a curve, 4.
is equal to the claes of its polar reci-
procal with respect i a conie, 233.
De la Hirg x, xi, xii.
Desargues, im x, xii, 98, 99, J04,
144. . .

Desargues’ gheorem, 144. °

Descriptiwe, the term, g distingunished
from metrical, 50. ®

Diagonal triangle, of a quadrangle or
quadrilateral, 29.

common t¢® the “complete quadri-

lateral formed by four tangents to
a conic, and the complete §uad-
rangle ig;med by their points of
contact, ¢

o7,
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Diagonals of a complete quadrilateral,
each is cut harmonically by the
other two, 46. d

their middle points are collinear,
105, 289.
form a triangle, self-conjugate to
any conic inscribed in the quadri-
lateral, 201.
if the extremitics of two are conju-
gate points with regard to a conic,
those of the third are so too, 238.
Diameters of a conic defined, 210.
of a pargbola, 211.
conjugate, 212.
ideal, 216.
of a parabola, construction for,
given feur tangents, 231.
Dimension of a geomgtric form, 24, 25.
Dircetly equal ranges, defined, 86.
generated by the motion of a seg-
ment of constant lenfth, 8.
Directly equal perftils, defined, 88.
two, the projection of two concen-
tric projectjye pencils, 87. o
tw8, generate a circle by theif inter-
# * gection, 111. .
subtended at a focus of a conic by
the points in which a variable
tangent cuts two fixed ones, 256.
Director circle, defined, 261.
the locus of the intersection of or-
thogonal tangents, 261.

o cuts orthogonally the circumscrib-

ing circ® of any sclf-conjugate
triangle, 252.
Dircctrix, defined, 247.
property of focus and, 249.
Dircetrix of a parabola, the locus of
the interscction of orthogonal
tangents, 262.
othe locus of the centre of the cir-
cumseribing cirele of a self-con-
jugate triangle, 263.
the locus of the orthocentre of a
circumseribing triangle, 265.
Division of a giveh bisected segment
into »# equul parts, by means of
the ruler only, 94.
Double clements of an involution, 99.
they separate harmonically any paiy
¢ of conjugates, 99. o ¥
construction for the, 164, 286.
")\mlity, the principle of, 26-32.
Eccentricity, 252. » *
of the polar reciprocal of a circle
with respeet to another circle, 266.
Ellipse, 17.
its centro an interflal point, 21%
is cut by all its diameters, 213.
is symmetricalyin figure, 221. ¢
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Envelope of connectors of correspond-
ipomts of two projectiveranges
conic, 1
if t.he ranges are snmnlar, it is a para-e
bola, 125.
of a straight lino the product of
whose distances from two given
points is constant, 253.
‘Equal ranges and poncnls 84-88.
Equianharmonic forms and figures
are projective, and vice versa, 54,
56, 61, 65.
Equi'la.tcral hyperbola, why so called,

trm.ngles self-conjugate with regard

to a, 264.
inscribed in a quadrilateral, 265.
circumscribing a triangle passes

through th orthocentre, 279.

is the polar reciprocal of a conic
with fegard to a_point on the
director circld, 280"

construction of, given four tangents,

¢ 265, 279. -

Luchd porisms of, ix, x, 93. ¢

<iixternal and internal points ieh

regard to a conic, 196.

False position, gcometrical method of,
187.
Focal axis of a conic, 245.
radii of a point on a conic, 246.
radii, their sum or difference is con;
stant, 251. ‘
Foci, deﬁned 243.
are points such that conjugate lines
meeting in them cut orthogonally,
243.
are internal points lying on an axis,
243.
are the double points of the invogl-
tion determined on an axis by
pairsoforthogonal conjugatelines,
244

of a parabola, one at infinity,
246

L)

of parabolas inscribed in a given
triangle, locus of, 247.

properties of, with regard to tan-
gent and normal, 252-257.

reciprpcation with respect to the,
266, 267.

construction of, under varxous con-
ditions, 292. ¢

*Focus of a parabola, 246.
inscribed in a given triangle, locus

of, 247.

reciprocal of the curve with regard
¢ to, 267.

Forms, geometric, defined, 22, 159.
elements of, 23, }59.
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prime, of one; two, three dimensions,

dual gencration of, 23, 24, 26.
grojective, 34-38.

armonic, 39-49.
prg%ective, when in perspective,

projective, superposed, 67, 68,

Gaskin$ 183, 261, 264.
Gergonne, viii, x,

Harmonic forms defined, 39, 40.
forms are projective, 40, 41, 43.
pmrﬁs of points necpsstrily altemate

conjugftes, 46. ¢
¢ point or ray, construction for the
fourth, 47.
forms, metrical relations, 57, 58.
hemolugy, 64, 221, 280. .
points and tangents of a circle, 112,
113, 163, 164.
ansleof a conte, 119, 152, 163.
Hesse, theorem relatmg to the ex-
tremities of the djagonals of«a
complete qua.drl.hte:ﬁf 238.
}on:%on, inscribed m a line-pair,

circumscribed to a pomt -nair, 75.

inscribed in a conie, 121.

circumscribed to a conic, 121.

complete, contains sixty simple
hexagons, 123. ,

Homographic, the term, 34.

figures, construction of, 80.

ﬁgu;es may be placed in homology,
8

Homological ﬁgurcs, construction of,
1

metrical relations between, @2-€4.
Humology, defined, 9, 10

in space, 20.

plane of, 20. M

coefficicnt or parameter of, 62.

harmonic, 63, 221, 280, .
Homothetic figuves, 18.
Hyperbola 7’mngent properties of a,

and. l!mpl;ot.cm cud by a tmns-

» versat, 151 12f7b th tot
ngent cut off by the asymptotes

tglsg bxsocted at the poing oﬁntact,
153, ¢°

centre is an external point, 212.

is cut by one only of every pair of
conjugate dixmetacs, 213,

is symmetrical in ﬁgure, 221.

properties of the asymptotes ardd
conjugate points and lines, 269.

Muilateral, 277. -
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Ideal diameoters and ¢herds, 216, 219.
Infinity, points and line at, 5.
l.in;']at. a tangent to the parabola,

plane at, 21.
and external points with
regard to a conic, 196.
Intersection ‘of a conic with a straight
line; constructions, l;l, 172,
175, 219.
of two conics ; constructions, 183.
Involution, defined, 98.
the two kinds, elliptic and hyper-
bolic, 102, 162.
construction for the stxth element
of an, 105. o
determined by®two pairs of conu-
gates, 101, 160.
of points or tangents of a conic,

dBnstruction for tho doubl® clements
of an, 164, 286.
sformed by cuttins a conic by a
pencil, 161. ‘e
of conjugate poits or lines with
® regand %0 a conic, 202.
of conjugate diameters of a conic,
220. o

Involution-properties of the complete
qmuglrangle andquadrilateral, 104.
of a conic and an inscribed or cir-
cumscribed qkumlranglc, 144, 218.
of a caenic and an inscribedyor cir-
cumscribedetriangle, 148, 152.
of a conic, two tangents, and their
chord of contact, 149.
of conjugate points and lines with
regard to a conive 202,

Lambert, ix, xi, 94-95.

Tat® rectum, 257, 258.

Locus of the centre of perspectite of
two Tigures when ono is turned
round the axis of perspective,
13, 95.

of the intersection of corresponding
rays of two projective pencily is
a coniz, 116, e

ad quaduor lineas, 154.

of middle points of paralld chords
of a conic, 210. . @

of poles of a straight line with negard
to @onics inscrihgd in a quadri-
lateral, 230. *

of the centre of a conic, given four
tangents, 230.

of foot of‘perp!ndicpla.r from the
focus of a conic An a tangent,
253.

of the igtersection of orthogonal
tangents to a conic, 261.
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Maclaurin, xi, 124, 138, 179, 288, 289.

Major and minor gxcs of an ellipse, 221

Menelaus, theorem on triangle cut
by a transversal, 108, 272.

Metrical, the term, distinguished from
deseriptive, 50.

Mébius, theorem on figures in per-
spective, 13.

on anharmonic ratio, x, 56, 60.
Monge, xii.

Newton, locus of centre of a copic in-
scribed in a quadrilateral, 231.
orgn.nic description of a camic, xi,
8

8.
Nine-point circle, 275.
Normal, 249.

Oppositely gqual pel’cils, 87#
they generate an equilateral hyper-
bola by gheir interseftion, 278.
Oppositely equal Yanges, 86.
Organic description o% a conic, 288.
Orthocentre of, a triangle cireum-
cribing a parabola lies®n the
*° directrix, 265. -
of a triangle inscribed in an equi-
12a7tcral hyperbola lics on the curve,
9.
Orthogonal projection, 19.
pa.irsof rays in a pencil in involution,
167

» pair of conjugate diameters of a
conic, 219.
conjugate Mnes with respect to a
conic, 244, 245.
Osculating conics, 183.
circle of a conic, 184.

Pappus, ix, x, xii.
« On a hexagon inscribed in a line-
pair, 75.
porisms of, 92, 93.
fundamental property of the an-
harmonic ratios, 54.
problem ‘ad quatuor ligieas,” 154.
on the focus and directrix property
of a conic, 250.
Parabola, touches the line at infinity,
16,

®is determined by four points Sr

tangents, 124, »

two fixed tangents arc cut propor-
‘:iémally by tho other tangents,
125.

generated as an envelope &om two
similar ranges, 125.

diameters of a, 211.

construction of tH¥ diameters, hav-
ing given four tangents, 231.

focal propertiqs of the, 246, 247.
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Planes, harmoifie, 42.
involution of, 98.
Points, harmonic, on a straight line,
40

focus and direetrix property, 250.
v se\i-cémiugz\te trigngle, property cf,
264,

inseribed in a triangle, its dircctrix ¢!

passes through the orthocentre,
265.

Parabola, construction of a, given,

four points, 176.
given four tangents, 132.
givlex(ni threce tangents and a point,
76.
under various conditions, 135, 136,
10, 142, .
givep the axis, the focus, and one
point, 259.
given two tangents, the point of
contact of onc of them, and the
direction of'tho axiy, 269.
givendwo tangents and their points
of contact, 270.
Parallel lind meet at infinity, 5.
projection, 19. ¢
lines, construction of, with the ruler
« only, 93, 291.
Parallelogram, inscribed in or cifeum-
-« geribed about a conic, 212, 214 ®
described on a pair of conjugate
semi-diamcters of a conic is of
constant arca, 227.
Parameter of homology, 62.
Pascal’s theorem, xi, 121.
lines, the sixty, 123.

Pencil, flat, defined, 22. .

axial, 22. .

harmonic, 40, 41. «

in involution, 98.

in involution, orthogonal pair of
rays of a, 167.

cut by a conic in pairs of points
forming an involution, 160.

Pentagon, inscribed in a conic, 133.,
circumscribed to a conic, 141.
selé;;cmjugatc withregard to a conic,

Perpendiculars, centre of, sce Ortho-
centre
from a focus on tangents to a conice,
the locus of their feet a circle, 252.
from the foci of a conic on a tangent,
their product constant, 253.
from qny point of the circuti-
seribing circle of a triangle to the
sides, ttﬁcir feet collinear, 263, 289.
construction of, with the rulefonly,
944 291.
Perspective, figures in, 3.
triangles in, 7, 8, 239.
forms in, 36.
Plane, 11.
relief, 20.
Plane of points or ljnes, 22.

harmonic, on a circle, 113.
harmonic, on a conic, 119, 152.
rojective ranges of, on a conic, 156.
Polar reciprocal curves®and figures,
233, 234.
of a dbnic with respect to a conic is
a conic, 233,
of a circle with rcspeet to & circle,
266.
of a conic with respect to a focus,
266, 267. ¢ *
of a conic with respect to a point
on th& directo? circle, 280.
IUlar system, defined, 241.
determined by ‘two triangles in
perspective, 241.
deterofined by a self-conjugatd tri-
angleanda point and its polar, 284.
Pole and polar, defined, 194, 195. o
reodprocal prbperty of, 197.
theory of, applied to the solution
of problems, 291. & ¢ .
construction of, 198, 199, 241.

Poles, range of, projestive with the
peacil formed By their polars,
202, 217. e

of a straight line with regard to all
conics inscribed in the same
gpadrilateral “lie on. a fixed
straight line, 236,

Polygon, inscribed in a conic, whose
sides pass through fixed points,
146, 180, 181.

circumscribogl to a conic, whose
vertices slide on fixed lines, 148,
180.
whose sides pass through €fixed
*points and whose vertices lie on
fixed lines, 178. ¢

Poncclet, ix, x, xii.

on variable polygons inscribed in or
circumseribed to a conic, 147
178-181. e

on ideal cherds, 219.

on polar reciprocal figurae, 233.

om teiangles inscribed in one conic
®and cfrcumscribed about another,
237, o e

Porisms, of Euglid and Papsms, 92, 93.

of in- and ‘circumscribed triangle,
92, 237.

of the inscribed and self-conjugate
triangle, 236°  ®

of the cirdumscribed and self-con-
jugate triangle, 236. ¢

Poyer of a point withg respect to a
circle, 68. _ N
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Prime-forms, the six, 24.
Problems, solved with ruler only,93-95.
of the second degree, 171-193.

solved by means of the ruler and |

a fixed circle, 187, 201.
so;;;d by polar reciprocation, 201,
Projection, dperation of, 2, 22, 159.
central, 3 °
orthogonal, 19.
perallel, 19.
of,a triad of elements into any other
given triad, 36.
of a quadrangle into any given quad-
ranglo, 78. .
of a plane figure into angther plane
figure, 80. °
Projectivo forms and figurcs, 34. &
forms, when in perspective, 66.
fgrms, when harmonio, 68.
ranges, metrical relations®of, 61.
forms, construction of, 69-73.
digures, construction of, 80-83.
plane figures can bput int® momo-
logy, 82. L
®propertiesnf points and tangents of
a circle, 111--114.
propertics of points and tangents of
a conic, 115-127.
Projessiaity of any two forms ABC
and A’B’C’, 36.
of two forms ABCD and BADC', 38.
of harmonic forms, 40, 43.
of the anharmmnic ratio, 54.
of any two plane quadrangles, 78.
of a range of poles and the pencil
formed by their polars, 202, 217.

.
Quadrangle, complete, defined, 28.
w!WQ plang quadranglos always
Projective, 78.
harmonje properties, 39, 47. ¢
involution, properties, 104, 218.
inscribed in a conie, 135, 136, 201,
218.
* if two pairs of opposite sides are
conjugate lines with regard to
a conic, the third pair is so too,
2390. -
Quadrangles Maving the same diagenal
points ; their eight vePtices e on
a coni@or a line-pair, 203. e
Quadrila®etal, complegp, defined, 28.
. . ¢,
harmonic properties, 39, 46.
involution properties, 104, 218.
middle points of diagonals are col-
linear, 105, 269, .
o circumscribed to a conic, 139, 201,
218, 264.
locus of cqutres of inscribed copics,
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theorem of Hesse relating to the
, e);téremities of the three diagon alh,

Quadrilaterals having the same dia-
gonals ; their eight sides touch
a conic or a point-pair, 205.

.Range, defined, 22.

harmonic, 40.
Ranges, projective, on a conic, 156.
Ratio, of similitude, 18.
harmonie, 57.
anharmapic, 54-62.
Reciprocal figures, 83. -
points and lines with regard to a
conic, 197.
triangles, ®wo, are in perspective,
239.
Reciprocatign, polnr? 234, o
with respect to a circle, 266, 267.
applicd to, solytion o} problems,

291, 292,
Rectangular  hyperbola, see  Equi-
teral. 5 o
RyleF only, problems solvede with,
*% 93 95 -

Ruler and fixed cirele, problems solved
by help of the, 187, 291.

Section, operation of, 2, 22, 15,
of a cone, 15, 18.
of a cylinder, 19.
Scgment, dividing two given ones har-
monicalfy, 58, 99, 286.
of constant aagnitude sliding along
a lino generates two directly equal
ranges, 86.
bisected, its division into » equal
parts by aid of the ruler only, 94.
Scgments of a straight line, metrical
«» relations between, 51, 52.
Self-conjugate pentagon with regard
to a conie, 284.
Sclf-conjugato triangle, 200-202.
circumscribing circle of a, its pro-
perties, 263. .
Sclf-conjugate triangles with regard to
a conic, two ; propertics of, 235.
Sclf-corresponding cloments, defined,
66.

*of two superposed projectiye form8,
67, 68, 77, 89-91. \
. gcgteml construction for these, 164.
of two coplanar projective figurcs,
78.
of two projectivo ranges on %r series
of tangents to a conic, 157, 158.
Sheaf, defined, 22.
Signs, rule of, 51. ¢ .
Similar ranges and pencils, 84, 85, 125.
and similarly pjaced figures, 18,
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Staudt, vi, vii.
‘on the geometric prime-forms, 24
on thd principle of duality, 26. \
on harmeonic forms, 39.
on the construction of two projective
figures, 80.
on the polar system, 241.

on an involution of points on a’

conic, 159.
Steiner, vii, x, xii.
on the sixty Pascal lincs and Brian-
on points, 123.
on Vhe solution of problems of tho
segond degree by mecans of a ruler
and a fixed circle, 187.
Superposed geometric forms, 67, 68.
construction of their® self-corre-
sponding elgments, 164.
plane &gures, if projecfive, cannot
have more than three self-corre-
spondidg elements, 78.
Supplemental chorlis, 214.
Symmetry, a spccial case of homology,
6

V9. - [}
- R ¢

#Fangents, harmonic, of a circle, 19

harmonie, of a conic, 163.
to a conic, series of projective, 158,
159.
orthogonal, to a conic, 261.
to a conic from a given point ; con-
structions, 171, 172, 173, 219. .,
common, to two coniJs; construc-
tions, 184. (]
Tetragram and Tetrastigm, 28.
Townsend, 193.
Transversal, cut by the sides of a

triangle, 108.
cutting a quadrangle or a quadri-
latcral, 104, 105. «

cutting a conic and an inscribe
quadrangle, 146.

INDEX

drawn through a point to cut a
conic ; property of the product of
the segments, 272.
cutting a hyperbola and its asymp-
totes, 161, 273.
Transverse axis of a hyperbola, 221.
Triangle, inscribed in one triangle and
circumscribed abouf anothér, 92.
inscribed in a conio, 140, 209.
circurhsoribed to a conic, 141, 208.
inscribed or circumscribed, invylu-
tion-properties, 148, 152. _
self-conjugate, with regard to a
conie, 200, 262.
circumscribed to g jfarabola, 246,

265.
self-conjligate with regard to a
(] lga.mbola, 263.
self-conjugate with regard to an
eqll)lilatera,l hyperbola, 204.
cu; b a conic, Carnot’s theofem,
71.
inscribed in an equilateral hypgr-
wh, 278. ¢
Triangles, two,%self-conjugate with
regard to a conio; properties o,
235.
inscribed in one camic and self-
conjugate to another, 236.
circumscribed to one conig =1 self-
conjugate to another, 236.
inscribed in one conic and circum-
scribed to another, 237,
reciprocal, are in perspective, 239.
formed by two pairs of tangents
to a conic and their chords of
contact, 289.
Trisection of agearc of a circle, 285.

Vanishing points and lines, 5.
plane, 21, *

Vertex of a conic, 221, 249,
circle of curvaturo at g, 184.

THE END "
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